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Warmup exercises

This s a warm up problem .. do not spend too much time on it.

Please provide justified, rigorous, and simple answers.

Exercise 1. STOCHASTIC PROCESS (4 PTS)

Consider the process X[n| given by the following expression

X[n] = X[n—-2]—0.2X[n— 3]+ W]n],

where Wn] is a centered white noise with variance o3, = 1.

Please provide justified, rigorous, and simple answers.

1) Is the process X[n] w.s.s.?

Hint: Be careful to rewrite the process in a form that enables you to directly prove that
is w.s.s.; Do not proceed to a direct computation of the mean and the correlation!

2) Give the expression for the optimal one-step predictor (in the MSE sense) of the process

3)

X|[n].

Give the expression for the optimal two-step predictor (in the MSE sense) of the process
X|[n].

Solution 1.

1)

X[n] — X[n—2]+0.2X[n — 3] = Wn|. Let A(z) =1 — 2724 2273 then X[n]A(z) =
Wn| The roots of the polynomial (that can be found using a scientific calculator) are
2 = 0.20915, 2z = 0.87889, and z3 = —1.08803. The filter 1/A(z) is therefore not stable.
It is not possible to apply the fundamental filtering formula and to state that the w.s.s.
of X|n| is a consequence of the w.s.s. of Wn|.

If it was not possible to compute the roots, then one can make either the assumption that
A(z) is not stable (then the solution is as stated above), or the assumption that A(z) is
stable. In the latter case, it is then possible to apply the fundamental filtering formula
and state the w.s.s. of X|[n| as a consequence of the w.s.s. of W{n|.

Since the filter is not stable, it is not possible to conclude that X [n] is w.s.s. and therefore
it is not possible to use the projection theorem. If the filter was assumed stable, the one
step predictor reads

~

X[n] = X[n—2] —0.2X[n - 3].

Since the filter is not stable, it is not possible to conclude that X [n] is w.s.s. and therefore
it is not possible to use the projection theorem. If the filter was assumed stable, the one
step predictor reads R

X[n]=X[n-2]-0.2X[n-3].



Exercise 2. HOW MANY PARAMETERS? (3 PTS)
Let X[n], be a stochastic process taking 10 possible values, and such that

. P(]j([n] =ip|X[n—1] =1dy,..., X[n— k] =1ix) = P(X[n] =1ip|X[n—1] =14;), for every

e P(X[n|=1i)=P(X[n+1] =1) for every [

We would like to describe the process X[n| for n = 1,...,1000, that is, we would like to
characterize the law (probability) of X[1],..., X[1000]. How many parameters are necessary
to characterize X[1],..., X[1000]?

Solution 2.
X|[n] is a Markov chain, characterised by its initial and transition probabilities.

Now, we have 10 possible values (10 states), therefore
e 10 initial probabilities m;, © =1, ..., 10;
e 10 x 10 transition probabilities p;;, 1 =1,...,10, 5 =1,...,10.
and
e 1 probability constraint for the initial probabilities Zgl m = 1;
e 10 probability constraints for the transition probabilities Z}il pij =1,c=1,...,10.

Finally, the law of the process is characterized by 10 — 1 + 10 x 10 — 10 = 99 parameters.
Bonus

If we also take into account that the Markov chain is stationary (i.e., P (X[n] =) = P (X[n + 1] = 1)

for every [), the initial distribution satisfy

10
Ty = E TiPij -
i=1

In such a case the law of the Markov chain is completely characterized by its transition proba-
bility, that is, by 90 parameters.



Main exercises

Here comes the core part of the exam .. take time to read the introduction and each problem
statement.

Please provide justified, rigorous, and simple answers.

Exercise 3. STRIDE ANALYSIS (35PTS)

In order to improve their performances, runners are submitted to the analysis of their stride.
By placing an accelerometer on a running shoe one obtains measurements of the stride.

A: Simplified Model for Stride Frequency Analysis

We consider here a simplified model of the stride, where the measured accelerometer signal is
modeled as a harmonic real signal X [n|, composed of

A main sinusoidal signal, which frequency f; corresponds to the main stride frequency
(typical 150-200 strides, e.g. periods, per minute)

Two secondary sinusoidal signals, mostly due to the form of the stride and the foot
mouvement. These components have frequencies f; and f3 that typically differ from
the main stride frequency fi; by +fa1, fa1 € [.3,.4]Hz and £fa2, faz € [.6,.8]Hz,
respectively.

The accelerometer signal is sampled at f; = 200H z.

)

Assuming the accelerometer signal X[n] to be a w.s.s., write the mathematical expression
for the simplified model

As a first approach we use the Periodogram Px (w).

2)

How many samples are necessary to be able to distinguish the three sinusoidal components
of the signal?

Weakness of the Periodogram are well known. We therefore use a parametric method.

