
Linear Least 
Squares
EE-312

Prof. Pierre 
Vandergheynst



Motivation

2

x

y

( )xi, yi

<latexit sha1_base64="jwBMsmKFmypQ0eVR6Bi5xFtBzzI="></latexit>

yi, i = 1, . . . ,m measurements taken at corresponding xi

Hypothesis:

A linear model (in the unknown parameters ) βj
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It is unlikely we achieve
<latexit sha1_base64="a+H4eCbJ1NcZ9ii5d2RzWVPmI68="></latexit>

yi = f(xi;�) 8i ) yi = f(xi;�) + �i
Small error
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y = Ax+ �
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With these notations, we are led to looking for the coefficients that will  
minimise the error:

<latexit sha1_base64="62J9fP1DYKyR2/BDAXYiQQMIuqA="></latexit>

arg min
x2Rn

kAx� yk2

Before proceeding, let us informally explore … 
<latexit sha1_base64="aaXBjEaHCqq2XqTlQhM3Dju/KqY="></latexit>

r
�
kAx� yk22

�
= 2AT (Ax� y)

Setting the gradient to zero, we find something interesting:
<latexit sha1_base64="NwI29m+hLr2JUhIKnUkWXphWpps="></latexit>

ATAx = AT y ) x =
�
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And again, we reach the same characterisation:

Now let’s try geometrically:
<latexit sha1_base64="y8SEce83FOAqOhY8J/IsQ2y/vgE="></latexit>

R(A)

y

<latexit sha1_base64="xvk1BYbU+0HoED1EHdZF06bceD4="></latexit>

Ax1

<latexit sha1_base64="DrJE2AQAGa7s8JW0u4+rM4ym2oU="></latexit>

Ax2
<latexit sha1_base64="bPUv5RDi8AELuxbdIo6E0TfkPqY="></latexit>

Ax

<latexit sha1_base64="RaU83+lXCY1yLpCqFBukOFe6GxE="></latexit>

(y �Ax) ? R(A)

<latexit sha1_base64="fSiFppoxmM6KO+5gvEQrnGXlDTE="></latexit>

(Au)T (y �Ax) = 0 for arbitrary u 2 Rn

<latexit sha1_base64="2shKl1xIUwzBkZKM2ffIzhnPhRs="></latexit>

uTAT (y �Ax) = 0

uT (AT y �ATAx) = 0

at a minimiser

<latexit sha1_base64="NwI29m+hLr2JUhIKnUkWXphWpps="></latexit>
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<latexit sha1_base64="cFfO1/VrjOqBztfqF1qiKKjn6T8="></latexit>

X = {x 2 Rn s.t. ⇢(x) = kAx� yk22 is minimized}

We will study the set of minimisers of our problem:

Normal equations:
<latexit sha1_base64="ruEl78R+MNf3any53DdAcLVhJDM="></latexit>

x 2 X IFF AT r = 0 where the residual r = (y-Ax)

The normal equations can be rewritten as:
<latexit sha1_base64="onR0frfpTpB5hGb/FoLbndruses="></latexit>

ATAx = AT y

Characterisation of solutions:
<latexit sha1_base64="O6LZIkHBgyvwc3jdVD/jM6533/E="></latexit>

x 2 X IFF it is of the form
<latexit sha1_base64="hOxLmoTuQ5jDAYb9uzJp8Adri34="></latexit>

x = A+y +
�
I �A+A

�
b, where b 2 Rn is arbitrary

<latexit sha1_base64="wR0ebmGk7ky1KePaB0kA45jQnhQ="></latexit>

x 2 X ) ⇢(x) 6 kyk22Moreover
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<latexit sha1_base64="cFfO1/VrjOqBztfqF1qiKKjn6T8="></latexit>

X = {x 2 Rn s.t. ⇢(x) = kAx� yk22 is minimized}

We will study the set of minimisers of our problem:

<latexit sha1_base64="t3PJTE7I15+pQPSPqaKq5c63NOs="></latexit>

The set X is convex
<latexit sha1_base64="VZ2a/efLo+tMX9LjFpgfwsaqgEU="></latexit>

x1, x2 2 X , ✓ 2 [0, 1] ) ✓x1 + (1� ✓)x2 2 X

Unicity: there is a unique solution, i.e
<latexit sha1_base64="OAvmrqzyVp4rbWQCwdAYiDOLu3k="></latexit>

