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Self-similarity

fBm

fBm exhibits self similarity

In the case of fBm, the self-similarity is only sta!s!cal
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Sea Shells
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Logarithmic Spirals
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Low Pressure System
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Milky Way
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Romanescu
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Mandelbrot Set
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Snowflakes
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Fern
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Leaves
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Trees
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Lightning
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Mountains
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Rivers and Fjords
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Shorelines
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Fractals

  

Colloquial defini!on:
Repe!!on of a given form over a range of scales

Self-similar

Detail at mul!ple levels of magnifica!on

Fractal dimension exceeds topological dimension

Does not have to be self-similar!
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How Long is the Coast of Britain?

  unit = 200km
total length=2400km

unit = 100km
total length=2800km

unit = 50km
total length=3400km

The “Coastline Paradox” 18



Integer (Euclidean) Dimension

Take an object residing in Euclidean
dimension D and reduce size by  in
each spa!al direc!on

Exactly  self-similar objects cover
the original
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Hausdorff (Fractal) Dimension

Take an object residing in Euclidean
dimension D and reduce size by  in
each spa!al direc!on

Exactly  self-similar objects cover
the original

Use this scaling rela!onship to define
dimension:
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Fractal Dimension Example: Koch Curve

n=1

n=0

n=2

n=3

n=4
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Fractal Dimension Example: Cantor Dust

How much is le"?

Total length of deleted intervals:
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Fractal Dim Example: Sierpinski triangle
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Fractal Dimension

Fractals have fractal dimension, e.g., D = 1.2

Con!nuous “slider” for the visual complexity of a fractal
“smoother”  “rougher”

Integer component typically indicates underlying Euclidean dimension of the fractal, in
this case a line (“1.” in 1.2)

Excep!on: examples like Cantor Dust, where itera!ons cut parts away

Frac!onal part is called the fractal increment (“.2” in 1.2)

Fractal increment varies from 0.0 to 0.999…
fractal transi!ons from (locally) occupying only its underlying Euclidean dimension (the line),
to filling some part of the next higher dimension (the plane)
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Hilbert Curve

source: wikipedia 25



Hilbert Curve

source: wikipedia  
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Frac"onal Brownian Mo"on (fBm)

Parameter  actually equals [frac!onal increment]

When , the fBm is rela!vely smooth

As , the func!on becomes more like white noise

double fBm(vector point, double H, double lacunarity, int octaves) {
    double value = 0.0;
    // inner loop of fractal construction
    for (int i = O; i < octaves; i++) {
        value += Noise(point) * pow(lacunarity, -H*i);
        point *= lacunarity;
    }
    return value;
}
// See Ebert et al: Texturing & Modeling: A Procedural Approach
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Roughness Control

Plot of fBm for H varying from 1.0 to 0.0 in increments of 0.2 28



2D fBm

Ordinary frac!onal Brownian mo!on (fBm) terrain patch of fractal dimension ~2.1 29



Fractal Brownian Mo"on

fBm is sta!s!cally homogeneous and isotropic
Homogeneous means “the same everywhere”

Isotropic means “the same in all direc!ons”

Fractal phenomena in nature are rarely so simple and well-behaved.
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Mul"fractals

Fractal system which has a different fractal dimension in different regions

Heterogeneous fBM
Typical implementa!ons don’t just spa!ally vary the  parameter

One strategy: scale higher frequencies in the summa!on by the value of the previous frequency.

Many possibili!es: heterogenous terrain, hybrid mul!fractal, ridged mul!fractal
See the Texturing & Modeling book [Ebert et al.] for details
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Mul"fractals

“Mul!plica!ve-cascade” mul!fractal variant of fBm

double multifractal(vector point, double H, double lacunarity, int octaves, double offset) {
    double value = 1.0;
    for (int i = O; i < octaves; i++) {
        value *= (Noise(point) + offset) * pow(lacunarity, -H*i);
        point *= lacunarity;
    }
    return value;
}
// See Ebert et al: Texturing & Modeling: A Procedural Approach
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fBm vs. Mul"fractals

double fBm(vector point, double H, double lacunarity, int octaves) {
    double value = 0.0;
    // inner loop of fractal construction
    for (int i = O; i < octaves; i++) {
        value += Noise(point) * pow(lacunarity, -H*i);
        point *= lacunarity;
    }
    return value;
}

double multifractal(vector point, double H, double lacunarity, int octaves, double offset) {
    double value = 1.0;
    for (int i = O; i < octaves; i++) {
        value *= (Noise(point) + offset) * pow(lacunarity, -H*i);
        point *= lacunarity;
    }
    return value;
}
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Heterogeneous fBm

A hybrid mul!fractal terrain patch made with a Perlin noise basis: the “alpine hills” Bryce 4 terrain model.
There is a flat ground plane added at al!tude zero to mask details below.

source: Ken Musgrave 34



Heterogeneous fBm

The “ridges” terrain model from Bryce 4:
a hybrid mul!fractal made from one minus the absolute value of Perlin noise.

source: Ken Musgrave 35



Heterogeneous fBm

A hybrid mul!fractal made from Worley’s Voronoi distance-squared basis.

source: Ken Musgrave 36



Heterogeneous fBm

A hybrid mul!fractal made from Worley’s Voronoi distance basis.

source: Ken Musgrave 37



Domain Distor"on

Use fBm to perturb evalua!on point of another noise func!on!

fBm distorted with fBm.
source: Ken Musgrave 38



Domain Distor"on

Use fBm to perturb evalua!on point of another noise func!on!

A sample of the “warped ridges” terrain model in Bryce 4:
the “ridges” model distorted with fBm.

source: Ken Musgrave 39



Domain Distor"on

Use fBm to perturb evalua!on point of another noise func!on!

A sample of the “warped slickrock” terrain model in Bryce 4:
fBm constructed from one minus the absolute value of Perlin noise; distorted with fBm.

source: Ken Musgrave 40



Heterogeneous fBm

   

  

source: Ken Musgrave 41



Simula"ng Mountain Forma"on

Real terrains undergo a number of weathering processes which result in erosion
wind, rain/rivers, freezing, etc.

This is a complex physical process, however, we can obtain plausible results using some
simple “ad hoc” rules.
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Erosion + Vegeta"on
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Final Procedural Scene for Inspira"on

Created with Terragen 44



Literature
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