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Chapter 1

Review Material

1.1 Linear Algebra
Exercise 1. MATRIX PROPERTIES

(a) Counsider the following matrix:

5 =B
X=|_-B 1
4 4

What are the eigenvalues of X7 Is it possible to diagonalize the matrix? Can X be the
correlation of a random vector of length 27

(b) What are the eigenvectors of the matrix A:

A:{ cos 7 sin”}{Q 0:||:COSZ —sin ]?

in T . g0 T .
—sing cos 0 1 sin 7 COS 7

'

Suppose a real symmetric matrix B has eigenvalues equal to 5 and 3. Given the matrix A
above, what is the determinant of AB?

(¢) Consider the following matrix:

1 2 3 2
21 2 3
X73212
2 3 21

What type of matrix is this? How would you diagonalize it without computing the eigen-
values and eigenvectors?

Solution 1. MATRIX PROPERTIES
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The eigenvalues are obtained by solving the equation det(X — AI) = 0, which is true for
A=1and A =2.

If all eigenvalues are different, which is the case, then X can be diagonalized (although the
opposite is not necessarily true!) into a matrix D such that D = V=XV, where V is a
matrix with the eigenvectors as columns.

We may also notice that X = X7, which is a sufficient condition for X to be diagonalizable.

If all the eigenvalues of X are non-negative, which is the case, in addition to being a
symmetric matrix, then X can represent a correlation matrix of a random vector of length
2. A matrix of this type is called positive semidefinite.

If V is a matrix with the eigenvectors of A as columns, and D is a diagonal matrix with
the eigenvalues of A in the diagonal, then A = VDV !, We then notice that

D — 2 0 and V = CO_SZW smg
0 1 —sin cos %

cos & sin &
and thus vg = .4 | and vy = 4 | are the eigenvectors of A.
—sin 7 cos §

Real symmetric matrices are diagonalizable by orthogonal matrices, and thus B = TGT !
where T is orthogonal and G is a diagonal matrix with the eigenvalues 5 and 3. In the
case of A, the matrix V is also orthogonal. Thus, applying the determinant property
det(AB) = det(A) det(B), we get

det(AB) = det(A) det(B)

= det(VT) det(D) det(V) det(TT) det(G) det(T)

= det(VTV) det(D) det(TTT) det(G)

= det(I) det(D) det(I) det(G)
= det(D) det(G)
=(2-1)-(5-3)=30

Since X is a real symmetric matrix, it is diagonalized by an orthogonal matrix. However,
the matrix is also circulant, and thus X is diagonalized by the DFT matrix (in this case,
of size 4).
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1.2 Hilbert Spaces

Exercise 2. PARSEVAL’S EQUALITY.
Given a finite dimensional space W = RY and an orthonormal basis {'v(i)}, 1=0,...,N—1,
verify that for any ¢ € W

N-1 o
)3 = Z ‘< z,v¥ >‘ .
i=0

Solution 2. PARSEVAL’S INEQUALITY
Let £ € W, then = = Zf\:ol a v a; =< z, v >. Therefore

HCBHS =<z, r >=< w,zij\;l a; v >= Z?Z)l af < x, v >
Now, changing a; =< x,v® >, we have

- j i - NL
ol = S < w0 >t @0 5= S <) 5
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Exercise 3. OPTIMAL APPROXIMATION.

Consider a Hilbert space H and a subspace W spanned by an orthonormal basis {v(i)}, 1€l
(one can assume a finite dimensional case for simplicity). Prove that the approximation € W
of £ € H given by:

T = Z <z, v >

iel
satisfies:

(a) (z—2) L z;

b) |le—=x ||§ is minimum among all linear approximations in W.

Solution 3. OPTIMAL APPROXIMATION
(a) From the property of the orthogonality we know that

(x—2z)laz & <zx—z,2>=0,

Proof by writing out:

<zx—z, x> = <z, >—-—<T,T>
= <z, <z,o" >0 > |z’
el

= Y <zoW >r<z oW > — g
el

= Y l<eo® > el
el
~ 12 ~ 112

= lz[I” —[l&[" =0

where the last equation holds from the Parseval’s equality. Note that > |< x,v® >|2 equals

iel
|Z||* and not ||||®, because it represents the projection of  onto the orthonormal basis {v®},
which has less elements then those that would be required to fully represent .

(b) @ is a linear combination of the basis approximation & = _; Bpv™ for some B,. For
simplicity, we can assume that 3,, € R. The case where 3,, € C can be analyzed in a similar way
considering the real and the imaginary part of 3,,.

We want to find the coefficients 3, for which we have the minimum of ||z — si:||§ Therefore,

~ 112
a7 lz—2l; =0

Thus,
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0 |z — |2 = O co—dw—i>
0B; 2 0B ’
0
= 85_(<m,m>—<w,§:>—<:i:,a:>+<:f3,:ﬁ>)
9 (n) (m)
= 35 <:c,a:>—ZBn<:c,'v >—Zﬂm<v x>
Bi nel mel
SIS Bl < o ) >)
nel mel
0
= 5 <<x,z>—26n<az,v(")>—Zﬁm<v(m),az>+2ﬁi>
Bi nel mel nel
= 0

From which,
—<z,v®W>—<v® 2>428=0 = B =Re{<z,v? >}

as claimed.
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Exercise 4. HILBERT SPACES IN PROBABILITY.
Consider the random variables X, X1, X5 defined on the same probability space. Suppose that
the mean of each variable is 0 and the joint correlation matrix is

Rx = E[[XoX1X]" [XoX1X5]] =

— =~ 00

4 1
8 4
4 8

Let us define Hilbert space H as the space generated by all the linear combinations of the
variables Xy, X1, and X3, i.e.

H = {aoXo 4+ a1 X1 + asXso,ap,a1,a9 € R}
(a) Determine an orthogonal basis, {Yp, Y1} for the subspace W generated by Xy and X;.

(b) Find the best approximation of the variable X5 in the subspace W, i.e. the random variable
Y that minimizes E[|Y — X»|?], with Y € W. (Hint: apply the projection theorem.)

Solution 4. HILBERT SPACES IN PROBABILITY.
This exercise may seem strange at a first glance, but it is actually a standard exercise of linear
algebra. One should just replace the scalar product used in RY with

(X,Y) =E[XY],

where X and Y are random variables defined on the same probability space. One could easily
verify that this product is actually a valid scalar product. The scalar product always induces a

norm, defined by
[ X = v(X, X).

With these definitions, the space H is actually a Hilbert space. (One could verify that all the
properties valid for vector spaces hold for the set H and also that H is complete.)

The space H is generated by the random variables Xy, X7, X5 which represent a basis of the
space. They are the vectors of the space and one can apply the usual vector operations on them.

(a) The subspace W is the subspace of H generated by the vectors (i.e. the random variables)
Xo and X;. To determine an orthogonal basis, one can apply the Gram-Schmidt procedure:

Yo = 3o
0 I Xoll
Y, = X1—(X1,Y0) Yo

T IXa (X0, Yo) Yol

and replace the scalar product and the norm with the definitions that we presented earlier.

We obtain,
_ Xo
Yo T 2v2 . x
Y, = 2=Xshlis
- X X
H(X17<X1;%1>27\/0§”
= Tz ot N

(b) To determine the best approximation of X5 in W, say XQ, we write it as a linear combination
of Xy and X; (or equivalently of Yy and Y7),

Xg = boXo + b1 X1.



