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Diagonalization - general case
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<latexit sha1_base64="o+ysVYYeKEEIHDOnmrgvEyfyfAo="></latexit>

A 2 Cn⇥n with distinct eigenvalues <latexit sha1_base64="LZVsoAkVlNDBhm+L8RAnWsitG4k="></latexit>

�1, . . . ,�n

Corresponding right eigenvectors 
<latexit sha1_base64="Ki9tu1DiYlIg8sD4dUvhUsheEfc="></latexit>

X = [x1, · · · , xn] form a linearly independent set

No orthogonality ? No but “bi-orthogonality”

left eigenvectors <latexit sha1_base64="aQTF06/2hi9IbzxrDeY9W9xBcwg="></latexit>

Y = [y1, · · · , yn]

<latexit sha1_base64="AZ0yf0RtuqqQxkEO+kNf6S9ACnw="></latexit>

Axi = �ixi and yH
j
A = �jy

H

j

<latexit sha1_base64="Jzb7+qUj93NyYBrFrJBiScW/Uqg="></latexit>

�i 6= �j

Then
<latexit sha1_base64="0o/ZPDBF3brlvH6I4/mJNLTl7I8="></latexit>

yH
j
xi = 0

 cannot be orthogonal to  as well (since they are independent)  xi yi

So we can normalise the ’s and/or the ’s so that yj xi yH
i xi = 1, ∀i = 1,⋯n

<latexit sha1_base64="HuFBJKIzU+sGXEJHj9M9nhyW7/8="></latexit>

A = X⇤X�1 = X⇤Y H =
nX

i=1

�ixiy
H

i



Diagonalization - special case
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Hermitian matrices (symmetric in the real-valued case) : real eigenvalues

If moreover A is positive definite , all eigenvalues are positive xT Ax > 0 λi > 0
                A is positive semi-definite , all eigenvalues are xT Ax ≥ 0 λi ≥ 0

All eigenvectors of distinct eigenvalues are orthogonal
Moreover A has n linearly independent eigenvectors and it is always possible  
to find an orthonormal basis of eigenvectors of A  
(even if some eigenvalues are degenerate)



The Spectral Theorem

4

If  is hermitian, there exists a orthonormal basis of  of eigenvectors of AA ∈ ℂn×n ℂn

By the fundamental theorem of algebra applied to , there is an eigenvalue  
and a corresponding eigenvector  

π(λ) λ1
v1

Let  be the orthogonal complement to  in  W1 v1 ℂn

<latexit sha1_base64="qWyUzLojTq3t35RFZRbriGhn5F4="></latexit>

8w 2 W1 : vH1 Aw = �1v
H

1 w = 0 ) Aw 2 W1

<latexit sha1_base64="3P/S92usn/PMPHYuTyLxm49xnc4="></latexit>

A can be restricted to W1 and we can proceed by induction

Main idea of the proof:



The Spectral Theorem

5

This decomposition expresses a nice factorization of hermitians matrices
<latexit sha1_base64="00LxorxnDZObesNglf/uOohKi18="></latexit>

X�1AX = ⇤ or A = X⇤X�1

<latexit sha1_base64="czSkHP4HxjAWtvn5879zS0KH0Co="></latexit>

where ⇤ is the diagonal matrix of eigenvalues (with multiplicity)

This also means you can write the linear transformation as a direct sum 
of orthogonal projections on the eigenspaces:

<latexit sha1_base64="XwvUB7RkpFRyn0aqZVB846EKSJw="></latexit>

A =
X

i

�iP�i

A is unitarily equivalent to the diagonal matrix Λ



The Spectral Theorem
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A fundamental reason the spectral theorem is so important :

Let f be an analytic function, i.e 
<latexit sha1_base64="tEAnTD84+zE94ay9+CsehUUzS7Y="></latexit>

f(t) =
+1X

k=0

akt
k ex: sin, exp, …

<latexit sha1_base64="1M2Vc0jo6kJ4lWFYMCMCSNksdS4="></latexit>

A 2 Rn⇥n such that A = U⇤UT

<latexit sha1_base64="egZdDc23kLaY99xZ0WACXC/NczE="></latexit>

Then f(A) = Uf(⇤)UT where f(⇤) = diag(f(�1), · · · , f(�n))

Proof: just think of eigendecomposition of Ak

This is crucial when studying differential equations
<latexit sha1_base64="0LmeNRRfbJrTu0K1boLuxJ1PXzM="></latexit>

d

dt
x(t) = Ax(t)



Solving linear homogeneous 
systems of ODEs
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<latexit sha1_base64="wh8Uog2xApKxPEY625DLNKOipMM="></latexit>

ẋ(t) = Ax(t), x(t0) = x0 with x, x0 2 Rn and A 2 Rn⇥n

Define the matrix exponential:
<latexit sha1_base64="zgE1GeF9gpbxlukuxiMJ5P4KJIY="></latexit>

eA =
+1X

k=0

1

k!
Ak

Solution ( ):t ≥ t0
<latexit sha1_base64="5nMXWE736bzYhZvclYRMQ4w2qgo="></latexit>

x(t) = e(t�t0)Ax0

Proof: use the definition of the matrix exponential and differentiate under the sum