X = {x⇤}
IFF

<latexit sha1_base64="s00o1i6bi22STLehLTcpMHgnFTw="></latexit>

A+A = I or equivalently rank(A) = n

In that case x* = A+y
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<latexit sha1_base64="cFfO1/VrjOqBztfqF1qiKKjn6T8="></latexit>

X = {x 2 Rn s.t. ⇢(x) = kAx� yk22 is minimized}

We will study the set of minimisers of our problem:

General case: rank deficient matrix A

<latexit sha1_base64="gFyZT9e67THq8QZ3YrXdY9zxOzk="></latexit>

There is a unique x⇤ 2 X of minimum 2-norm
<latexit sha1_base64="grnolWdWr0zXgDUkSA2hbhQibjo="></latexit>

x⇤ = A+y
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<latexit sha1_base64="Ej43YnwqYuDrwSw2Pk+UXz1Nm7s="></latexit>

y = Ax, A 2 Rm⇥nSolve:

Determined (m=n):

Over-Determined (m>n):
<latexit sha1_base64="08A/jHd3DEwhtV10sm2GDkw03pg="></latexit>

arg min
x2Rn

kAx� yk2
<latexit sha1_base64="WMjqf9U3vyYk8A22qBouNf5v85o="></latexit>

x =
�
ATA

��1
AT y = A+y

Under-Determined (m<n):
<latexit sha1_base64="+vxyZLjijZz1nJ3ZbS6DQTv35B8="></latexit>

arg min
x2Rn

{kxk2 such that Ax = y}
<latexit sha1_base64="bVECaq8uVXNuyE2uGXV4uwGsd44="></latexit>

x = AT
�
AAT

��1
y = A+y

=

=

<latexit sha1_base64="/bCFYGrIydd+Q/+3GZGcLh7g9Ig="></latexit>⇡
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m measurements:
<latexit sha1_base64="KVnBbk6KrK55qih8N3tCVDikE1s="></latexit>

(t1, y1), · · · , (tm, ym)

Looking for a simple linear model:
<latexit sha1_base64="MFRHPY8xfLaCF0tzl/4vhHQSlTo="></latexit>

y = ↵t+ �, with y, t 2 Rm and ↵,� 2 R

<latexit sha1_base64="wt2z9u6I4zCEQ81qQTPBkx6dSvs="></latexit>

y1 = ↵t1 + � + �1
...

ym = ↵tm + � + �m

t

y

( )ti, yi

Minimize the sum of squared errors
<latexit sha1_base64="QZbn2KFK5sV00qIyMoLUm9srbNw="></latexit> mX

i=1

�2i

<latexit sha1_base64="mlCk1pYDYgCJH4PxUHVxXUY/ogU="></latexit>

�k

2 parameters & m measurements

(over-determined)



Simple Linear Regression

11

m measurements:
<latexit sha1_base64="KVnBbk6KrK55qih8N3tCVDikE1s="></latexit>

(t1, y1), · · · , (tm, ym)

Looking for a simple linear model:
<latexit sha1_base64="MFRHPY8xfLaCF0tzl/4vhHQSlTo="></latexit>

y = ↵t+ �, with y, t 2 Rm and ↵,� 2 R

In matrix form:<latexit sha1_base64="wt2z9u6I4zCEQ81qQTPBkx6dSvs="></latexit>

y1 = ↵t1 + � + �1
...

ym = ↵tm + � + �m

<latexit sha1_base64="3QCkmvlj6u0Q+kUMRqdZqhRVtWM="></latexit>

y = Ax+ �
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m measurements:
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(t1, y1), · · · , (tm, ym)

Looking for a simple linear model:
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argmin
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Normal equations:
<latexit sha1_base64="onR0frfpTpB5hGb/FoLbndruses="></latexit>

ATAx = AT y

A full rank (at least two distinct measurements to fit our line)
<latexit sha1_base64="NwI29m+hLr2JUhIKnUkWXphWpps="></latexit>

ATAx = AT y ) x =
�
ATA

��1
AT y



Less Simple Linear Regression ?

13

x

y

( )xi, yi

Hypothesis: A linear model (in the unknown parameters ) βj
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