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Once over, gently :)
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Consider a linear transformation from  onto itselfℝ2

Most vectors get “knocked off” their span

<latexit sha1_base64="79WqIrxdAd168NOgs7CrjxRvQXA="></latexit>v

<latexit sha1_base64="s4N8zTjC2Yk4p1kPlJcbmVW7bDk="></latexit>

Av

<latexit sha1_base64="he50eq+NRNwzBxIvv082xj/bfdQ="></latexit>

Sp(
v) =

{↵v,
↵ 2 R}

Sometimes, some vectors “remain” on their span

<latexit sha1_base64="79WqIrxdAd168NOgs7CrjxRvQXA="></latexit>v

<latexit sha1_base64="s4N8zTjC2Yk4p1kPlJcbmVW7bDk="></latexit>

Av

<latexit sha1_base64="he50eq+NRNwzBxIvv082xj/bfdQ="></latexit>

Sp(
v) =

{↵v,
↵ 2 R}

<latexit sha1_base64="nXobgsS89z3wvaa36hHuTLGBckE="></latexit>

Av = �v, for some � 2 R
v is a (right) eigenvector of eigenvalue λ



Once over, gently :)

3

<latexit sha1_base64="YGHq804zHFrMdjQwalVCrXeXgGA="></latexit>

Av = �v ) Av = �Iv ) (A� �I)v = 0 for v 6= 0

must be singular

(non-trivial null-space)

<latexit sha1_base64="ybn1PXgxit3KoN82OX6Rx029DsU="></latexit>

det(A� �I) = 0

Once eigenvalues are identified you can solve for eigenvectors

Rem: imagine you have a full ortho basis of eigenvectors of A

        the action of A becomes very simple ! 

Example: 3D rotation matrices



Definitions and Properties
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A nonzero vector
<latexit sha1_base64="GDG3nravaQpZ+u/bmZI0lMOeB/k="></latexit>

x 2 Cn is a right eigenvector of
<latexit sha1_base64="0pKAyurusiRDbZJV7fNV46lbTRU="></latexit>

A 2 Cn⇥n

if there exists a scalar
<latexit sha1_base64="IkgnKMe23DktCht7kDf7SZJdeMI="></latexit>

� 2 C called an eigenvalue, such that
<latexit sha1_base64="gqudk4uq3PTE+ZGNFeqL7Xcax/8="></latexit>

Ax = �x

Similarly
<latexit sha1_base64="gvkxYVqv7at4oEZBEYV4sd/ptHk="></latexit>

y 2 Cn is left eigenvector corresponding to eigenvalue  ifμ
<latexit sha1_base64="qt4+WPqJnTpO7jFNmXxVcJ0eUgc="></latexit>

yHA = µyH

<latexit sha1_base64="zHJQRNWggxpBoN2xdHaGd/gB5hk="></latexit>

⇡(�) = det(A� �I) is the characteristic polynomial of A.

<latexit sha1_base64="CjMSfvWVnvTrhQ5STU5JeulU050="></latexit>

For any A 2 Cn⇥n, ⇡(A) = 0 (Cayley-Hamilton)

Usually we normalise eigenvectors (so they have unit 2-norm)
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<latexit sha1_base64="8NRAtGmfTRsAtX9VITxQx3C5W98="></latexit>

If A 2 Cn⇥n ⇡(�) is a polynomial of degree n
<latexit sha1_base64="OmE2ZSdLMekv4+AFrmMjNkvw1dU="></latexit>

⇡(�) has n roots, possibly with non-trivial multiplicity

The spectrum of 
<latexit sha1_base64="nXGtEoJc32TfufqTrll6opcmwyA="></latexit>

A 2 Cn⇥n is the set of all eigenvalues of A, i.e all roots of π(λ)
<latexit sha1_base64="yWZ9G7Rpdo25m/DxTIJbMmiQNmc="></latexit>