3)

Propose a parametric spectral estimation method than enables to estimate the frequen-
cies fi, fo, and f3 of the three components of the signal, as well as the corresponding
amplitudes a1, as, and as.

Given that we have measured z[1],...,2[100000], describe in detail the method, step by
step, from the measured samples to the estimated spectrum, like if each step has to be
interpreted and executed by a computer (in particular the input, the executed operation
with corresponding equations, and the output of each step has to be clear)
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B: More Realistic Model for Stride Characteristics Analysis

The waveform corresponding to a stride is actually more complex that just the sum of three
sinusoids. While for frequency analysis the simplified three sinusoids model is sufficient, when
we tackle the stride characteristics analysis we need to consider the realistic stride waveform.
We still denote the realistic signal with X [n].

For stride characteristic analysis we collect 20000 stride waveforms measured by different run-
ners. Each waveform is characterized by

e Mean, Median, Mode (time instant where the shape has its maximum value), Variance,
Amplitude.

In order to reduce the complexity of the analysis and to verify whether it is really necessary to
consider all these characteristics, we use principal component analysis.

5) Show in detail how to apply the principal component analysis to this problem. Check if
the necessary conditions to apply the proposed method are satisfied or eventually make
appropriate assumptions. Write the equations describing the method, clearly indicating
the dimensions of the matrices. Here too, precisely describe the steps necessary to
implement the method (if we plug in such steps into a computational software we must
then obtain the desired result .. so don’t miss any step! In particular the input, the
executed operation with corresponding equations, and the output of each step has to be
clear).

After analyzing the variance of the principal components, it clearly appears that 1 principal
component accounts for most of the total sample variation. When plotting all the 20000 values
of the principal component, the plots appears as a collection of 2 clusters, as depicted in the
figure below.

histogram of the principal component

200

6) Explain how to use mixture models to automatically identify the clusters and in par-
ticular their central point and their variance. In particular

6.1) Set up precisely the mathematical model expressing the probability density function
of the principal component

6.2) Describe the method in details. Here too, precisely describe the steps necessary to
implement the method (if we plug in such steps into a computational software we
must then obtain the desired result .. so don’t miss any step! In particular the input,
the executed operation with corresponding equations, and the output of each step
has to be clear).



Solution 3.

1) X|[n] is a harmonic signal

al . f1 i f1
X [n] (62(27r—fs n+01) 6 z(27r—fS n+@1))
i(2r 2 n40,) —i(2n2n40,)
e fs —'— e fs

as 10) I3 . —i(2 f3
+3 (ez( i n+03) +e i( e n+03)

where ©;, i = 1,2, 3 are 1.i.d. random variables uniformly distributed over [0, 27].

Notice that:

— 0;,1=1,2,3, play a key role since without them the process is not w.s.s.;

— The signal is specified to be real, therefore we have 6 complex exponentials (6 spectral
lines), pairwise complex conjugated;

— The argument is in normalized frequencies, that is 27Tfin.

2) Given that f; € [2.5,3.3]Hz The worst case, that is the situation where two spectral lines
are the closest, is when fy = f1 + 0.4 and f3 = f; 4+ 0.6, or, similarly, fo = f; — 0.4 and
fo = f1 —0.6. In such a case, |Af| =0.2.

Consequently,

s 200
fo _ — = 1000.

N _
“IAf T 02

3) We have:

— A harmonic signal, which spectrum is therefore a line spectrum;
— No noise.

Consequently, among the parametric methods we have seen in class, the most appropriate
one is the Annihilating Filter Line Spectrum Estimation Method.

4) The available measured data is z[1],...,2[100000] and the spectrum we would like to
estimate is composed of 6 spectral lines (pairwise symmetric).

The steps necessary to estimate such spectrum from x[1], ..., z[100000] are:

1. Write the annihilating filter equation (z * h) [n] = 0 in linear form. Notice that
« The order of the the annihilating filter is 6, i.e., h[0], h[1], ..., h[6], where h[0] =

L
* The first sample of the available measured data is z[1]Jand NOT z[0].
Then
x[6 z[1]| | h[1] z[7]
x[7 z[2]| | h[2] z[§]
x[11] x[6]| | h[6] z[12]



1. Solve the linear system (the matrix is Toeplitz, therefore its solution requires 62
computations), obtaining h[1],. .., h[6].

Compute the z transform H[z] =1+ h[l]z"! 4+ ... + h[6]z75.

3. Find the zeroes of H|[z], i.e., the solutions (roots) of the equation 1+ h[1]z7! +... +
h[6]275 = 0. Call ay,...,as the zeroes, giving H(z) = (1 —ayz7') ... (1 —agz™").