1.2. Hilbert Spaces 9

The error of the approximation is given by
E=X;-X,

To apply the projection theorem we impose that the approximation error is orthogonal to
W. This correspond to the two equations:

(E,Xo) =0
<EaX1> 207

which gives the linear system:

<X07X0>b0 —+ <X17X0>b1 = <X25X0>
<X0,X1>b0—|—<X1,X1>b1 = <X2,X1>.

The solution of the system is
by =-—

7.
bl :T

=

therefore, Xy = —Xo/6 + 7X1/12.



10 Chapter 1.

Exercise 5. FOURIER BASIS.
Consider the Fourier basis {w(k)}k:07,,,,N_1, defined as:

wr(Lk) _ e—j%’nk.
(a) Prove that it is an orthogonal basis in C. The inner product is define as in I, space.
(b) Normalize the vectors in order to get an orthonormal basis.

(c) Propose the best least square approximation § € C of a general vector y € CV+1.

Solution 5. FOURIER BASIS
(a) Fourier basis is a sequence of N-dimensional vectors

{w(k) - (wék)’wgk)’ w%@) 1)}k:0,...7N71.

Recall that the set of N non-zero orthogonal vectors in an N-dimensional subspace is a basis for
the subspace. Therefore, we need to prove the orthogonality across the vectors {w(k) } k0. N—1"
Let us compute the inner product, that is:

N-1
<w® p® > — Z wP M — Z oI FEnk i K0k
n=0
_ Z_ e=J 2ZEn(k—h) _ N ka :.h’
— 0 otherwise

Since the inner product of the vectors is equal to 0 for k # h, we conclude that they are
orthogonal. However, they do not have a unit norm and therefore are not the orthonormal
vectors.

(b) In order to obtain the orthonormal basis we normalize the vectors with the factor 1/v N,
having:

;27
5 nh

w® 1 —izne L

> = e’

N-1 .
= LS einen L ifk=h
N — 0 otherwise

(c) In order to use the projection theorem we need to define a new space S that is a subspace of
CN+1. A natural extension from CV to CN*! is to define S = {(CT, 07, ce (CN}. In that case,

T
the orthonormal basis for the space S is w(k) = (wﬁl’f))rTm, 0) . Now, the best linear approximation

< w)

norm? norm

of y € CN*! on the subspace S, which minimizes the norm ||y — g, is obtained by projecting y

onto an orthogonal basis 'w( ),

N—

;-.

<y w(’C >w(k)

k=0



1.2. Hilbert Spaces 11

Exercise 6. CODING: FOURIER SERIES SERIES APPROXIMATION

Using Matlab or Python (numpy.£f£ft), plot a step function together with it approximation using
k first elements of it’s Fourier series. For example, you can take a length 100 sequence, where
first 100 elements are equal to 1 and the rest is 0. Generate plots for different k. What do you
observe?

Solution 6.
If you take signal of the length 100, then it can be decomposed as follows:

100
1 o (am1)(he
ol = 155 k§_lfc[k]eﬂ2“( T n=1...100

By truncating this series, we can approximate this series with different number of of sine waves,
in the examples below 1, 2,6 and 20:

(n=L)(k-1)

z[n] = gpe[l] ] = 15 oK | d[kjei2n | K=2

%: 0.5
0-
-05 ‘ ‘ : ‘ 02 ‘ ‘ : ‘
0 20 40 60 80 100 0 20 40 60 80 100
sample index n sample index n
1 K arpor o=t 1 K 4 jom ==
12 z[n] = g5 Yoy Z[K]e w, K=4 12 x[n] = g Yoy B[k]e*T 0, K=6
1 1
0.8 0.8
_ 06 . 06
% 04- % 04
0.2 0.2
0 0
0.2 -0.2
0 20 40 60 80 100 0 20 40 60 80 100
sample index n sample index n
1, Tl= i S e K2
1-
0.81
_. 08
£
5 04-
0.2-
0
-0.2 ‘ : : :
0 20 40 60 80 100

sample index n

You can observe that even though the approximations gets closer and closer to the step function
in general, there are regions where the difference stays large: the sine waves are not well suited
for approximating discontinuities.
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Exercise 7. CIRCULANT MATRICES.

j%"k““ —j%’*(N—nk)T

Prove that the Fourier basis vectors (1, e~ ,€ are eigenvectors of an N x N
circulant matrix.
Solution 7. CIRCULANT MATRICES
Let’s write the N x N circulant matrix as

€o i -+ CN-1 CoT

CN—-1 C -° CN-2 cr
C == . . . . = ! )
’ T
c1 cy - co CN-1

i.e., each row ¢} is a right shifted version of the first row ¢f of the matrix C.
By definition, eigenvector satisfies the following equality

y = Cwyi = AWy,

The product Cw results in a column-vector y of length N, where the entry y;, corresponds to
the inner product of the vector w and the row c .
Since
L 27 S 27 T
W = (1, e INk L, e’JW(N*I)k>
and the row ¢} of the matrix C is

T
(CNfiycNfiHu-~-uCN71>007017~~~7CN7i71) s

the element y; of y is then

N-1 N—i-1
Yi = cika: E Cme—j%’(m—(N—i))k_i_ § cme—j%’(m-&-i)k
m=0

m=N—i
Now, knowing that the complex exponential term e 7% is periodic with period 27, we can write
the following

efj%'mk _ eszﬁ"(quN)k

and the exponential terms of the first sum then reads e~ % (m=(N=i)k — =i 5 (m+k  Fipally,
the inner product y; is given by

N-1 N-1
_om . ioms _om 2w
Y = E cme IR (mHk — =i ik E cme IRME = IR k]

m=0 m=0

where C[k] is the k-th Fourier coefficient of the sequence cg. Therefore, the product y is given
by:
y = Cwy,=ClK] (1,€_j%k, ...,e_j%r(N_l)k> = C[k]lwy = AWy

The Fourier basis vector wy, is, therefore, eigenvector with the corresponding Fourier coefficient
C[k] as its eigenvalue.
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1.3 Basics of discrete signal processing

Exercise 8. DISCRETE SINC FUNCTION
A discrete sinc function is the inverse DFT (IDFT) of the indicator function Ips[n] of an interval

[—M, M], that is:

1 - M<n<M
I _ == 1.1
min] { 0 otherwise. (1.1)

Assume that 2M is a divisor of N, with N the length of the IDFT.

(a) Derive a formula for sincys[n].

(b) Using Matlab, compute the discrete sinc function and compare it with the result from (a).

Solution 8.
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Exercise 9. SHANNON AND ORTHONORMAL BASIS

Shannon’s sampling theorem states: A real bandlimited signal f(¢) having no spectral compo-
nents equal or above w,, is uniquely defined by its samples taken at twice w,,, often called the
Nyquist frequency. By denoting Ty = 7/w.,, a reconstruction formula that complements the
sampling theorem is:

“+oo
f&y= > f(nTosiner, (t — nTy), (1.2)
where (it /T.)
siner, (t) = TTSS (1.3)

An alternative interpretation of the sampling theorem is as a series expansion of bandlimited
signals on an orthonormal basis. Define:

1 .
on1, (1) = \/—Tschs (t — nTs). (1.4)
S

(a) Show that {¢, 1, (t)}nez form an orthonormal set, i.e.
< Pn, Ty, Pm, T, >= Onm- (15)

(b) Show that any continuous-time signal f(¢) bandlimited to w,, can be represented in the
orthonormal basis {¢n 1. (t) }nez. That is, another way to write the interpolation formula

(T2 is
—+00
FO) = D> <oum,f>"oum(t).