⇤(A) will denote the spectrum

A simple relationship between left/right eigenvectors of real square matrices
<latexit sha1_base64="pKez202yNs68Ze3knZqHL3kV/jQ="></latexit>

A 2 Rn⇥n
<latexit sha1_base64="ZSYyUFnVI0ZwBNxl0LgW5LIdeHg="></latexit>

Ay = �y

<latexit sha1_base64="7v+4Mnh6IQ+as1GuMMWaYo1zuQE="></latexit>

(Ay)H = �yT = yTAT

right eigenvector

left eigenvector of transposed matrix
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<latexit sha1_base64="WedoU1DSMxyJL9NI+C0/tAW2/5E="></latexit>

⇡(�) = det(A� �I)

=
nY

i=1

(�i � �)

<latexit sha1_base64="Bz4c8Onvm+Zv5UlxC8kd5dUB//k="></latexit>

) ⇡(0) = det(A) =
nY

i=1

(�i)

if A is real valued,  has real coefficients, therefore its complex roots must 
appear in complex conjugate pairs

π(A)

<latexit sha1_base64="E8SKFiyR31axbtN9mWj19oauwGQ="></latexit>

⇤(A) = ⇤(AT )

<latexit sha1_base64="aLLpowFXGeG6pbCB2iJpNBKyvk4="></latexit>

) ⇤(A) = ⇤(A)

Algebraic multiplicity of  is the multiplicity of λ π(λ)

Geometric multiplicity of  is the number of associated independent eigenvectors λ
<latexit sha1_base64="Dx5Ogd4LKA7/JCRbihb5xsXx05U="></latexit>

dim(N (A� �I))
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Left/right eigenvectors are orthogonal
<latexit sha1_base64="o+ysVYYeKEEIHDOnmrgvEyfyfAo="></latexit>

A 2 Cn⇥n
<latexit sha1_base64="8TRwv27zNncJceW+N2u/2F2ly1c="></latexit>

Axi = �ixi and yH
j
A = �jy

H

j
with �i 6= �j

<latexit sha1_base64="2D1zRphVCNLXVoRpyNqXpJc+rfo="></latexit>

Then yH
j
x = 0

… and form a linearly independent family 
<latexit sha1_base64="8QX27Q2d5wem9uZDJWVZhDgM7os="></latexit>

A 2 Cn⇥n with distinct eigenvalue �1, . . . ,�n

The corresponding n left (or right) eigenvectors are linearly independent

<latexit sha1_base64="HuFBJKIzU+sGXEJHj9M9nhyW7/8="></latexit>

A = X⇤X�1 = X⇤Y H =
nX

i=1

�ixiy
H

i

A is similar to the diagonal matrix Λ

With proper normalisation, we get:
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This points to an equivalent definition:

A complex matrix A is diagonalizable IFF it is similar to a diagonal matrix
There exists an invertible matrix X s.t.

<latexit sha1_base64="f6yXX2HcRJrPEq3MaZSSLRFA9Ok="></latexit>

A = X⇤X�1

Now let’s recover previous objects and properties:

The column vectors of X are right eigenvectors (with corresponding eigenvalue in ) Λ
Invertibility of X is equivalent to linear independence of eigenvectors.
The row vectors of  are the left eigenvectorsX−1
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Hermitian matrices ( ) have real eigenvaluesA = AH

<latexit sha1_base64="gqudk4uq3PTE+ZGNFeqL7Xcax/8="></latexit>

Ax = �x

<latexit sha1_base64="zbjU0da+uLHfvcpPmQs8hJjM6dM="></latexit>

xHAx = �xHx
<latexit sha1_base64="L4YGgZstA48Kem/u/BU9tqlSFZ4="></latexit>

(xHAx = �xHx)H ) xHAHx = �xHx ) xHAx = �xHx

A is hermitian

<latexit sha1_base64="06cYvVa9Uw0alktMKmD+LgNEhlI="></latexit>

xHAx = �xHx = �xHx
<latexit sha1_base64="SVQ32KmGCzaN9uYxITU+hl75Pvs="></latexit>

and xHx 6= 0 since x is an eigenvector

<latexit sha1_base64="khWf/NNVpWwcxKIUz+0HDeW7Px0="></latexit>

) � = �

<latexit sha1_base64="WYbyZsQmeUB1InQDIVcW6LdSVbw="></latexit>

A 2 Cn⇥n
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eigenvectors of a hermitian matrix corresponding to distinct eigenvalues are orthogonal

