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I. INTRODUCTION

This report is comparing different basic adaptive filtering
algorithms that are Least mean square (LMS), Normalized
least mean square (NLMS) and Recursive least square (RLS).
They were applied to simulated and real data for different
parameters and then compared on criteria such as the signal
amplitude or the Mean square error (MSE). We then chose to
explore advanced tools used for adaptive filtering other than
LMS, NLMS or RLS. We focused on the Affine Projection
Algorithm (APA) which is an extension of the LMS filter using
multiple input vectors in every sample. We also presented the
conjugate gradients (CG) technique for adaptive filtering and
compared these new tools to the previous ones.

II. THEORY: BASIC TOOLS
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The general setup of an adaptive filtering environment is
shown in Figure 1. The system takes as input, a filter input
T, which is typically the noise that needs to be cancelled and
a desired signal d,,, which is an unknown signal corrupted by
the noise.

It will update its coefficients f, so that it minimizes the
error between the filter output and the desired signal:

E[eﬂ = E[(dn — yn)2]

filter output: 3, = x? -f,, error: .

Assuming that the desired signal d,, is of the form d,, =
Sp + by, where s, is the signal of interest and b,, an interfer-
ence, and that the noise x,, is related to b,, but not correlated
with s,,, the error to be minimized becomes:

E[GQ} = E[(d, — yn)Q] = E[(sn + by — yn)Q]
= E[{sn+ (bn—yn) Hsn + (bn —yn)}] = Elsi] + E[(b—y)?]

If E[e2] is minimized then E[(b—y)?] is minimized and E[e?
becomes close to E[s?], that is the error becomes close to the
signal of interest.

In practice, one uses the instantaneous value of the error:
en = dpn —Yy. The adaptive algorithms implemented are LMS,

NLMS and RLS. They differ in how they compute the adaptive
step. The algorithms are described below.
A. Least Mean Squares (LMS)
Initialization : fp =0, 0 < pu < 1
for1 =1, + pxnen
B. Normalized Least Mean Squares (NLMS)
Initialization : fp =0, 0 < pu < 1
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C. Recursive Least Squares (RLS)
Initialization : fy =0, Qy ="' § << 1,0<< A < 1
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III. THEORY AND APPLICATIONS: ADVANCED TOOLS

A. Affine Projection Algorithms

The Affine Projection Algorithm (APA) is an extension of
the LMS filter using multiple input vectors in every sample.
The number of given vectors is called the projection order. We
are now going to look at the definition of the standard APA
as it is originally defined in [1]:

XAP(k) = (X(k)a 7X(k - L))7

with X4 p being the filter input, L the projection order and
x(k) the input vector. The output of the filter is then given by:

Yap(k) = XEP(’“) * w(k),

where w(k) represents the parameters of the adaptive filter.
We can then reconstruct the target signal as follows:

dAP(k) = (d(k)v s d(k - L))Tv

where d(k) is the desired signal vector at time k. Finally,
we obtain the estimated error vector:

eap(k) =dap(k) —yap(k).

The equation for adapting the parameters of the filter being:

wWap(k+1) = wap(k + 1) + pXap(k)(Xip(k)Xap (k)
+el)leap (k).



he APAs have the property of being the most effective when
they are used to filter highly correlated data. In this context
they are usually more effective than standard LMS filters.
APAs were originally designed to improve the convergence of
gradient based algorithms for non flat spectrum signals as the
time for the algorithm to converge is considerably reduced as
stated in [2]. However, their convergence speed is linked to the
projection order and therefore their computational cost. This
is one of the reasons why the standard APA is generally not
used as is for treating real time data.
The paper [3] compares a few variants of the affine projection
which have a lower complexity. For example, the Fast Affine
Projection (FAP) reduces the computational cost of the stan-
dard APA while keeping similar performances for a higher
projection order. We can see some real-time application to the
FAP algorithm in [4] where it is used for active noise control.
Another interesting variant of the Affine Projection is the
Pseudo Affine Projection (PAP) which computes realistic
approximation of the standard APA. The PAP algorithms has
also been used for real-time active noise control but also for
medical purposes such as hearing aids [5].

