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Initials:

1 Raytracing

* (5 points) In the figure below, a 2D triangle is defined with three vertices in the
plane, A= (3,1), B =(5,2), and C = (1,4). A point in the plane can be represented
with barycentric coordinates as P = oA + BB + yC, where a+ 3 + 7= 1. Consider a
ray starting at the origin O = (0,0) with direction vector d = (1, 1). Find the barycen-
tric coordinates with respect to triangle ABC of the point where the ray intersects
with the triangle for the first time.
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* (6 points) In the scene sketched below, the light source is a point light, and we
use the standard pinhole camera model. The blue walls are purely diffuse, and the
spheres are purely specular (reflective and refractive, respectively). Assume a path
of length k consists of k line segments. For example, a path going from the light
to a sphere to the eye is of length 2. For the basic recursive raytracing algorithm
discussed in class, sketch two paths per image with different material interactions
of length at least 3 that the algorithm can generate (left image) and cannot generate
(right image). Briefly explain why a path is possible or not possible.

Possible Paths Impossible Paths
Lightsource Eyf@ Lightsource Ey(/a@
£y8 254

O O

= diffuse 1 specular reflective [ specular refractive
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2 Rasterization

* (2 points) Complete the pseudo code to implement the z-buffer algorithm. Assume
the color of the polygon P is constant and equal to cp.

// zbufferl[x,yl: stores the depth value at position x, y.
// framebuffer[.,.]: stores the color value at position x, y.

for (each polygon P):
for (each pixel (x,y,z) in P):

* (2 points) Barycentric coordinates can be used for simple 2D rasterization of a tri-
angle. Complete the following pseudo code for rasterizing one triangle.
// You can use

// set_pixel(x,y) to fill a pixel
// (a,b,c)=bary_coords(x,y) to compute barycentric coordinates wih respect to the triangle

for (all x):
for (all y):
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3 Transformations and Projections

* (4 points) You are given a triangle in 2D defined by the vertices (0,0), (1,0), and
(0,1). Find an affine transformation that transforms this triangle into an equilateral
triangle of side length 1. Write down the 3 x 3 matrix of your transformation in

homogenous coordinates.

* (1 point) What kind of projection do you use to generate the shadow map for a point
light source?
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* (2 points) Consider the 2D affine transformation in homogenous coordinates:

1

<
Il
o = O

2
0

—_ =N

If a triangle is transformed with this matrix, how will its area change?

* (2 points) Given two vectors p and q. Show that their angle is preserved under
rotation.
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4 Textures and Shadows

* (4 points) Given a texture map with a checkerboard pattern as illustrated below.
We are rendering the triangle shown on the right using this texture with nearest
neighbor texture sampling and no anti-aliasing. The corresponding texture coor-
dinates are indicated at the vertices. Assume we are rendering the triangle under
some arbitrary projective transformation. Let k be the percentage of rendered pixels
of the triangle that are black. What range can k assume? Explain your answer.

texture map triangle

(1.1

(0,1 (0,0
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¢ Which of the following statements is true? Please check the corresponding box on
the right. (correct answer = 1 point, no answer = 0 points, wrong answer = -0.5
points)

Statement True | False

Mipmapping selects the suitable image resolution based on the
average z value of a triangle.

There can be no mapping from the half-sphere to the plane that
preserves length everywhere.

There can be no mapping from the half-sphere to the plane that
preserves area everywhere.

Bilinear texture filtering eliminates aliasing.

Alpha mapping selects which pixels to render in the fragment
shader.

¢ Consider the scene sketched below with two opaque objects. Assume we have
computed a shadow map S from the point light source using the indicated view
angle. Now we multiply every value in the shadow map by a factor of 2.

Lightsource Eye 4\
bod
P@Qx\\

/\umage

) ) / plane

Which of the following statements is true? Please check the corresponding box on
the right. (correct answer = 1 point, no answer = 0 points, wrong answer = -0.5
points)

Statement True | False

Some points that should not be in shadow are now in shadow.

Some points that should be in shadow are no longer in shadow.