Higher Order Systems

8

<latexit sha1_base64="+hZbHprbmAjfsWgLxJIWUMthLNo="></latexit>

x(k)(t) = Ak�1x
(k�1)(t) + · · ·+A0x(t) where Ai 2 Rn⇥n

<latexit sha1_base64="YzSbIgkXZtGMPSmN80npL+KHFc8="></latexit>

and x(k)(t) =
dk

dtk
x(t)

Can be written as a larger order 1 ODE:

<latexit sha1_base64="m12hQLXU7wySFDhoLYqgJXjTtxc="></latexit>

z(t) =

2

6664

x(t)
x(1)(t)

...
x(k�1)(t)

3

7775
2 Rnk

<latexit sha1_base64="u5XREl2CIhgYVJMVhcetwApmogc="></latexit>

ż(t) =

2

6664

0 I 0 · · · 0
0 0 I · · · 0
...

...
A0 A1 A2 · · · Ak�1

3

7775
z(t)



Modal Decomposition
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Suppose now A is diagonalisable:
<latexit sha1_base64="5S5TH1LrwEB7TGROm3tzIhXzCBE="></latexit>

A = X⇤Y H

The matrix exponential can be written as:

Therefore the solution of the homogeneous ODE becomes:

<latexit sha1_base64="WpNy4wb/NURQpmZ+PXd0dZRzR68="></latexit>

eA =
nX

i=1

e�ixiy
H

i

<latexit sha1_base64="5PHLvtQP/A8Q2jqqmxJqBU7wQNc="></latexit>

x(t) =
nX

i=1

e�i(t�t0)(yH
i
x0)xi

Modal directions are invariant
Modal velocities



Example
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Consider a damped pendulum:
<latexit sha1_base64="AwWTH+wYN9A+7H5EQHF73CW3RJE="></latexit>

mx(2)(t) = �kx(t)� bx(1)(t)

<latexit sha1_base64="L2euxBCnKc+VX6TgB55k/dRK2bo="></latexit>

z(t) =


x(t)

x(1)(t)

� <latexit sha1_base64="4hVJeMBFYK/XTm+H43VlDtLXHV4="></latexit>

ż(t) =


0 1

� k
m � b

m

�
z(t)

You can now solve the system and check how z(t) evolves as a function of 
the eigenvalues of the system. 



Linear Homogeneous Systems of 
Difference Equations

11

Discrete-time equivalent to ODEs:

It is easy to see that:

And again, if A is diagonalizable this simplifies thanks to:
<latexit sha1_base64="yCHZCflh3ifRzDyfW1+8zfm0TRE="></latexit>

Ak = X⇤kY H =
nX

i=1

�k

i
xiy

H

i

<latexit sha1_base64="idhSgPlFhC05+FWjpbw16Qdy5Q0="></latexit>

x[k + 1] = Ax[k]; x[0] given

<latexit sha1_base64="libVD5yJvStRK3mFRnJ39KSkZWU="></latexit>

x[k] = Akx[0] k � 0



Asymptotic Behaviour of Linear 
Dynamical Systems

12

The eigendecomposition can also give us insights about  
the long-term evolution of the system

Example: discrete-time case
We already know:

<latexit sha1_base64="idhSgPlFhC05+FWjpbw16Qdy5Q0="></latexit>

x[k + 1] = Ax[k]; x[0] given
<latexit sha1_base64="libVD5yJvStRK3mFRnJ39KSkZWU="></latexit>

x[k] = Akx[0] k � 0
<latexit sha1_base64="jVZw7NfhbFZRvDNI6GGxTLqPTag="></latexit>

x[k] = Ak(c1x1 + · · ·+ cnxn)

= c1�
k
1x1 + · · ·+ cn�

k
nxn

If we have |λ1 | > |λ2 | ≥ ⋯ ≥ |λn |
<latexit sha1_base64="GyXs03sJZcLgoXz5xZ375nMYIFM="></latexit>

lim
k!+1

x[k] ' �k
1c1x1dominant eigenvalue

system evolves in the direction of the 
dominant eigenvector
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Matrices and 
Eigendecompositions of Networks

13

Networks can be represented by matrices whose eigenvectors and eigenvalues 
have many interesting applications! 