B. Conjugate gradients

Given a filter input xc¢(k) and a desired signal deog(k),
the error ec (k) between the output of the adaptive filter and
the desired signal is used to update the parameters we (k) of
the adaptive filter. The error is defined as follows:

eca(k) = woe(k)xoa(k) — dog (k)
. The equation for the upgrade is:
weg(k+1) =weg(k) — pV f(wea(k))

LMS uses this upgrade with the instantaneous estimate of
the gradient in place of the gradient. The conjugate gradient
technique uses as estimate for the gradient the average of the
instantaneous gradient estimates over a specified number of
values.
Viwoa(k)) = gog(F)
RS
Mw j=i—n,+1
The Least Mean Squares (LMS) method is used widely,
but has poor convergence properties. On the other hand the
Recursive Least Squares (RLS) has superior convergence
property, but is computationally costly. The CG technique
provides convergence comparable to RLS method, and has
computational requirement which is intermediate between
LMS and RLS methods [6]. The number of values to average
ny plays a big role in the behaviour of the algorithm. If
nw = 1, we are back to the LMS algorithm and if n,, = N,
N being the filter length, the results are comparable with the
RLS method, with the same complexity O(N?).

Woe(k)xea(j) — doa()]xea (4)

C. Data description

1) Simulated data: The simulated data considered is a
guitar sound, corrupted by a talking noise.

2) Real data: The first element of the real data is a
recording of a bass line altered by continuous talking and
environmental noise.

The other element is an example of discussion (phone or
Skype call) between two people where the voice of one speaker
is corrupted by the noise of the person he is discussing with.

IV. RESULTS
A. Least Mean Squares (LMS)

1) Simulated Data: One advantage of using simulated data
is that we can easily compare the filtered signal to the original
signal and observe the MSE for different parameters to choose
coherent parameters for a real data application. A rough
overview of the MSE resulting from the LMS algorithm is
presented in Figure 2.
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Fig. 2. Evolution of the MSE between the non-corrupted and filtered noisy
signal for different combinations of tap sizes and iteration numbers for LMS.
A guitar sound corrupted by the talking noise was used.

In Figure 3 we present the result of the LMS algorithm
after denoising the corrupted guitar signal superimposed on
the noisy signal.
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Fig. 3. Comparison between the noisy signal before and after being filtered
by LMS. A guitar sound corrupted by the talking noise was used.

2) Real Data: In Figure 4 we can observe the effect of
applying the LMS for different iteration numbers with a fixed
tap size to the noisy bass line signal.
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Fig. 4. Comparison of a signal filtered by LMS for different number of
iterations. The bass line signal corrupted by the talking noise was used.



Figure 5 is showing the noisy discussion signal before and

after LMS filtering.
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Fig. 5. Comparison between the noisy signal before and after being filtered
by LMS. A conversation signal was used.

B. Normalized Least Mean Squares (NLMS)

1) Simulated Data: Once again we can take a look at the
MSE resulting from the NLMS algorithm presented in Figure

6.

Evolution of the MSE for LMS for different size
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Fig. 6. Evolution of the MSE between the non-corrupted and filtered noisy

signal for different combinations of tap sizes and iteration numbers for NLMS.
A guitar sound corrupted by the talking noise was used.

In Figure 7 we observe the same results as in Figure 3 but
using NLMS instead of LMS.
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Fig. 7. Comparison between the noisy signal before and after being filtered
by NLMS. A guitar sound corrupted by the talking noise was used.

2) Real Data: Here we are comparing the effect of NLMS
on the noisy bass line for different iteration numbers by
plotting the denoised signal on top of each other in Figure
8.
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Fig. 8. Comparison of a signal filtered by NLMS for different number of
iterations. The bass line signal corrupted by the talking noise was used.

Figure 9 is showing the noisy discussion signal before and
after NLMS filtering.
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Fig. 9. Comparison between the noisy signal before and after being filtered
by NLMS. A conversation signal was used.

C. Recursive Least Squares (RLS)

1) Simulated Data: Figure 10 shows the result of RLS on
the simulated data with a tap size of 200.
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Fig. 10. Comparison between the noisy signal before and after being filtered
by RLS. A guitar sound corrupted by the talking noise was used.

2) Real Data: In Figure 11 we can see the result of RLS
on the corrupted bass line with different tap sizes.

c between signals filtered by RLS for different number of N-taps values

— nTaps =20
nTaps = 200
—— nTaps = 2000

200000 250000 300000 350000

Sample number

] 50000 100000 150000

Fig. 11. Comparison of a signal filtered by RLS for different tap sizes. The
bass line signal corrupted by the talking noise was used.

Finally, the Figure 12 shows the noisy discussion signal
before and after RLS filtering using a tap size of 50.
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Fig. 12. Comparison between the noisy signal before and after being filtered
by RLS. A conversation signal was used.