n=—oo

Solution 9. SHANNON AND ORTHONORMAL BASIS
(a) To prove that (@, ©m) = dnm, we use the Parseval’s relation,

+oo
(nom) = / on (1) 95 () di

— 00
1 [t

= 5 N U, (w) U, (w) dw

where ¥ (w) is the Fourier transform of ¢ (¢). We also know that the sinc function is equivalent
to a rectangular function in the Fourier domain,

T A <w< A
. o s ) T, Ts
Fsincr, (1)} = { 0 ; otherwise
and therefore,
1 VTe ot —f <w< f
U, (w) = F { \/TSSIHCTS (t— nTs)} = { 0 , otherwise
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Using this result in the Parseval’s relation, we get

I 1 [t , ,
o U, (W)U (w)dw = o / /Tye 79 Ts \/ie"r]mesdw
. e
+L
= oo et
T
— E . ; [ejw(m_n)Ts:|+TL5
2r j(m—n)T;s 3
_ 1 [ejw(m—n) _ efjﬂ(mfn):|
2rj (m —n)

sin [7 (m — n)]
m(m —n)
= sinc(m—n)=0, m#n

For n = m, we get

+ A
L elwm=mTsg,, = L " ldw
2 _ 2 _ .z
Ts Ts
T, +%&
= £
T n T
oo | T, T,
= 1
Therefore,
<<pna <pm> = i fj;; v, (W) \Ij;‘” (w) dw = dpm
as stated.
(b) We wish to prove that \/% {on, f)* = f(nTs). We can easily do this by using the Parseval’s

relation, such that

1 1 [t . "
) = | oo Toe 7" F* (w)d
\/Ts“” ) (m@/; VTse (w) w)
[t :
- - F (w) €T du
27 J_o,,

= f(nTs)

by definition of the Fourier transform.
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Exercise 10. DISCRETE TIME PROCESSING
Consider the following system:

Discrete—time

— C/D bC ———

x.() x[n] system yln] bAQ)

where the discrete-time system is a squarer, i.e., y[n] = 22[n].
What is the largest value of T' such that y,(t) = 22(t)? Assume that x.(¢) has the maximal

frequency fimaz-

Solution 10. DISCRETE TIME PROCESSING
Using the convolution-multiplication property, we have

yln] = 2%[n]
Y(ed) = X(7%) % X (™)
Therefore, Y (e/*) will occupy twice the frequency band that X (e*) does if no aliasing occurs.

Hence, Y (e/*) # 0 for —m < w <, implies X (e/*) # 0 for =5 < w < . If we denote by frax
the maximum frequency of X (e/*), then

s
.y > 2 Tmax
; = i

and

<
4fma3c
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Exercise 11. DOWNSAMPLING
Consider z[n] and y[n] = xz[nN] as two sampled versions of the same continuous-time signal,
with sampling periods T and NT, respectively. Prove that

1 N-1
V() = Z X (ef(@=2mR)/N (1.6)
N =

by going back to the underlying time-domain signal and resampling it with an N-times longer
sampling period.
Hint: Recall that the discrete-time Fourier transform X (e/*) of z[n] is:

X(el®) = XT( ) - Z Xe (—k) (1.7)

where T is the sampling period. Then Y (e/*) = Xyr(w/NT) (since the sampling period is now
NT), where Xny7(w/NT) can be written similarly to (1.7). Finally, split the sum involved in
Xnr(w/NT) into k = nN + [, and gathering terms, ([1.6|) will follow.

Solution 11. DOWNSAMPLING
Consider x[n] and y[n| to be obtained from sampling z.(¢) with sampling periods T and NT,
respectively.

- w 1 w 27
Y(E'™) = X — ) = — Xl — —k
() NT (NT) NT%: (NT NT)
1 N—-1 oo w
= N7 2 n:z;oo X, NT (nN + l)) by definingn andlthroughk = nN +1
N-1 0o

1 1 w — 27l 27

= —_ — X -
N & Tn;m C( NT T>
| Nl
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Exercise 12. SAMPLING & QUANTIZATION

We consider that each one of the two music instruments plays a tone. Consequently, the micro-
phone will output a signal x(¢) composed of the sum of two tones, one at frequency f; and the
other at frequency fa, that is, x(t) = Acos(27 f1t) + B cos(2m fat).

As a numeric example we will consider f; = 440.00 Hz (a A4 note) and fo = 523.25 Hz (a C5
note), and A= B = 1.

This is just an example, and the acquisition system does not know a priori these numerical
values.

The output of the microphone is sampled using a sampling frequency fs; = 1 kHz, obtaining a
digital signal z[n].

a)

b)

Sketch the magnitude of the spectrum of the analog signal z(t).

Sketch the magnitude of the spectrum of the digital signal z[n] and clearly indicate the
period (of length fs) of such spectrum (choose the period that is symmetric with respect
to the origin).

Using the sampling frequency fs = 1 kHz, is the signal correctly sampled? (that is, is the
information of the signal preserved?). Precisely justify your answer.

Given the digital signal z[n] (sampled with f; = 1 kHz), we reconstruct the analog signal
using a [—%, %] low pass filter. What kind of signal do we obtain? Which are the
frequencies of the two tones of the reconstructed signal? Precisely justify your answer.

Call f, and f such frequencies.

Solution 12.

a)

b)

Magnitude of the spectrum of the analog signal:

X(f)

—fa=f1 0 Aok T
Magnitude of the spectrum of the digital signal x[n] (one replica)

f >

—f, L 0 L £, f
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c)

The period is

Xo(f)

7
\

—fs+fo —f fi fs—f2

In order to preserve the information of the analog signal, the latter must be sampled with a
sampling frequency greater (or equal) than two times its maximum frequency fs > 2X fiax-

Here we have f; =1 kHz < 2 X fiax = 2 x 523.25 Hz. Consequently the information of the
analog signal is not preserved. It is indeed the case since the spectrum of the analog signal
differs form the period of the spectrum of the sampled signal (see previous questions).

A [—%, %] low pass filtering will provide an analog signal with a spectrum given by the
period of the spectrum of the sampled signal. The so obtained analog signal corresponds
to two sinusoids with frequencies f, = f1 = 440.00 Hz and f;, = f; — fo = 1000 — 523.25 =
476.75 Hz, i.e., T(t) = Acos(2m fot) + B cos(27 fit).

The signal amplitude goes from a minimum value of —1 to a maximum value of 1 (therefore
the absolute maximum values is 1). The amplitude interval to be quantized is [-1,1], that
is, an interval of length 2.

The 265 target values are the center of intervals of length A = 2/256. The maximum
absolute value of the quantization error is A/2 = 1/256.
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1.4 Probability

Exercise 13. LINKS BETWEEN DEFINITIONS
In this exercise we try to tackle what definitions imply other definitions. For each statement
below, show if it is always true or not. (If it is false, a counter-example is sufficient.)

(a) The Power Spectral Density of a real-valued process is also real-valued.
(b) If a stochastic process is SSS, then the random variables in the process are i.i.d.

(¢) If two random variables are independent, they are uncorrelated.

Solution 13. LINKS BETWEEN DEFINITIONS

(a) True If a WSS process is real valued, then it’s (auto)correlation is symmetric. Since
the Power Spectral Density is defined as the (Discrete Time) Fourier Transform of the

correlation of the process:
o0
Z Rx [k]e—ikw’

k=—o0
we can use the property that the Fourier Transform of a symmetric signal is real valued.

Alternatively, we can use the intuition from the lecture, that the Power Spectral Density is
the expected value of the square of the Fourier Transform of the signal, and thus it’s real
valued.

