
Systems of 
Linear Equations
EE-312

Prof. Pierre 
Vandergheynst



The unreasonable power of linear systems
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<latexit sha1_base64="IXVhqsl+Uzl6HMkDOXUkpprsdFQ="></latexit>

Ax = b
Linear dynamics: 

<latexit sha1_base64="LAsF1awwYu3A2n2qhvi4Rty9uIM="></latexit>

ẋ(t) = Ax(t) or xk+1 = Axk

Control:
<latexit sha1_base64="QiSIZUS5wmoSWKB5DBIwqbRuDz8="></latexit>

xk+1 = Axk +Buk

Data Science:
features (predictors) 

<latexit sha1_base64="fdN1FxKZs1j2HQSgTiSogd9WmBo="></latexit>

ai1, · · · , ain 7! bi

characteristic

<latexit sha1_base64="W8fwjZVtv0puILW3uuljYKaNlpI="></latexit>

bi = x0 + ai1x1 + · · ·+ ainxn

Linear Model



Row & Column Views
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A gentle reminder before we proceed

<latexit sha1_base64="2hbdQacDOgIWrvWq7VfEtYpqbKM="></latexit>

Ax = b, A 2 Rm⇥n, b 2 Rm, x 2 Rn

Row view: each row of A defines a linear equation (matrix entries = coefficients)
<latexit sha1_base64="H81vb86xeSUIjvKVccs5lS500mg="></latexit> nX

j=1

aijxj = bim equations of the form
<latexit sha1_base64="PhpeAuqcZjXak/fkNBe3l3pD2QM="></latexit>
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<latexit sha1_base64="Pbfjix9pAnuu3nY3a/4hjkzCNcg="></latexit>

aTi x = bi

each equation is a line constrain

that “carves out” the solution



Row View
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<latexit sha1_base64="d54pjAdLrauGbNKXN5JfzWLnCuw="></latexit>

3x� 5y = 6

<latexit sha1_base64="YGvCAfMRP6XWfLkiOGey90aIdeo="></latexit>

3x+ y = 0

<latexit sha1_base64="dkCg9Tirg92TIRbdPYcbe3ITJQQ="></latexit>

x+ y = 4



Row & Column Views
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A gentle reminder before we proceed

<latexit sha1_base64="2hbdQacDOgIWrvWq7VfEtYpqbKM="></latexit>

Ax = b, A 2 Rm⇥n, b 2 Rm, x 2 Rn

Column view: express b as a linear superposition of the columns of A
<latexit sha1_base64="GQec6Yc9oSgC17uaGtsknMeLwvY="></latexit> nX

i=1

xiai = b

<latexit sha1_base64="JyObiT3iWeL0IQSSuaDzflqhjpQ="></latexit>

A =

0

@
| |
a1 . . . an
| |

1

A

A more geometric construction that relates well to fundamental subspaces



Column View
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<latexit sha1_base64="823x0rGwrvdiMo7FlSdAxF9mwPg="></latexit>

x1
�!a1

<latexit sha1_base64="OLBOaRpZSgO6IOt/bGyg0qdTO0E="></latexit>

x2
�!a2

<latexit sha1_base64="R4Um0oUA69eizp6zCTU3ZwFiPeE="></latexit>�!
b

<latexit sha1_base64="cueiTvI6PFZEMROv/l7rYfwAGY0="></latexit>�!a1

<latexit sha1_base64="wMTy0Q9pzQIuTED27fmPEzc6Hs4="></latexit>�!a2



General result for 

vector linear systems
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<latexit sha1_base64="2hbdQacDOgIWrvWq7VfEtYpqbKM="></latexit>

Ax = b, A 2 Rm⇥n, b 2 Rm, x 2 Rn

<latexit sha1_base64="2M0a+/Vn1OHJgi4b8X6qKC+6Ck0="></latexit>

there exists a solution IFF b 2 R(A)

<latexit sha1_base64="odweY/Sa6IyGpKNFftSEHHJNPro="></latexit>

there exists a solution 8b 2 Rm IFF
<latexit sha1_base64="Sl1YBjLX9PVNE+qQ7GOVKmEQbVw="></latexit>

R(A) = Rm

<latexit sha1_base64="73AFi7li8F5a2rTJ5VBqi/Xxho4="></latexit>

rank([A, b]) = rank(A)

<latexit sha1_base64="lNhOt/lFe4EggMCjADpWT7e1KJY="></latexit>

m 6 n

A is onto

More unknowns than equations



General result for 

vector linear systems

<latexit sha1_base64="2hbdQacDOgIWrvWq7VfEtYpqbKM="></latexit>

Ax = b, A 2 Rm⇥n, b 2 Rm, x 2 Rn

<latexit sha1_base64="A/24AqpwFI8I6QalmEYmFlwiwG4="></latexit>

A solution is unique IFF N (A) = 0 A is 1-1
<latexit sha1_base64="LGQ+eSRm1vs7656I+df+Ic5RhBU="></latexit>

there exisits a unique solution 8b 2 Rm IFF A is 1-1 and onto, i.e non-singular 

equiv.  and A has no zero singular nor eigenvalueA ∈ ℝm×m

there exists at most a solution  IFF the columns of A are 

linearly independent, i.e 

∀b ∈ ℝm
<latexit sha1_base64="HnUhdxyyxO22jl5aRt9Lb1vZ64k="></latexit>

N (A) = 0 only possible if m ≥ n
More equations 
than unknowns

there exists a non-trivial solution to Ax = 0 IFF
<latexit sha1_base64="PX5SixI03BoHw3tiqcebRPfS5Tc="></latexit>

rank(A) < n
<latexit sha1_base64="0BBZg8VDpwVn8lS39l2vQz/T6ac="></latexit>

N (A) non-trivial



General result for 

vector linear systems

<latexit sha1_base64="jMNVd7w2zzmkIUnLnIbnwVW7B2c="></latexit>

Let A 2 Rm⇥n, b 2 Rm Then any x of the form

is a solution of Ax = b.

<latexit sha1_base64="SDAeLRjOxxE32NElum5fkcY+7dw="></latexit>

x = A+b+
�
I�A+A

�
y where y 2 Rn is arbitrary,

Now we would like to compute solutions

If A is non-singular, clearly
<latexit sha1_base64="H0gIsuSNFbtFYtXGuWsk5l7LUog="></latexit>

b = A�1x

In the general case, shall we try
<latexit sha1_base64="PvGx3Vvwlwz35wkc1W1xj4Ricbw="></latexit>

b = A+x



Matrix Linear Equations
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<latexit sha1_base64="yc9nhzI4Cub8ru3e5CMgRPwTwvc="></latexit>

AX = B, A 2 Rm⇥n, B 2 Rm⇥k, X 2 Rn⇥k

Existence: The matrix linear equation AX = B has a solution IFF 
<latexit sha1_base64="0FGThXBfbD8Ia8h7Pk+Edu9M1XA="></latexit>

R(B) ✓ R(A)

Equivalently a solution exists IFF 
<latexit sha1_base64="AiR5F1lt8T35ClIEahpFxVn2PAc="></latexit>

AA+B = B

Characterisation:
<latexit sha1_base64="1V3KmZPtXcqbfb73cvc/E/yN564="></latexit>

Let A 2 Rm⇥n, B 2 Rm⇥k and suppose that AA+B = B.

Then any matrix of the form
<latexit sha1_base64="kUaZvoveTSTlh9SBVmg/+agCt1c="></latexit>

x = A+B +
�
I�A+A

�
Y where Y 2 Rn⇥k is arbitrary,

is a solution of AX = B.