D. Affine Projection (AP)

1) Simulated Data: In Figure 13 we are going to take a
look at the performance of the AP algorithm by comparing
the MSE between the non-noisy signal and the filtered signal
for different projection orders and iteration number.
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Fig. 13. Evolution of the MSE between the non-corrupted and filtered noisy
signal for different combinations of projection orders and iteration numbers
for AP. A guitar sound corrupted by the talking noise was used.

The optimal combination minimizing the MSE for this
signal was reached using a projection order of 4 and 7
iterations. The MSE with these parameters was equal to 7.03e-
4.

In Figure 14 we can observe the result of the AP algorithm on
simulated data for a few projection order and iteration number
combinations.
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Fig. 14. Comparison between the noisy signal after being filtered by AP for
different projection order and iteration number. A guitar sound corrupted by
the talking noise was used.

2) Real Data: In Figure 15 we can see the result of AP
on the corrupted bass line with different projection order and
iteration number.
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Fig. 15. Comparison of a signal filtered by AP for different projection order
and iteration number. The bass line signal corrupted by the talking noise was
used.

Finally, the Figure 16 shows the noisy discussion signal after
AP filtering using a tap size of 2000 for different projection
order and number of iterations.
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Fig. 16. Comparison of a signal filtered by AP for different projection order
and iteration number. A conversation signal was used.

E. Conjugate Gradient (CG)

1) Real Data: In Figure 17, the results of noisy discussion
filtered with CG for different number of values to average n.,
is shown. As can be observed, the optimal value is n,, = 1,
which is equal to using LMS.
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Fig. 17. Comparison between the noisy signal before and after being filtered
by CG with different number of values to average. A conversation signal was
used.

F. MSE Comparison

The MSE comparison is done on a simulated signal. The
original signal is a conversation and the added noise is a jingle.
As the original signal is known, the MSE of the filter output
can be computed for the different methods.



Original
Filtered LMS |

Amplitude

\ . . . \ .
0 5 10 15 20 25 30 35
Time [s]

MSE

0 5 10 15 20 25 30 35
Time [s]

Fig. 18. Filter output and MSE for LMS
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Fig. 19. Filter output and MSE for NLMS
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Fig. 20. Filter output and MSE for RLS
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Fig. 21. Filter output and MSE for AP

In Figure 21, we observe that AP gives better results than
both LMS and NLMS.
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Fig. 22. Filter output and MSE for CG

V. DISCUSSION

A. Least Mean Squares (LMS)

1) Simulated Data: By taking a first look at Figure 2 we
can observe a diminution of the LMS algorithm’s MSE with
the number of iterations for small tap sizes. However, for a
high nTaps value an increasing number of iterations seems to
increase the MSE after some point. This could be due to the
error induced by the high tap size becoming more important
with each iteration.

In Figure 3, we can see that the reconstructed signal from
LMS is really close to the actual signal of interest, the guitar
sound. We can see that the noise introduced by the talking
noise is well cancelled.

2) Real Data: In Figure 4 we can observe the reconstructed
signals from LMS and we can notice the first third of the signal
is almost not changing at all with the number of iterations
while the rest of the signal is. We could therefore suppose
that the forgetting factor p is only suited for denoising some
part of the data. This can be a reason to look for an adaptive



factor p such as in the NLMS algorithm when the noise’s
impulse response changes over time.

In Figure 5, we can see a conversation signal, where the
noise is one part on the conversation. For this signal, we
tried to get the best reconstruction we could and tuned the
parameters. We can see that for LMS, there remains a bit
of noise. For a smaller pu, the results did not significantly
change and for a bigger one, it is worse. As the number of
iterations increased, the gain in performance is not worth the
computational cost increase. The result was obtained with 500
iterations.

B. Normalized Least Mean Squares (NLMS)

1) Simulated Data: For the MSE of the NLMS algorithm
shown in Figure 6, we do not observe a reduction by increasing
the number of iteration for any tap sizes. This could be
explained by the fact that we are working with simulated data
which require a small amount of iterations to reach the best
MSE. Once again, the error induced by the size of the taps
might be more important that the precision gain obtained by
having a higher number of iterations.

In Figure 7, we can see the reconstructed signal from
NLMS. As for the LMS case, we see that the guitar signal
is present. The result is more filtered than in the LMS case,
and we can see that the guitar signal itself has been attenuated.
The same p as LMS is used. We can see that for a similar
result to LMS, the step size should be reduced. We can then
deduce that NLMS converges faster than LMS.