Additional remark, not in the scope of the class: if you want to define the Power Spectral
Density for a non stationary signal, you have to do this locally, because the signal is going
to change over time, and you can’t rely on Rx. You can define the Power Spectral Density
as exactly the expected value of the square of the Fourier Transform of the signal on some
interval:

2
SX,N(W) =K

LS e
VNS

IE (2:1 X*[m]e‘j“’(k_m)>

k=0

2

Then, if you assume that the signal is actually stationary, you can simplify this expression

as follows:
| NoiN-d ‘
Sx.n(w =3 Z Z E ( ]efjw(kfm))
k=0 m=0
N-1 I oo
= Z 7}3 m —jlw_> Z RX }e jlw
I=—N+1 N l=—o0

And therefore in the limit we get our “standard” PSD:
SXJ\/(OJ) E— Sx(w)
N—o00

which formalises intuition that the Power Spectral Density is exactly the expected value of
the square of the Fourier Transform.
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(b)

False. A SSS process implies that it’s values are indeed identically distributed, but not
always independent. A simple counterexample is the discrete process built as follows:

X|[n] = X[0] =Y for every n

where Y is a (non constant) random variable. The process is clearly SSS, the variables Y
are identically distributed, but are dependent.

True It follows from the properties of expected value. If X and Y are independent, then
E(XY) =E(X)E(Y), and therefore:

E((X ~ E(X))(Y ~ E(Y)) = B(XY) ~ E(X)E(Y) =0,

so X and Y are uncorrelated.
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Exercise 14. GAUSSIAN RANDOM VARIABLE

Suppose that a measurement X [n] is affected by a random noise Wi [n] due to external interfer-
ences and by a random noise W[n] due to a defected measurement device. The noise Wy[n] is
i.i.d., distributed as a Gaussian random variable with mean m; and variance o2, and the noise
Wan] is i.i.d., distributed as a Gaussian random variable with mean my and variance o3. Call
W the sum of the two noises, i.e., W = Wy + Ws.

(a) Compute the mean and the variance of W;

(b) Give the joint distribution of W.

Suppose now that we don’t know the law of the process W[n] but we have observed a
realization of it, w[l],...,w[K]. We are interested in estimating its mean based on the
observation w[l], ..., w[K].

(¢c) Propose an empirical estimator of the mean;

(d) Check if such an estimator is biased.

Solution 14. GAUSSIAN RANDOM VARIABLE
(a) We compute the mean and the variance as:

E[W} = E[W1 + WQ] = E[Wl] + E[WQ] =mi+mog=m
var(W)=FE [|W1 + W2|2} —|E W1 + Wy

For simplicity, we assume that W; and W5 are real. Then,

var(W) = E[|Wil’]| + 2B WiW;]+ E [Wal’] - |E W] + E W]
= B |[Wil'| + 2B EW3]+ B [[Wal’] - B — |E W] - 2 |E[WA] E W]
= wvar(Wy) + var(Ws)

(b) The process Wn] is a Gaussian process with mean m = mj +ms and variance 02 = o3 + 073.

(c) The natural way to estimate the mean is to compute the average of the realizations w[k],

(d) We analyze the bias

limn oo (E [% Ele w[k]} - m) =limNooE [% 25:1 w[kz]} -m=0

The bias is zero, and we say that the estimator is unbiased.
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Exercise 15. SUM OF PoISSON RV’s
Consider a sequence of iid random variables X;, i = 1,..., N, where each random variable has a
Poisson distribution with mean A. Consider now the random variable ¥ = Zf\il Xi.

(a) Compute the characteristic function E[e?X] of a random variable X with a Poisson distri-
bution with mean A.

(b) Find the distribution of the random variable Y (Hint: You can use the characteristic
function found in (a)).

(¢) Find the mean and the variance of the random variable Y.

Solution 15.

(a) The characteristic function of a Poisson random variable X can be determined in the
following way:

k!
k=0 k=0

= e et = A1) (1.8)

) & ) e 7}\)\]{,‘ ] > et k
E[eZtX]ZZP(X:k)eltk: € 6ztk:€7)\2( € )
k=0

(b) Taking Y = ch\le X;, and considering the fact that random variables X;, i =1,..., N are
iid with Poisson distribution with mean A, we have

N N
E[eitY} _ E[eitzg:l Xk] id H E[eith] _ ek(e”—l) _ eN/\(eit_l) . (1.9)
k=1 k=1

Since the characteristic function completely defines the probability distribution of a random
variable, by comparing the final expressions in (1) and (2), we can see that the random
variable Y has a Poisson distribution with mean Ay = NA.

(¢) The mean and the variance of the random variable Y are equal to Ay, where Ay = NA.
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Exercise 16. NEUROBIOLOGICAL SIGNAL AS A POISSON PROCESS

Consider the measurement of neurobiological spikes. We model the neurobiological spikes as a
random process wherein the inter-arrival time between two spikes is an exponentially distributed
random variable and is furthermore completely independent of other inter-arrival times. More
precisely, assuming the spikes occur at 11,75, ...,Tk, the time interval T; — T;_1 = t, for i =
1,2,..., K, (assume that Ty = 0) has the probability density function given by

p(Ti =Ty = 1) = de™™

for some A\ > 0 and is zero for ¢ < 0.

(a) Find the distribution of the number of spikes observed in the time interval [0,¢]. More
precisely, if N () is the number of spikes in the time interval [0,¢], find P{N(¢) = k}.

(b) What is the mean and the variance of the number of spikes in the interval [0,¢] ?

Furthermore, we define a Poisson process with the rate A as follows:

The number of events/arrivals N(¢) in a finite interval of time ¢ obeys the Poisson distribution

k
PIN(t) = k} — (A];) e

Moreover, the number of arrivals N(t1,t2) in the time interval [t1,t2] is independent of the
number of arrivals N (t3,t4) in the time interval [ts,t4], if the time intervals do not overlap.

Assume now that we know that the signal of neurobiological spikes can be described as a Poisson
process with the rate A.

(¢) What is distribution of spikes’ inter-arrival times? Are they independent of each other?

Solution 16.

(a) We want to compute P{N(t) = k}, i.e. the probability that exactly k spikes occur in the
interval [0,]. Let the first spike occur at instant #1, the second at t and so on (the k**
spike occurs at instant tx). Let sq,S9,..., Sk, Sg+1 denote the corresponding inter-arrival
times, which are independent by the problem assumption. Note that siy; denotes the
inter-arrival time between the (k + 1)** and k** spike, and that the (k + 1)** spike should
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occur outside the interval [0,¢]. Putting it all together, we have:

P{N(t) =k}
:P{t1 <tt1 <t <ty oo, thm1 <t <ttt >t}
k—1 k
=P{s1 <t,sa<t—s1,..., 5 St—ZSz, Sk+1 >t—ZSl}
=1 =1
k—1 k
= P{s1 <t} P{sa <t—s1}... P{si §t—Zsl}P{sk+1 > t—Zsl}
=1 =1
t t—sq tfzfgll sy e
= / p(s1) / p(s2) .. / p(sk)/ p(Sk+1) dsp+1dsg ... dsadsy
0 0 0 t=>k s

t t k—1
Y T s RO s
= de 1 e %2, de "k Ae” VRt dsgiqdsy ... dsadsy
0 0 0 =3k 5
k—1
t t—s1 t—=3221 s 1 oo
k+1 Y — s = — s -
=\ / e S1/ e Sz.../ e "k (—Xe S’““) dsy ...ds2ds:
0 0 0 [
k—1
t t—sq t72,71 EN 1 ke
k1 Y Y = Y (=
=\t / e 91/ e gz.../ e "k <fe ( Elzls”) dsy ...dsads:
0 0 0 A
k—1

=" e (1.10)

We can see from ((1.10]) that the number of spikes in the interval [0, ¢] has a Poisson distri-
bution with mean At.