<latexit sha1_base64="WYbyZsQmeUB1InQDIVcW6LdSVbw="></latexit>

A 2 Cn⇥n <latexit sha1_base64="zVgBkeE5j82BbILayHTvqrDLomg="></latexit>

A = AH <latexit sha1_base64="XT6rqT72d2BcyYHllVoO9dhqnFw="></latexit>

Ax = �x
<latexit sha1_base64="0NxSiZzIiTEdANuk8oCQK5otAsU="></latexit>

Az = µz

<latexit sha1_base64="/j9l40773/hGILEeq/eVjyFRLFI="></latexit>

zHAx = �zHx
<latexit sha1_base64="LZwhIJNoG0zExm2no6c61sTHL0c="></latexit>

(zHAx = �zHx)H ) xHAHz = �xHz = xH ) xHAz = �xHz

<latexit sha1_base64="UEsB98UlH7MpgvmH6EJcAuZcWYE="></latexit>

xHAz = µxHz
<latexit sha1_base64="uFleASfhQjKVBdA2AtOmAsVt3Kc="></latexit>

) µxHz = �xHz ) xHz = 0 since µ 6= �
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If  is hermitian, there exists a orthonormal basis of  of eigenvectors of AA ∈ ℂn×n ℂn

By the fundamental theorem of algebra applied to , there is an eigenvalue  
and a corresponding eigenvector  

π(λ) λ1

v1

Let  be the orthogonal complement to  in  W1 v1 ℂn

<latexit sha1_base64="qWyUzLojTq3t35RFZRbriGhn5F4="></latexit>

8w 2 W1 : vH1 Aw = �1v
H

1 w = 0 ) Aw 2 W1

<latexit sha1_base64="3P/S92usn/PMPHYuTyLxm49xnc4="></latexit>

A can be restricted to W1 and we can proceed by induction

Main idea of the proof:
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This decomposition expresses a nice factorization of hermitians matrices

<latexit sha1_base64="00LxorxnDZObesNglf/uOohKi18="></latexit>

X�1AX = ⇤ or A = X⇤X�1

<latexit sha1_base64="czSkHP4HxjAWtvn5879zS0KH0Co="></latexit>

where ⇤ is the diagonal matrix of eigenvalues (with multiplicity)

This also means you can write the linear transformation as a direct sum 
of orthogonal projections on the eigenspaces:

<latexit sha1_base64="XwvUB7RkpFRyn0aqZVB846EKSJw="></latexit>

A =
X

i

�iP�i

A is unitarily equivalent to the diagonal matrix Λ
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A fundamental reason the spectral theorem is so important :

Let f be an analytic function, i.e 
<latexit sha1_base64="tEAnTD84+zE94ay9+CsehUUzS7Y="></latexit>

f(t) =
+1X

k=0

akt
k ex: sin, exp, …

<latexit sha1_base64="1M2Vc0jo6kJ4lWFYMCMCSNksdS4="></latexit>

A 2 Rn⇥n such that A = U⇤UT

<latexit sha1_base64="egZdDc23kLaY99xZ0WACXC/NczE="></latexit>

Then f(A) = Uf(⇤)UT where f(⇤) = diag(f(�1), · · · , f(�n))

Proof: just think of eigendecomposition of Ak

This is crucial when solving differential equations
<latexit sha1_base64="0LmeNRRfbJrTu0K1boLuxJ1PXzM="></latexit>

d

dt
x(t) = Ax(t)