Undirected networks:adjacency matrix
<latexit sha1_base64="inDEDOqvUyuMfI5Yeo9e7hON3dI="></latexit>

A[i, j] = 1 IFF there is an edge linking nodes i and j

A is symmetric and the degree of node i is <latexit sha1_base64="eFEQxkfJWK2xpho+wfzMPrzxU9A="></latexit>

di =
P

j A[i, j]
<latexit sha1_base64="WH6bp0vFiOsugY55o16iWuKBKtM="></latexit>

D = diag(di) is the degree matrix of the network



Matrices and 
Eigendecompositions of Networks

14

Undirected networks:
The (combinatorial) Laplacian of the network is <latexit sha1_base64="V8dUTKthanSROKZzmPicjADGD+Q="></latexit>

L = D �A
<latexit sha1_base64="E/OzbORcF2TltW/zs3UxqA3/fCQ="></latexit>

L 2 Rn⇥n is symmetric and positive semi-definite, i.e 
<latexit sha1_base64="IaGP5Rgi4uege+Z4PfO0afZl+Pc="></latexit>

xTLx > 0 8x 2 Rn

It has only real, non-negative eigenvalues and an ortho. basis of eigenvectors
The smallest eigenvalue is  and its multiplicity = {# connected components}λ1 = 0

If a network is connected but has k clusters or communities there will typically 
be a gap between  and . This is the basis of a famous algorithm…λk λk+1



Matrices and 
Eigendecompositions of Networks

15

Spectral Clustering
Input: adjacency matrix of graph with k communities or clusters
Compute: eigenvectors  corresponding to k smallest eigenvaluesxi

<latexit sha1_base64="fc9zRmwlT00b8Hm33r7vPevhiQk="></latexit>

X =

0

@
| . . . |
x1 . . . xk

| . . . |

1

A
k-dimensional graph features 
will be similar for all nodes in same community

apply clustering to the feature matrix (group similar features)



16



Matrices and 
Eigendecompositions of Networks

17

Networks can be represented by matrices whose eigenvectors and eigenvalues 
have many interesting applications! 

Directed networks: Directed adjacency matrix

A is not symmetric, nodes have in and out degrees

<latexit sha1_base64="cSvDGCNkGEDp3v2W6b8mmSsS+Sg="></latexit>

A[i, j] = 1 IFF there is an edge from i to j



PageRank:  
The $1611 billion eigenvector

18

A web page is authoritative if many pages point to it  
or if authoritative pages point to it 

Web as a directed graph: nodes = web pages, edges = hyperlinks

Challenge: Compute a ranking of web pages by authority 

Web page 1 Web page 3

Web page 2 Web page 4



PageRank:  
The $1611 billion eigenvector

19

Web page 1 Web page 3

Web page 2 Web page 4

Hyp. 1: Each page transfers its authority equally to pages it links to
1
3

1
3

1
3

1
2

1
2 1

2
1
2

1 <latexit sha1_base64="w1UkB7PMTYGnyPanltUBUHetSxc="></latexit>

A =

0

BB@

0 0 1 1/2
1/3 0 0 0
1/3 1/2 0 1/2
1/3 1/2 0 0

1

CCA

Source page

Target page

Hyp. 2: Each link to a page increases its importance v ↦ Av



PageRank:  
The $1611 billion eigenvector

20

<latexit sha1_base64="w1UkB7PMTYGnyPanltUBUHetSxc=">AAAClXicbVFNTxsxEPUutKXuB4EeeujFKmrFKeymVdsLEqgV4laKGkDEUWQ7k2Bhe1e2F4hW+xv6n/oXeuKHcOCGNxtQgI400tN7bzyjZ54r6XySXEbxwuKTp8+WnuMXL1+9Xm6trB64rLACuiJTmT3izIGSBrpeegVHuQWmuYJDfvq91g/PwDqZmd9+kkNfs7GRIymYD9Sgpbc3MeUwlqbMNfNWXlQ4IR9J3WndGx1Kcbrxac ZN+44J6q13ztewjRVTMMO7pwettaSdTIs8BukMrG2t0vWrv3/o3mAlatFhJgoNxgvFnOulSe77JbNeCgUVpoWDnIlTNoZegIZpcP1ymktFPgRmSEaZDW08mbLzEyXTzk00D85w4Il7qNXk/7Re4Uff+qU0eeHBiGbRqFDEZ6QOmQylBeHVJAAmrAy3EnHCLBM+fAWmBs5FpjULydB9zquS1is4L/er6r56PK8eBxXjkGH6MLHH4KDTTr+0P/8KYXZQU0voHXqP1lGKvqIttIv2UBcJ9A9dR3G0EL+NN+Mf8U5jjaPZzBt0r+KfN2uSv3Q=</latexit>

A =

0

BB@

0 0 1 1/2
1/3 0 0 0
1/3 1/2 0 1/2
1/3 1/2 0 0

1

CCA

Source page

Target page

Dynamical systems view:

<latexit sha1_base64="+ugIF0Ig3M90k388mpbxhErc+4I="></latexit>

v[k] = Akv[0]

<latexit sha1_base64="30p6DWwVOiW81JOwcnzmwfDchM4="></latexit>

v[0] =
1

numb. pages

All matrices of this form (“column stochastic”) have a dominant eigenvalue = 1

In our example: 

<latexit sha1_base64="7Z4cXpIcI9OxbbxZl2yvkSG1XcQ="></latexit>

xdominant =

0

BB@

0.38
0.12
0.29
0.19

1

CCA

<latexit sha1_base64="G+cGoily7ljnvQ0/inSGP/ds3Fw="></latexit>

lim
k!+1

v[k] = xdominant