The mean and the variance are both equal to At.

Call by S the random variable denoting the time interval between two consecutive arrivals.
The event {S > t} is equivalent to the event {N(¢) = 0}. Thus, P{S >t} = P{N(t) =
0} = e~*, which implies that P{S <t} =1 —e~**. In other words, S is an exponentially
distributed random variable. Furthermore, the inter-arrival times are independent

P{Tk+1 — Ty > t|Tk —Tp_1 = S} = P{Tk+1 — Ty > t},

since the number of arrivals in the time interval (Tgy1,7T%] is independent of the number
of arrivals in the time interval (T}, Tx—1] (the interval (T}, Ty+1] does not overlap with the
time interval (Ty—1,Tk])-
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Exercise 17. POISSON PROCESS

Consider two neurons, A and B. Action of a stimulus to neuron A (respectively, B) generates
a spike train which can be modeled as a Poisson process A; (respectively, B;) with rate Aa
(respectively, Ag).

1) Assume that the neurons do not interact and behave independently on the action of a
stimulus. Additionally, suppose we stimulate both neurons at the same time. What is the
statistics of the resultant spike train?

2) Assume that neuron B is a complete clone of neuron A. The two neurons fire simultane-
ously, but we suppose to be still able to count two overlapping spikes. What is the statistic
of the resultant spike train? (Hint: Is the process 2A; a Poisson process?)

Solution 17.
1) Denote by A(t) and B(t) the number of spikes in the time interval of length ¢. Since the

two neurons behave independently, we have

k
P(A(t)+ B(t) = k) =Y P(A(t) =1) P(B(t) = k — 1)
=0

_ieit)\A(t)\A)l 67tAB(t/\B)kfl
o — {! (k=1

b k\ 1
— Z e tha (t)\A)l et (t/\B)k*l <l) o
1=0 ’
e—thap—tAs k Ek -
=— Z (l>(t)\A)l(t)\B)k !
’ =0
e~ t(Aa+AB)

= T(t(AA + ).

Thus, the resultant spike train is a Poisson process with mean Ag + Ap.

2) Since the two neurons are identical, the spike train has the distribution of the random
variable 2A4. Clearly, 24 is not a Poisson process. Indeed, P(2A(t) = 2k + 1) = P(A(t) =
k+1/2) =0, since A takes only non-negative integer values. Thus, 2A has support of only
even numbers. Assuming k = 2n, we get

e—t/\A (t)\A>n e—t)\A (t)\A)k/Q

P(2A(t) = k) = P(A(t) = n) = ol T k)2

Check that
— S X o—tha n
Y PQA(t) =k) =) PQA(t)=2n) =) w 1.
n!
k=0 "0 o
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Exercise 18.
What is the correlation Ry[n] of an independent identically distributed (i.i.d) process X of
variance 0% = 1 and zero mean? What is the power spectral density Sx (w)?

Solution 18.
The correlation is [Rx[n] = m% + 0%d[n] = d[n]. The power spectral density is Sx(w) =
F[Rx[n]] =1.
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Exercise 19. POWER SPECTRUM DENSITY
Consider the stochastic process defined as

Y[n| = X[n]+ X[n — 1]

where § € R and X[n] is a zero-mean wide-sense stationary process with autocorrelation function
given by
Rx[k‘] = 02a|k|

for |a| < 1.
(a) Compute the power spectrum density Sy (e/*) of Y[n].
(b) For which values of 5 does Y'[n] corresponds to a white noise? Explain.

Solution 19. POWER SPECTRUM DENSITY
The process Y'[n] is obtained by filtering the wide-sense stationary process X|[n], i.e.

with H(z) = 1+ Bz~!. Therefore,
Sy (w) = [H(e’)*Sx ().
The function |H (e/*)|? is given by
|H(e?)|? =1+ 2B cosw + B2
The PSD of X[n] is computed by taking the DTFT of Rx|[n], that gives

2
9 1-a

=0 .
X1 —2acosw + a2

1+ 2B8cosw + B2
1—2acosw+ a?’

Sy (w) = (;3((1 - a2)

To have that Y[n] is a white process, we should impose that the spectral density is a constant.
This corresponds to setting 5 = —a. The interpretation is the following. The process X|[n] is
an AR process. In fact, it can be obtained by filtering a white noise Wn], which has variance
0% (1 — a?), with the synthesis filter

1
Hy(z) = ——,
(2) 1—az!
which has a pole for z = a. The filter H(z) is an FIR filter (i.e. it has only zeros) and has
exactly one zero at z = —f3. We can imagine that the process Y [n] is obtained by filtering W [n]
with the cascade of the filters H(z) and H(z). Therefore, to obtain a white noise at the output,
we must have that the zero of H(z) cancels the pole of Hy(z), i.e. —f = a.
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Exercise 20. STATIONARITY
Consider the following block diagram

Yifn]

X1[n] h1

10
T

Y [n]

2
Xg[ﬂ] h2 T

Yaln]

Sw

The two input processes X;[n], Xa[n] are jointly gaussian, uncorrelated, white, with zero mean,

2

and variance 0% = 1, 0% = 2 respectively. The two blocks hi, hg are linear, time-invariant
X1 ) Xo ) )

filters with transfer functions
Hl(z) = 1 + 2717
Ho(z)=1—271,

respectively. The output process Y[n] is obtained by means of the output switch Sy .

(a) Suppose that the output switch is constantly on the position “0,” or “2,” what can you say
on the output process Y[n]? Is it stationary in wide and/or strict sense? Is it gaussian?
Compute the correlation and (if it exists) the spectral density of Y[n].

(b) What happens if the switch is on the position “1”? Answer to the same question of the

previous case.

(¢c) Suppose that the position of the switch changes with the value of the time index n. The
switch takes the position “0,” when n is even and the position “1,” when n is odd. Is
Y'[n] stationary in this case? Is it gaussian? Compute the correlation function of Y[n] (be
careful on the definition of the correlation function in this case!)

(d) Suppose that the switch takes a random position among “0” and “1” with equal probability
and independently of the values of X;[n] and Xz[n]. Is Y[n| stationary in some sense in
this case? What is the correlation and (if it exists) the spectral density of Y'[n]?

