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Solution 1.
(a) We want to minimize the error
E[n] = Din]-Y[n]= Din] - an[z]X[n — 1]
i
where
X[n] = ) hlk]Dln — k] + S[n].
k
If we define the cost function as
Jn = E[E[n]],
then the normal equations imply:
L—1
> falilRx([n—j,n—i] = Rpx[n,n—i] i=0,...,L—1, Vn€ZL
j=0

Now, we compute Rx[n — j,n —i] and Rpx[n,n — i for the case where D[n] = V[n].
E[(h[0]Vo[n — j] + A[1]Vo[n — j — 1] + S[n — j])

(R[0]Vo[n — 4] + h[1]Vo[n — i — 1] + S[n — 4])]

= 2Rwli —j] + Rwli = j + 1] + Ry [i = j = 1] + 030[i = ]
I S )

Rx[n—j,n—1i]

Rpx[n,n—i] = E[Vo[n]- (h[0]Vo[n — 1]+ h[1]Vo[n —i—1] + S[n —i])]
= RVO[i]+RVD[i+1]

i 41
= o+,

We can see that the processes D[n] and X|[n] are stationary BUT the filter f, is not a
Wiener filter since we limit its length to L = 3.

From the Yule-Walker equation we have
fn = Rx'\ Rpx n-
fn 0] 2+42po+1 2p0 +14+p5 2p5+po+p5 | 1+ po
1

fulll | =1 200+14p5 2+2p0+1 2po+p5+1 po + P
fnl2] 208+ po+p8 2p0+1+p%F 2+42p0+1 g+ ri



Replacing pp = 1/2, we get

fn=1[0.3944 —0.0361 0.0031]".
We compute E[|E[n]|?] from the formula:
ElE[RP] = E[(D[n] - f"Xn)%
= ob+ fTRxf—2fTRpx = 0.4343.

When the switch is in position “1”, all the steps are the same and we need to change 1}
to V;. In that case we have,

-1

fnl0] [ 24201 +1  2p1+1+p 2074 p1+0p} 14 p
fa(1] = 200+ 1+p7  242;+1  2p1+p7+1 p1+ P
fal2] 203ttt 200+ 147 2420 41 Pt + o}
[ 0.3999
—0.0797
0.0144
and
E[|E[n]|?] = E[(D[n] — 7 X,,)?] = 0.4912.
(b) - We need to distinguish the four cases:
plonfm| n, m even,
RD[’I’L,m] = pllniml n, m Odd7
0 n even, m odd,
0 n odd, m even.

Clearly, the process D[n] is not stationary.
- Let us call Dy[n] =", h[k]D[n — k] = D[n] + D[n — 1]. Then
Rx[n,m] = E[X[n]X[m]] = E[(Dx[n] + S[n])(Dn[m] + S[m])]
= Rp,[n,m]+ Rs[n,m| = Rp, [n,m] + c25[n —m]
and
Rp,[n,m] = E[(D[n] + Dln —1])(Dm] + D[m — 1])]

= RD[TL,?TL] +RD[nam_ 1] +RD[nvm_ 1]
+Rp[n—1,m]|+ Rp[n —1,m — 1]

p‘onfm‘ +0+0+ p‘lnfml n, m even,

_ P 0404 pf ™ n, m odd,

B 0+ pl(Jn_m+1| + plln_m_l‘ +0 neven, m odd,
0+ p|1n7m+1| + pgnfmfl‘ +0 n odd, m even.



The correlation Rpx is equal to

Rpx[n,m] = E[D[n]X[m]] = E[D[n](D[m] + D[m — 1] + S[m])]
= Rpln,m|+ Rp[n,m — 1]
p(l)n_m‘ +0 n, m even,
- plln_m‘ +0 n, m odd,
B 0+ p|07Ferll n even, m odd,
0+ p|1n7m+1| n odd, m even.

Clearly, the process is not stationary.

- We have the normal equation

L—-1
> falilRx[n—j,n—i] = Rpx[n,n—i] i=0,....L -1, VneZ
j=0

and to evaluate Rx and Rpx, we need to consider the cases where n is even and n is
odd.