4. Through the relations a; = 27N as = ¢27f5 we can compute the normalized
frequencies fi,...,fs: The frequency is given by the argument of the complex expo-

nential divided by 27, i.e., B
fn = arg(a,)/i2m

To account for numerical errors providing non unitary roots, we can use fn =
arg(an,/|a,|)/i2m. Notice that the 6 frequencies fi,..., fs are pairwise symmetric,
and they corresponds to the model

6
X[TL] — Z alej(QWfkn+@k)
k=1

2
_{_% <€i(2ﬂ%n+@2) + efi(Zﬂ%nJr@g))
_|_% <ei(2w§—§n+@3) +€—i(2w%n+@3)>

a i(2m L _i(2r L
_“ <€z(27rf5 n+061) +e z(27rfS n+®1)>

From fvl, e f;- we can identify fi,..., f3, where f = ffs

5. Once estimated the frequencies, we can compute the amplitudes of the line spectrum
via the linear system

eB2ih L ei2nfs ] [yl (1]

ei2mh2 | ei2nfe2 | | ,ei®2 z[2]

26 i2mfe6 | |y 0iOs x[6]
obtaining ae’®, k = 1,....6, and more usefully |ay| = |xe’®*|. The |ay| are
pairwise equal, corresponding to ||, I = 1,...,3. The amplitudes of the 6 spectra
lines are pairwise equal and they corresponds to |ajl|2, l=1,...,3.

Notice that
« Here again, the first available sample is z[1] and NOT z[0];

x The system provides akejék and not directly a;;

x The amplitudes we want to obtain are the amplitudes of the spectral lines, that
o Janl?
is =
5) From the measurements of the signal X [n] we have obtained M = 20000 stride waveforms.
For each waveform we compute N = 5 variables Mean, Median, Mode (time instant
where the shape has its maximum value), Variance, Amplitude. We shall denote the such

variables as
Cm = [cm[1], ... cn[5]]Y, m=1,...,20000, N x1,
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where m is the index of the waveform, and define

C=lc,...,en], NxM.

From the wide sense stationarity of X[n] we assume that the variables ¢,,[k] are, with
respect to the index m, jointly w.s.s.. Notice that wide sense stationarity of the variables
is a necessary condition in order to apply the PCA.

The we proceed as follows

1.

Center the w.s.s. process associated to each variable, that is

1 M
uczﬂmzﬂcm N x1,

and set ¢, = ¢, — ., m=1,..., M.

Compute the empirical correlation matrix
1 | M
no_ H _ H
Rc——MC'C ——Mmglcmcm, N x N .

Compute the eigenvalues and eigenvectors of the empirical correlation matrix, that
is solve the equation R

RV =VA
where V' is the unitary matrix of eigenvectors and A = diag(\y,...,A\y) is the
diagonal matrix of eigenvectors. Then V# R,V = A.

. Analyze the eigenvalues to select those that accounts for most of the energy of the

correlation matrix (first K eigenvalues) and call Vi the matrix of the corresponding
eigenvectors.

Compute the principal components
zn=V7%e,, Z=VTC, NxM.

and in particular those corresponding to the most significant eigenvalues of the cor-
relation matrix.

Zkm = Vien, Kx1, Zg=VEIC, KxM.

. The analysis of these K principal components enables to characterize the M stride

waveforms with a reduced set of variables.

6) Our goal here is to automatically identify the central point of each cluster.

6.1)

The histogram represents an empirical estimator of the probability density function
of the principal component accounting for most of the total sample variation. The
histogram shows that the probability density function can be modeled as the mixture
of two gaussian distributions, that is

fZ(’Z) = nguhm (Z) + 7T2g,u2,<72 (2) )

8



6.2)

where

Gpoo () = ——— exp (—ﬂ) ,

2mo? 202
and 7y, m, such that m + my = 1, are the mixture proportions.

When considering all the values of the principal components, that is z = [z[1], ..., z[M]],
by assuming that these are independently and identically sampled, we have

M

fZ(z> = (ngul,ﬂl (Z[mD + 7r2gu2702<z[m])) .

m=1

1. The parameters of the mixture model are 6 = {my, 7o, fi1, pi2, 01,09}, where py
and po correspond to the center of the two clusters. Consequently, the identifica-
tion of the central point of each cluster is obtained by estimating the parameters
of the mixture model based on the data z[1],..., z[M].

2. Mixture model parameter estimation is achieved by maximization of the likeli-
hood function h(f; z) which in our case reads

’,:1:

h(e Z ngm 01 ]) + WQgM%Gz( [m])) :

m=1

3. Due to its form (product of a sum) the maximization of the likelihood does
not admit a closed form and it is therefore necessary to perform it by means of
an iterative algorithm. A well suited algorithm for the likelihood of Gaussian
mixture models is the Expectation-Maximization algorithm.

- Specify the order of the mixture (therefore its parameters)

- Specify the estimation error (difference of the parameter values between two
iterations);

- Plug the data in;

- Run the algorithm.