Solution 20. STATIONARITY
(a) The autocorrelation of hq [n] is given by

ray fm] = hafm]xhy [—m]

= d[m]*d[m]+[m]*d[m+1]

* h
+om—=1)*(6[-m]+d[-m —1])
+d[m—=1])*x(d[m] +d[m +1])

+o[m—1]*x6[m]+d[m—1]xd[m+1]

= om—1]+25[m]+d[m+ 1]

Since X [n] is a white process, 7, [m] = 02§ [m], and thus

Ty [m} = Th [m] * Ty [m]

= (6[m—1]+25[m] + 6 [m+1]) %025 [m)]
= 025[m—1]+ 2025 [m] + 026 [m + 1]

d[m—1]425[m]+ 6 [m +1]
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The power spectral density Sy, (w) is the Fourier transform of the autocorrelation function
Ty, [m]’

Syl (w) = F{Tyl [m}} )
= e 424"
= 24 2cosw

Another way of obtaining S, (w) is by performing all calculations in the z domain:

Sy (2) = Shy (2) Sy (2)
= [Hl (z) Hy (zfl)]afc
= (142 H(1+2)
7 4242

and then setting z = e/“ for obtaining the Fourier transform:

Sp (@) = €424
= 24 2cosw
For the second case, we get
Ty, (M| = —=26[m — 1] + 46 [m] — 20 [m + 1]
Sy, (W) = 4—4cosw

(b) Since X; and X, are uncorrelated, Y7 and Y3 are also uncorrelated, and thus

E[Y [n]Y [n+ m]]

E[(Y1[n] + Yz [n]) (Y2 [n +m] + Y2 [n + m])]

E Yy [n] Y1 [0+ m]] + E[Y2 [n] Y2 [0+ m]]

+E Y1 [n] Yz [0+ m]] + E[Y2 [n] Y [0+ m]]

= EYVin|Yiln+m]]+E[Ya2[n]Ya[n+m]]+0+0
= 1y, [m] + 1y, [m]

= —6m—1]+65[m]—3d[m+1]

Ty [m] =

And the power spectral density is given by

Sy(w) = F{ry[m]}
= —e W 46—ev
= 6—2cosw

which is equivalent to Sy, (w) + Sy, (w).
(c) We have four possible cases:
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E{y: [K]ya [1]] : k,leven
_ El(yi (K] +y2 [K]) (v [l + 92 ()] k,lodd
Byl = E [y (k) (v 1) + 2 (1) . keven, lodd
E [(y1 [k] + y2 [K]) w1 [1]] ,  kodd, leven
which, according to the results above, equals
Ty [k —1] ) k,leven
B Ty [k =1 +ry, k=1, k,lodd
Ely[Hylll = Py [k —1] ., keven, lodd
Ty, [k —1] ,  kodd, leven

which means that the process is not stationary anymore.

(d) In this case, the autocorrelation function r, [k — ] takes into account the random variable
that determines the position of the switch. Since the probability is equally distributed, each
combination of k£ and [ occurs with a probability of i. Hence,

rolk =] = Sry =14 g (g (k=1 + 7y [ 1)

1
= Ty [k_” + iTyfz [k_l]

which means that the process is, in fact, stationary.
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Exercise 21. CODING: WIDE SENSE STATIONARY PROCESSES VS. STATIONARY PROCESSES
The goal of this exercise is to assess the stationarity of a random process via common tools from
the field of descriptive statistics.

Follow the instructions in Stationarity.ipynb.

Solution 21. CODING: WIDE SENSE STATIONARY PROCESSES VS. STATIONARY PROCESSES
For example code see Jupyter notebook, available on Moodle.

k: -2, mean: -0.01, std: 1.00 Empirical distribution at each k
° 8

IS

~

o

~

IS

0 1 2 3 4 5 -4 -3 -2 -1 0 1 2 3 4

By looking at an example histogram of (normalised) skewed distribution (left), we can see that
it’s not symmetric. This will change with k.

Another way to look at the distributions is boxplot (right). It’s sometimes more convenient than
histogram. The orange horizontal lines in the middle are the medians, the boxes depicts the
”middle” 50% of the distributions, the vertical lines cover most of the distribution and the dots
depict "unlikely” points, outliers. You can see that those distributions change in time, and that
the median and the main mass, that is middle 50% of the distribution does not move that much,
but the placement of the outliers what matters. If you look closely you can see that the median
moves slightly in the opposite direction that the outliers do.

10 realizations of the process 500 realizations of the process

L2

/\ /7 '\."\
;?rv‘ / W
WIAQAK

If you look at just a few (for example 10) realizations of this process it’s hard to judge if it
a stationary (gaussian) noise, or if it is some more complicated distriburion. If you look at
500 realisations you can see some pattern emerge that distinguish the ”past” and the ”future”
(negative and positive k).
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Exercise 22. CORRELATION AND DEPENDENCE
Give an example of a two random variables X and Y that are uncorrelated (their covariance is
equal to 0) but they are dependent.

(a) Write down the distribution of pair (X,Y") and marginal distributions of X and Y.

(b) [Coding] Sample the joint distribution of (X,Y") and plot those samples. Then sample from
X and Y independently and plot resulting samples. Do those plots look similar?

(b) Explain your example to your neighbour(s).
(¢) Check your neighbour’s example. Are their variables dependent?

Hint: it might be easier to come up with discrete distributions.

Solution 22.

Let us consider a very simple pair of two discrete variables, each taking values in {—1,0,1}. We
want X to be zero if and only if Y is not zero. This way they are obviously dependent, but we
have E(XY) = 0. We only need now the product E(X)E(Y) = 0. For that we just need the
probabilities of X =1 and X = —1 to be equal.

Based on that we can construct many different pairs, but one of them would be p(z,y):

T

-1 0 1

-1 0 |0.25

y 01]025] 0 |0.25
1 0 1025 O

Then the marginal probabilities are the same for X and Y:

0.25 forxz = -1
p(x) =05 forxz=0
025 forx=1

We can then plot the joint and product distributions side-by-side and assess their resemblance.

p(x.y) p(x)p(y)
1.00 . 1.00 [ ] L] L[]
0.75 0.75
0.50 0.50
0.25 0.25
0.00 L] e 0.00 L] L[] ]
-0.25 -0.25
-0.50 -0.50
-0.75 -0.75
-1.00 ] -1.00 [ ] L] e

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

Another example with Gaussian RVs is described on [Wikipedial.


 https://en.wikipedia.org/wiki/Normally_distributed_and_uncorrelated_does_not_imp ly_independent
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Exercise 23. MIXTURE MODEL
Consider an i.i.d. signal X[n] which takes only two possible values, m; and my. When we try
to measure such a signal we obtain only a noisy version of it

Yn] = X[n]+ W(n],
where Wn] is a centered Gaussian white noise with power o3, independent of X.

(a) Show that Y is wide sense stationary.
(b) Give the distribution of Y'[n] (PDF or CDF).

- Hint 1: you can use the law of total probability, which in this case means that:

F(Y[n]) = F(Y[n], X[n] = m1) + F(Y[n], X[n] = my)
- Hint 2: you can use Bayes’ rule, which in this case means that:
F(Y[n], X[n)) = F(Y [1]| X []) P(X[n])

(¢) Download data file MixtureModel.csv from Moodle. It was generated from this process
using some unknown mg, m; and oy . The probability of X[n] = m; was % Load the data
in Matlab or Python, and take a look. Why is this called “two class mixture model”?

(d) Guess the parameters m; and propose a method that based on the value of Y[n| guesses a
value of X[n] (no need for a formal description).

(e) Based on your guess of m; calculate oy .

Solution 23.
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Exercise 24. CORRELATION (4PTS)
Let W(n] be a centered white noise with 02 = 1, taking real values. Given that the process is
i.i.d. and centered, we know that, theoretically,

R(k) = E[W[k +n]W[n]] = {g - Z;g

We have measured N = 1000 samples of the noise w[1], ..., w[1000] and then we have computed
the correlation R(k), k = —999,...,0,...,999. Here’s the plot of the correlation.

R(k)

" 1000 -500 0 500 1000

Can you tell if the plotted correlation has been computed using:
The empirical un-biased correlation

N—|k|
R = —— 3 wln+ K], k=—(N-1),...,(N-1),
N H

n=1

or the empirical biased correlation

N—|k|
R(k-):% > wh+kwn], k=-(N-1),...,(N-1)

Precisely justify your answer.