Let us, for example, consider the case where n is even. Then,

fnl0] [ Rx[n,n] Rx[n—1,n] Rx[n—2,n] - Rpx[n,n]
fall] = Rx[n,n—1] Rx[n—1,n—1] Rx[n—2,n—1] Rpx[n,n —1]
fnl2] | Rx[n,n—2] Rx[n—1n-2] Rx[n—2n-—2] Rpx[n,n — 2

3. 1+ R+, ] 1

= |+l 3 14p P

| o5 +pt PP+l 3 5

and we compute
fn=10.3644 —0.0963 0.0752]7.

Applying the same formula for computing the error as in the previous part, we get:
E[|E[n]|*] = 0.6409

The process D[n| is not stationary and this explains why the error is larger than in
the part a) for both D[n] = Vp[n] and D[n] = Vi[n].

(c) Since the position of the switch is randomly chosen we can introduce the random variable
Sw [n] that describe the position of the switch. Positions p0 and pl appear with the same
probability of 1/2. To compute Rp[n, m] = E[D[n]D[m]], we can use the following formula:

Ef(D)] = EE[(D)Sw]
= {EUD)lsw = (0,0)] + {EIf(D)lsw = (0,1)
FELFD)sw = (1L,0)] + (BIFD)lsw = (1)
Then
Rofn,m] = E[D[n]Dlml]
= LEDRIDm]sw = (0,0)] + {EDADlm]lsw = (1,1)]

= Lypor sy Lpen

4 4



The process is stationary.

To compute the optimal filter we need:

Rx[n,m] = E[X[n]X[m]] =E[(D[n]+ D[n— 1]+ S[n])(D[m]+ Dim — 1] 4+ S[m])]
= 2Rp[n—m]+ Rpn —m+ 1]+ Rp[n —m — 1] + c2[n — m],
and
Rpx[n,m] = E[D[n|X[m]] = E[D[n|(D[m]+ D[m — 1] + S[m])]

= Rp[n—m]+ Rp[n,m —1].

Changing in the normal equation we get:

0] 24167 1.0069 0.4294 7' [ 0.7083 0.2923
fl1] | = | 1.0069 2.4167 1.0069 0.2986 | = | 0.0010
2] 0.4294 1.0069 2.5167 0.1308 0.0018

Solution 2.

1) The signal has the form z(t) = 211;]:01 ard(t — 1), t€[0,T], where 7y,..., 700 are the
positions of the spikes. The corresponding Fourier transform reads

100 100

~ 1 - 1 .
Zln] = T Z age I2TTIT = T Zakeﬂ“”“", wi, =27y /T .
k=1 k=1

The position of the spikes can be estimated using the annihilating filter approach. That
is, we look for the filter h such that (Z % h) [n] = 0, where h has 100 coefficients. In Matrix
form we obtain

z[99] ... Z[0] h[1] Z[100]
z[100] ... Z[1] h[2] z[101]
2[198] ... 2[99]| |A[100] 2[199]
The solution of such a linear system provides h[1],...,h[100] and therefore H[z] = 1 4+
h[1]z=t + ...+ h[100]z7190. Call the ay, ..., a100 the roots of the latter equation, then the
equalities a; = e2™/T | ay99 = €27m00/T yield positions 71, . . ., T100-
2) The likelihood function for a 20-sample observation z[1], ..., 2[20] of a Markov chain X [n]

reads
h(z[1],...,2[20];0) =P (X[1] = z[1], ..., X[20] = z[20])
=Tz[1]Px[1]z[2]Pz[2]x[3] - - - Px[19]x[20] »
and in our case 00011010110110111011
h(z[1],...,z[20);0) =P (X[1] = 0,..., X[20] = 1)
= ToPooPooPo1P11P10P01P10P01P11P10P01P11P10P01P11P11P10P01P11

_ 2 6,6 ,5
= ToPooPo1P11P10 -



3) We need to maximize h(x[1],...,2[20]; ©) or log h(x[1],...,2[20]; ©) with respect to 7; and
Dij, 1, = 0,1 under the constraints mo + m1 = 1, poo + po1 = 1, and p1p + p11 = 1. Using
Lagrange maximizers and the log likelihood, we must maximize

log(h(x[l], cee 71’[20]§ @)) - )\1(7T0 + = 1) - /\2(1000 + po1 — 1) - >\3(p10 + p11 — 1)
that is

log mo+21og poo+6 1og po1+61og p11+510g pro—A1 (mo+71—1) = A2 (Poo+Po1—1) —Az(pro+p11—1) .
Maximization w.r.t.:

— 7 and 7y gives mp =1

— poo gives 2/pog — A2 = 0, i.e. poo = 2/A2, and w.r.t. po1 gives 6/por — A2 = 0, i.e.
po1 = 6/Ag. Considering the constraint pog + po1 = 1 we obtain Ay = 8 and therefore
poo = 1/4 and po1 = 3/4.

— p1o gives 5/p1p — A3 = Ojice. p1g = 5/A3, and w.r.t. py; gives 6/p11 — A3 = 0, i.e.
p11 = 6/A3. Considering the constraint p1g +p11 = 1 we obtain A3 = 11 and therefore
p1o = 5/11 and p1; = 6/11.

4)
Fyp(y) =P (Y[n] <y) = ;llf’ (Y[n] <y, X[n] = x)
pae ZIP (Y[n] <y | X[n] = 2) P (X[n] = 2)
=> II;(W[n]er <y)P(X[n] =2)
= ;E?;V[n} <Y P (X[n]=0)+P W] +1<y)P(X[n] = 1)
=P (W) < y)mo + P (Wln] <y) i,

where W(n] is a centered Gaussian process with variance o3, and Win] is a Gaussian
process with mean 1 and variance o3,. The probability density function then reads

Sy (¥) = G0z, (W)mo + Gy o2 (y)m1

where G,, »2(y) denotes a Gaussian probability density function with mean m and variance

o2,

5) Notice that, as seen in class, in order to compute the probability density function we first
need to compute the cumulative distribution function.

Call X = {(=[1],...,2[10]) | z[i] € {0,1}} the set of all possible combinations of 0 and 1
so to form a vector of length 10.

Then the joint cumulative distribution of Y = [Y[1],...,Y[10]] reads
Fy(y) =P(Y <y)= > P(Y <y X ==
reX

PEEN P(Y<y|X=2)P(X=2).
xreX



P (Y <y | X = x) is the distribution of Y = & + W (distribution of Y given that X is

known), i.e., distribution of i.i.d. Gaussian random variables, with the same variance o3,

and means given by the vector x.

10
P(Y <y|X=2)=Fwia®¥) = [ [ Fwprem wlnl),
n=1

which in terms of probability density reads

10 10

fWer(y) = H gm[n],a‘%v (y[n])v and fY(y) = Z H gm[n},a‘z/v (y[n])IP (X = IB) :

n=1 xzeX n=1
Given that
P (X =) = TuPa(]a]2] - - - Pa[o][10] 5
we have

10
fr(y) = Z (H gz[n]ﬁgv (y[n])> Tz[1]Pz[1]z[2] - - - Px[9]2[10]

zeXx \n=1
We need here to apply PCA. Call
Ym = [Y[Um, -, y[30l]T, m=1,...,20000, (M =20000,N = 30).
the vector containing the 30 samples of the m-th shape. Then

— Create zero mean data by averaging all the M=20000 shapes, that is
20000

1
Ymean = m nlz Ym -

=1
For every m, center the m-th shape by subtracting the mean
:gm = Ym — Ymean -
— Compute the empirical correlation matrix (using the centered data y,,)
20000

_ 1
R,=— S g, «g7
¥ = 20000 mz Ym * Ym

=1
— Compute the unitary matrix V of eigenvectors of R and the eigenvalues by solving
the equation R
R,V =VA
where A = diag(A1,...,An) is the eigenvalues diagonal matrix and VHﬁyV = A.

— Look at the eigenvalues and select those with highest values, for instance, A1, ... Ag,
where k < N (usually k£ << N).

— Compute the principal components
Zm =V%y,,, form=1,...,20000.

— Select the principal components corresponding to the eigenvalues with highest values,
for instance, z[1]m,. .., 2[k]m, m = 1,...,20000, and plot them in a k-dimensional
plot so to recognize the clusters and therefore the number of different shapes.