Exercise 4. THE TRAVELLING SALES REPRESENTATIVE (20 PTS)

Mr. Jones is a travelling sales representative traveling almost every day. While waiting for
train connection at stations, he calls his son Bill to tell him a fairytale. The voice V' of Mr
Jones is disturbed with the background noise T' of the trains arriving and leaving the station.
Such a noise is filtered by the acoustic channel Hy = ag + a1zt 4+ a2z 2 + ... +anz™ (where
Hy is a stable filter) . The length of the filter is known, but the coefficients a;, are unknown.

T—> HO T

We assume that Mr. Jones’ voice V', and the background train noise 7', are wide sense stationary
and independent. Also, T' can be modeled by a centered Gaussian white noise with variance

o2.

1) Compute the autocorrelation of T.

2) Describe a method that will remove in a MSE sense the noise T from Y, step by step
(if we plug in such steps into a computational software we must then obtain the desired
result .. so don’t miss any step! In particular the input, the executed operation with
corresponding equations, and the output of each step has to be clear).

3) After implementing the previous method, you realize that 7' and V' are stationary only
for durations of 100 ms. How would you implement an optimal filter in this case?

4) The implementation of the previous question is too slow for real-time processing. Explain
why this is the case.

5) Assume not know anything about the statistics of the train’s noise 7', but that we are able
to measure it with a microphone. Describe how to use an adaptive filter to remove the
noise 1" from the microphone signal Y. Draw where you would place the filter, what should
the filter length be, and what signals you would use to determine the filter coefficients.

T

>

6) Now assume that the LMS algorithm is to be used for computing the adaptive filter.

Write the expression for updating the filter coefficients. What is the possible range for
the step-size, so that the algorithm converges?

10



Solution 4.

1) We have

2)

T[n] = Z a;T[n — 1.

T is wide sense stationary and Hjy is stable, then, by the fundamental filtering formula,
T is also wide sense stationary. Its correlation reads

Rylk] = E[T[T"[n—k]]

N N
= F ZaiT[n — 1] Za}fT*[n —j— k|
i=0 Jj=0
N N
= Y Y wdE[Tn—iT"[n—j— k|
i=0 j=0
N N
= Z Z aia§5i_j_k0:2p
i=0 j=0
N
= Y e
i=k

The last equality follows from the fact that ¢,_;_; is non-zero for j =7 — k, and 7 > 0,
therefore i > k.

e The signals are wide sense stationary, therefore, we are in the framework of Wiener

filtering. The available signal is Y and the signal we want to estimate is V', where
Yn] = Vin| + Tn].

The Wiener filter reads Sy (@)
Hy(w) = 22
1(w) SY ( w)

where, given the independence of V' and T', Syy (w) = Sy (w). Notice that we do not
have access to V' and therefore to Sy. Consequently, using Y [n] = Vn| + T'[n], we
express Sy (w) = Sy (w) — S5(w). Finally

Sy (w) — Sz(w)
5 .

vy W

Hi(w) =

Sy (w) is obtained directly form the samples of Y[n] using a periodogram or another
appropriate spectral estimator, while S%(w) is approximated as the estimate of the
power of the uncorrelated component of Y (whitening filter).

Alternatively, we can determine the filter as

H; = Ry 'Rvy = Ry '(Ry — R3).

Ry [k] can be obtained from the samples of Y, and Rz[k] was determined before.
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3) The filter coefficients should be computed every 100 ms. One must be careful that now
the maximum length of the filter is 0.1 x F's, where F's is the sampling frequency.

4) Estimating the power spectrum Sy (w) (or computing the inverse of Ry ) is too computa-
tionally demanding.

5) The filter order is N (the filter length N + 1), and the error signal controlling the filter
is E[n] =Y [n| — (T * f)[n], where % represents convolution.

fn—i—l = fn + MTnE[n]

f..1 and f, are (N 4 1) x 1 vectors containing the filter coefficients at time instants n + 1
and n, u is the step size, E[n| is the error signal (to be minimized) and T isa (N +1) x 1
vector containing the last N 4 1 samples of T'.

To insure convergence, the step size should be 0 < p < 5 v M, where \,,4. is the highest
eigenvalue of Ry, and Ry can be estimated from the samples of T'.

W’ because it is easier to estimate o2

than the eigenvalues of Ry (where N + 1 is the length of the filter).

An easier-to-determine condition is 0 < p <
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Grade Scale.
The exams accounts for a total of 62 points (exact response to each question).

The grading has been done on a 50 points scale (50 points = 6/6), according to the following

formula
grade over 6 = 1 4 (5 * points/50)

and then rounded to .5 steps, that is
rounded grade over 6 = (round-to-0-digit(2 * grade over 6))/2

The result is then constraint to be at maximum 6.
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