Solution 24. CORRELATION
The plotted correlation has been computed using the empirical un-biased correlation:

N—|k
1 ||

R(k) = — Zw[n—l—k]w[n], k=—-(N-1),...,(N-1).
N — ||

n=1

We can tell it by the high variance for k£ close to 1000, that appears due to smaller number
of measurements k samples apart. The biased correlation would have dumped this variance by
basing the tails towards zero (bias-variance trade-off).
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Chapter 2

ARMA Models

Exercise 25. PROJECTION OF AR PROCESS
Consider the autoregressive process defined as:

X[n|=X[n-1]—-X[n—-2|+2X[n— 3]+ Win|, (2.1)

where W[n] is white noise. Your task is to find the best linear predictor Y [n — 1] of order 3 of
X[n + 2] given the past (X[n — 1], X[n — 2], X[n — 3]), using two methods:

(a) by using the projection theorem and solving a system of linear equations,
(b) by recursively expanding the definition of X[n + 2] and using an intuitive property.
Solution 25.

We will find a predictor of X[n+ 2] using two different methods and see that they yield the same
result. First, from the definition of X, we know that:

Xn+2=X[n+1—X[n]+2X[n -1+ Win+2] (2.2)

(a) Projection theorem.

We want to find Y[n — 1] such that E((X[n+ 2] — Y[n — 1])Y[n — k]) for k = 1,2,3. We
can write Y as:

Y[in—1] = ZakX[n— k|
k=1

To find a projection, we need to solve the system of equations (for k = 1,2, 3), so that the
difference between our predictor Y and process X is orthogonal ”to the past”:

E(X[n+2] —a1X[n—1] —asX[n — 2] —azX[n — 3])X[n — k]) =0

In order to calculate actual values of a;, we have to first rewrite the system in terms of the
auto-correlation:

RX [2 + /{} - alRX Uf - 1} - ang[k - 2] - (lng[k - 3] =0. (23)

37
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On the other hand, for an AR process we have Yule-Walker equations:

Rx[m] = > prRx[m — k] = 6, S5y
k
Where in our case p; =1, ps = —1 and p3 = 2.

From these equations we find Rx[m] for m = 0,1,...5. Those values can then be plugged

into (2.3]). Finally, (2.3]) can be solved for a;.
Intuitive property.

We again start with (2.2]). We need to expand terms dependent on n and n + 1 and write
them in terms of the past. We first expand X[n + 1]:

X[n+2]=Xn+1—X[n]+2X[n—1]+Wn+ 2|
= (X[n]—Xn—-1]4+2X[n—-2]+W[n+1]) - X[n|+2X[n — 1]+ Wn + 2]
=Xn—-1]4+2Xn—-2]+Wn+1]+Win+2].
The first two terms of the equations are functions of the past, and the last two terms are

innovations that are entirely independent of the past. Therefore, using intuitive property,
we get that Y, the best linear predictor of X is:

Y[in—-1]=X[n—1]+2X[n — 2]

We can see that the second solution is much easier on paper.
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Exercise 26. A SIMPLE AR PROCESS
Consider the discrete time stochastic process {X[n]}, - defined by

Xn+1]=aXn|+Wn+1], n>0

where |a| < 1, X[0] is a Gaussian random variable of mean 0 and variance ¢?, and {Winl}, 5, is

a sequence of i.i.d. Gaussian variables of mean 0 and variance o2, and independent of X [0].

(a)

Express X[n] in terms of X[0], W[1],...,W]n] (and a). Give the mean and variance of
Xlnl;

Suppose now that c? = ﬁ Show that with this specific choice for the variance of X[0],
the process {X[n]}, -, is strictly stationary.

Give the one-step predictor of X[n]: X[n|n — 1],

What is the whitening (or analysis) filter of {X[n]}, .,7

What is the generating (or synthesis) filter of {X[n]}, ;7

Give the covariance function Rx[k] = E [X[n + k| X [n]*].
Write X[n] in terms of Wn], W[n—1] and X[n—2]. Deduce from this the two-step predictor

of X[n]: X[n|n—2], the projection of X[n] onto H (X, n — 2), the Hilbert subspace spanned
by the random variables X[n — 2], X[n — 3],....

Solution 26. A SIMPLE AR PROCESS

()

The recursion formula

yields

i
s‘:‘:
fa
=
=
N~
Il
gl\)
=
=
+
IS
=
=
=

Xn] =a"X[0] + a"flVV[l} + a"’QW[Q] 4+ 4 Wn]

=a" X[0] + Ti a"Win — k.
k=0
Hence the mean of X[n] is given by
E [X[n]] = «"E [X[0]] + i a"E[W[n —k]] =0
k=0

since both E [X[0]] = 0 and E [W[j]] =0, Vj > 0.



40 Chapter 2.

The variance of X|[n] is given by

E[|X[n]’] =E (a”X[O] + 2_: a"Win — k]> a" X[0] + z_: a?Win — j]
= |a[>"E [|X[0] +§:dm”E W*[n — ]|

+—§:ahfnmﬂwp1_kawm]

+ Z a*a* B (Wn — k|W*[n — j]]
k,j=0

Recall that IE [|X[0]|?] = ¢?, the sequence of random variables W[n] and X [0] are indepen-
dent and centered, thus E [X[0]W*[n — j]] = E[W[n — k] X*[0]] =0, YO0<jk<(n—-1)
and E [W[n — k]W*[n — j]] = 02§[j — k]. Combining these observations, we have

n—1
E [|X[n]l’] = |a|**¢* + 0? Z a*a*is[j — k|
k,j=0
n—1
— |a|2n62 + 0_2 Z |a|2k
k=0
1—|a|*™
_|,2n,2 | 2
=la|*"c*+ 0o <1—|a|2
(b) Ifc? = | Tz the variance of X|[n] is independent of n and is given by
o2

E [|X[n]]?] = o

Following the same steps in part (a), one can show that

X[n+k =d"X[n] + " " Wn+ 1] +a*2Wn+ 2] +--- + W[k + n]. (2.4)
Thus
X{n] X{n]
X[n+1] Win+1]
: =A :
X[n+ k] Win + k]
The distribution of (X[n], W[n +1],--- ,W[n + k]) is independent of n > 0, and therefore
the distribution of (X|[n], -+, X[n + k]) is independent of n > 0, therefore {X[n]}, - is

strictly stationary.

(¢) Recall that
X[n] —aX[n —1] = W(n],
thus (X[n] — aX[n — 1],u) = (W[n],u) = 0 for all w € H(X,n — 1) since H(X,n - 1) =
H(W,n — 1) (see Theorem 2.2 in class notes). Recall that, roughly speaking, H(W,n — 1)
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is composed of linear combinations of W[n — 1], W[n — 2],.... Note also that aX[n —1] €
H(X,n—1) (since it is a linear function of X[n —1]), hence by the projection theorem this

is the best lincar approximation (best in least square sense) for X[n], thus X[njn — 1] =
aX[n—1].

The whitening filter makes {X[n]}, >, a white noise, here we have
X[n] —aX[n — 1) = W]n],

so it is clear that P(z) = 1 — az~!. The generating filter is given by

1
HS — _ n,—n
(2) P(z)  (1—az71) 7;)(1

and
X =Wn]+aWn -1+ aWn—2]+ - +ad"Wn—k +...

Using (2.4) we obtain

k—1

E[X[n+ kX )] =B | [ d*X[n]+ Y o’ Win+k—j] | X*[n]
j=0

=a +ZaJIE [n+k — 41X [n]]

=a"E [|X[n}| }

1—|a|*
_k 2n 2 2
= (“' o (1—|a2>)

where the last equality follows from part (a) and E [Wn + k — j]X*[n]] = 0 since W[n +
k — j] and X [n] are independent V0 < j < k — 1. Plugging ¢® = % yields

2

_ k
Rx[k] =a 71 — |a‘2.