All points are still correctly in shadow or not, but the shadows
are less dark.
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* (4 points) Sketch a 2D scene with a point light source and some shadows, for which
the above procedure of multiplying the value of the shadow map by a factor of 2
would not change the result for any viewpoint. Briefly explain why your scene has

the required behavior.
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5 GPU Pipeline

* (5 points) Complete the definition of the pipeline that renders the triangle from the
tigure. For each component, indicate the corresponding code snippet in the table.

const pipeline = ...
const vert.src = ...
const frag._src
pipeline ()

Component | Code
pipeline
vert_src
frag_.src

Code 1

A — white

C

]_z(B

& black

Code 2

attribute vec2 V;
varying vec3 color;

void main() {
color = vec3(V.y, V.y, V.y);
gl_Position = vec4(V.xy, 0.0, 1.0);

attribute vec3 V;
varying vec3 color;

void main() {
color = vec3(V.x, V.y, V.z);
gl_Position = vec4(V, 1.0);

Code 3

Code 4

attribute vec3 V;
varying vec3 color;

void main() {
color = vec3(V.z, V.z, V.z);
gl_Position = vec4(V, 1.0);

precision highp float;

varying vec3 color;
uniform vec3 c_scale;

void main() {

gl_FragColor = vec4(c.scale = color, 1.0);
' }
Code 6
regl({
ode attributes:
Code 5 b
V: [
1
ettt . [-1.0, -1.0, 0.0],
attributes:
[ 0.0, 1.0, 1.0],
V:
{ 1.0 1.0] [ 1.0, -1.0, 0.0],
[ 0.0, 1.0, ] [ 0.0, 0.0, 0.5],
[ 1.0, -1.0], ) ’
} 1. elements: [
/ 1
elements: [[0, 1, 2]], {g' 2' z}'
uniforms: { [1' 2' 3]'
c_scale: [1.0, 1.0, 1.0], ! L ’
1 ; ‘ uniforms: {
vert: vert_src,
c.scale: [1.0, 1.0, 1.0],
frag: frag.src, }
}) vert: vert_src,
frag: frag._src,
}

10
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* (1 point) What does the fourth component of the g1_Position vector represent?

* (1 point) What does the fourth component of the g1_FragColor vector represent?

* (4 points) Imagine you want to change the value of the c_scale uniform variable to
obtain a desired color at vertices A, B, C, and at the origin O. For each of the coloring
options in the table below, write YES if they can be achieved by modifying c_scale
alone, NO otherwise. For those that are feasible, indicate the corresponding value
of c_scale. The first row refers to the figure above and it is filled in as an example.

Output Feasible c_scale

B black YES [1,1,1]

Ared

A black

B white

C blue

O green

11 C
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6 Procedural Models

* Fractals: Assume we have a fractal in the plane constructed with the procedure
sketched below.

==
e ot/

a) (3 points) What is the Haussdorff dimension of this fractal?

b) (2 points) Give formula for the area of the above fractal as a function of recur-
sion level k, where k = 0 corresponds to the leftmost image above. We assume
that the total area of the green polygons on the left is 1. What does this expres-
sion converge to as k — «?

12 C
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c) (3 points) Give the formula for the length of the interior polygon marked in
red below as a function of recursion level k, where k = 0 corresponds to the
leftmost image. We assume that the total length of the red curve on the left is
6. What does this expression converge to as k — oo?

13 C
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¢ L-Systems (8 points)

(A

R /N

The figure above shows the turtle graphic output (scaled to fit into the frame) at
recursion level 5 of four different L-Systems that all start with the same axiom F
using a 60 degree turning angle for the 4+ and — symbols. In the table below, assign
the correct letter (A, B, C, D) to the rule defined in the left column.

Rule Figure Label

F—FF+F+

F—F+F—-F

F—F+F+

F—F+F+F+

14 C
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7 Affine Combinations
Let A, B, C be points in 3D.

* (3 points) Is the expression cos?(¢)A + sin®(t)B an affine combination for all ¢ € [0, 1]?
If yes, which curve does it define? If no, why not?

* (3 points) We have a 2D triangle with vertices A,B,C. A point in the plane can be
represented with barycentric coordinates as P = aA + BB+ yC. In each figure below,
sketch the region of the plane that corresponds to the constraints listed below the

triangle.

Cc Cc Cc

B=0 Y<0 a>0Ny>0

15 C
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8 Bezier Curves

* (3 points)

The figure below shows in black a control polygon for a Bezier curve. The drawn
blue curve violates a number of properties that Bezier curves have in relation to
their control polygon. List three of these properties that are violated for the curve
shown in the figure.

* (2 points) Prove the partition of unity property for Bernstein polynomials of degree
two.

16 C
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e (5 points) Assume we are given a Bezier curve in 2D as ¢(t) = Y7 b, B?(t) with three
control points by = (0,0), b; = (1,y), b, = (3,0). Find the unknown y-coordinate of
b; such that the curve passes through the point (1,1) for some parameter value
t€[0,1].

Hint: The quadratic equation of the form ax? + bx+ ¢ = 0 has the solutions: xj, =
—bi\ézz—m

17 C
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