2) Real Data: In Figure 8 we indeed remark the usefulness
of the normalizing factor as the signal seems to be uniformly
denoised a little bit more with every iteration. However, when
it comes to listening to the reconstructed signal, the noise is
still clearly distinguishable from the bass line and the result
is not satisfying.

In Figure 9, we can observe the conversation signal filtered
by NLMS. The noise has been almost completely cancelled.
As NLMS converges faster than LMS, only 20 iterations were
needed to achieve this result.

C. Recursive Least Squares (RLS)

1) Simulated Data: As for LMS and NLMS, we observe
the guitar sound corrupted by a talking noise. In Figure 10,
we can see that the result is similar to LMS, though in the
middle some talking noise is not cancelled properly.

2) Real Data: Regarding the real data, the RLS algorithm
leads to results which are similar to the ones of NLMS, in the
best case, for the data presented in Figure 11. Even though it
might not be visible from the plot, increasing the tap size is
improving drastically the quality of the signal. For a low tap
size the sound becomes crunchy as if it would be played on
a gramophone, but for a higher size it is much smoother.

In Figure 12, we see the reconstruction of the one sided
conversation by RLS. We can observe that at the beginning of
the signal, the second voice is not totally cancelled, but as the

signal continues, it disappears almost completely. Though only
one iteration is used for this result, the cost of one iteration is
non-negligible.

D. Affine Projection (AP)

1) Simulated Data: In Figure 13 we can observe how the

MSE is behaving when increasing the number of iterations
of the filter adaptation for different projection orders on
simulated data. We notice that it is generally not optimal to
choose a combination of high order and iterations, as the
error is increasing with the number of iterations after the first
ones, especially for high projection orders. This could be
explained by the alteration affecting the denoised signal for
high value parameters. The filtered signal usually contains
some reverberations added to it, making it slightly different
from the original one.
We can see how the shape of the spectrum is changing with
the increase of order and iterations in Figure 14. As we
noticed previously, the algorithm is converging for low value
parameters. There isn’t a lot of changes between the signal
filtered with projection order 2 and the one with order 4. The
major changes observed are at the beginning, it is showing
how fast the filter is adapting to the noise. We can see that it
is much faster with both the order and iteration number equal
to 4.

2) Real Data: When looking at Figure 15, we can see that
the noise is removed more efficiently with the order increase
on the first half of the signal. However as for LMS, on real
data the algorithm has difficulties to cancel the other part of
the noise on the signal. This is probably due to the lack of
efficiency of the AP algorithm on non-highly correlated data.
In Figure 16, we can observe that the reconstruction of the one-
sided discussion. The part of the discussion that is considered
as noise, is not effectively cancelled. The result gets better as
the order increases.

E. Conjugate Gradient (CG)

This technique does not keep its promises. As stated, it can
be similar to LMS, but as the complexity increases, the results
do not improve. As n,, increases the results are not comparable
with the RLS method, though the complexity does.

F. MSE comparison

In Figure 18 and 19, we can observe the signal filtered by
LMS and NLMS, respectively. LMS gives a better results than
NLMS, though the MSE can have higher values. The MSE for
the signal filtered with LMS reaches zero, when the original
signal is silent, while for NLMS the noise is not completely
filtered out. The signal for the conversation, when someone is
talking is attenuated for LMS which explains the higher values
for the MSE.

In Figure 20, we can observe that while RLS takes some
time to converge, the output filtered then corresponds almost
completely to the original signal.

Finally in Figure 22, we can see that indeed, when the number



of value used to average n,, is equal to 1, the result is equal to
the one obtained with LMS. Though, when n,, is increased,
the result do not improve as claimed. With n,, > 10, the
output signal becomes more similar to the input signal, and
thus this filtering technique does not give satisfactory results.

VI. CONCLUSION

We have tried the three most popular adaptive algorithms.
They all have their pros and cons. LMS and NLMS are faster
than RLS, but do not always cancel the noise as well. NLMS
converges faster than LMS, and seems to give better results
for the signals presented.

We have seen that there exists many variants to the original
Affine Projection algorithm which were designed to answer
different issues such as the cost or the adaptability of the
algorithm. Overall, we can conclude that the family of the
Affine Projection algorithms is versatile and can be used for
various applications both for real-time and offline filtering.

There exists a wide range of algorithms that are variants
of LMS [7]. Each have their benefits and their drawbacks.
The conjugate gradient technique was chosen, as it promises
stability and is easily compared with both LMS and RLS.
The conjugate gradient technique can give results similar to
LMS, but when increasing the number of values to average and
therefore the complexity, the results do not show improvement.
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