Note that the above equality together with the fact that E[X[n]] = 0 shows that the
2

process {X|[n]},~, is wide sense stationary with the special condition ¢ = Tz Since
the process is wide sense stationary and Gaussian, it is strictly stationary. Recall that
the statistics of a Gaussian process is completely determined by its first and second order

properties.

Again from (2.4)), we have
X[n] =a*X[n —2] +aWn — 1]+ Win].

thus (X[n] —a?X[n —2],u) = (aW[n — 1],u) + (Wn],u) = a(W[n — 1],u) + (W[n],u) = 0
for all w € H(X,n — 2) since H(X,n —2) = H(W,n — 2) and the random variables
Win—2],W[n—3],... are independent of W[n — 1] and W[n]. Note also that a>X[n—2] €
H(X,n — 2), hence by the projection theorem this is the best least square approximation
for X[n] knowing X[n — 2], X[n — 3|,..., thus X[nn — 2] = a®X[n — 2].
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Exercise 27. CANONICAL REPRESENTATION

Let {X[n]},cz be a centered AR signal with power spectral density
1
S = =———
x (@) 26 — 10 cosw

(a) Give the canonical representation of it
P (z) X[n] = Win|

(give P (z), give the variance o of {W([nl},,cz)-
Hint: you can use Féjer’s identity, i.e., for all 8 € C, f # 0, and for all z € C such that
|z| = 1:

1

1 2
z— z— — ) =——zlz— B~
(z—=5) ( 5*> g 21z = Al
(b) Give the one-step predictor of X[n]: X[n|n — 1].

(c) What is the whitening (or analysis) filter of {X[n]}, ;7
What is the generating (or synthesis) filter of {X[n]}, ;7

(d) Give the covariance function Rx[k] = E [X[n + k] X [n]*].

(e) Write X[n] in terms of W[n], W[n—1] and X [n—2]. Deduce from this the two-step predictor
of X[n]: X[n|n—2], the projection of X[n] onto H (X, n — 2), the Hilbert subspace spanned
by the random variables X[n — 2], X[n —3],.. ..

Solution 27. CANONICAL REPRESENTATION

(a)

1 1
S = = : :
x (@) 26 —10cosw 26 — 107@’“‘*‘;_]”
B 1 B 1
26— beiw — be—iw  (5edw —1)(5e—iw — 1)
1 1

5eiw (1 — te—iw)e—iw(l — teiw)  25(1 — fe—iw)(1 — Leiv)

Recalling that

1 2
e
one can choose 1
P(z)=1- 32:—1

and o? = 2—15 Note that with this choice P(z) is minimum phase, that is, it is stable, causal
and all its zeros lie inside the unit circle.

(b) With above choice for P(z), we have the following recursion for X |n],
1
X[n] — BX[n — 1] =Win] (2.5)

where {Wn]}, o, is white noise sequence with variance 02 = 5=. The exact reasoning in
the Solution of Exercise 3, part (b) will yield X[n|n — 1] = 1 X[n-1].
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(¢) The whitening filter is

and the generating filter is

(d) Using the above expression for the generating filter yields

X[n]:W[n]+;)W[n—l]+---+(é) Win -k +...

and

Xn+k=Wh+k+ -+ ()kW[n]+ (1>(k+1)W[n1]+...

Since E [W[i{]W[j]*] = 024;;, the only non-zero terms in E [X[n + k] X[n]*] are those with
i = j. Therefore,
k 2 4 k
1 1 1 1 1 25
=E|X Xn*l=| = 211 - - -] =—.
Rx [k] [X[n + k] X [n]"] (5) o ( +<5> —|—<5) + ) <5> 9 21

(e) The recursion in ([2.5)) yields

P

in] :;X[n—l]—i—W[n]:( ) X[~ 2 + £ Wln — 1] + W]

| =

Xnjn — 2] = (%)QX[n — 2] since (%)QX[n —2] € H(X,n—2) (it is a linear function
of X[n —2]) and X|[n] — (%)2X[n —2] = tWn -1+ W[n] L H(X,n—2) (indeed,
iWn -1+ W[n] L H(W,n—2) and H(W,n—2) = H(X,n—2) for the canonical

representation (see Theorem 2.2 in class notes)).
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Exercise 28.

This exercise has a more theoretical flavor (no long computation).

We consider a voice synthesizer based on filtering of a white noise H(z)Wn] = X[n],
where the input Win| is a real Gaussian white noise, centered, with correlation

Ry [n] = dpa (a > 0),

- 1

S 14 a1z 4 agz2

H(z)

is a minimum phase filter with real coefficients a; and as, and X[n] is the process describing the
synthesized voice.

(a) Is X[n] a wide-sense stationary process? Justify precisely your answer.

We are now interested in computing the second order properties of X [n]
(b) Compute the power spectral density of X[n], Sx(w).
(¢) Compute the mean of X [n] and express the variance of X[n| as a function of Sx (w).
(d) Give the recursive expression of the correlation of X|[n].

(e) Using the recursive expression of the correlation write a system of linear equations that
allows to obtain the variance of X[n] as a function of a1, ag and .
Hint: Exploit the fact that X[n] is real.

In real life, the synthesizer is not perfect and its defects can be modelled as an additive white
noise V[n] with variance 0\2,. Finally, the signal we obtain is given by

Yn] = X[n] + Vin]

where X[n] and V[n| are supposed to be independent. In particular, if we call #(X) the Hilbert
space spanned by X[n] and H (V') the Hilbert space spanned by V[n], the independence on X
and V implies the orthogonality of the two spaces H(X) and H(V'). Call now H(W) the Hilbert
space spanned by W[n]

(f) Are the two spaces H (V') and H(W) orthogonal? Justify precisely your answer.

By listening the noised synthesized voice, we would like to estimate the characteristics of its
generating system. More precisely:

A) From the process Y[n] we would like to recover the original synthesized voice X|[n].

(g) Give the transfer function of a filter to optimally estimate, in the mean square sense, X [n]
from Y[n], and express such a transfer function in terms of a1, as, v, and o%.

B) From the estimate of X [n] we would like to recover the coefficients a; and as of the transfer
function H(z) and the parameter « of the white noise Win|,

(h) Write the system of linear equations to obtain a1, as, and « from the correlation of X|[n).
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Solution 28.

The first part of the exercise can be straightforwardly solved by applying the fundamental filtering
formula for wide-sense stationary processes. We recall that such formula requires the input
process to be wide-sense stationary with summable correlation and the filter to be stable. The
input process W{n] is a white noise and it is very easy to check that is wide-sense stationary and
with summable correlation. The filter is stable since, by assumption, is minimum phase, and it
is time invariance, since by construction its coefficients are constant.

We remark that, in general, we cannot directly prove properties of X[n] from the fact that X [n]
is a linear combination of Wn|. The key point is the stability of the linear combination, i.e.,
the stability of the filter. If the filter is not stable or not time invariant, X|[n] is still a linear
combination of W{n], but X[n] is surely not wide-sense stationary, its mean is surely not zero,
and the Hilbert space its spans is surely not equal to the space spanned by Wn].

We also remark that the exercise clearly asked for precise answers.

1) Yes, X|n| is wide-sense stationary by the fundamental filtering formula for wide-sense
stationary processes.

2) By the fundamental filtering formula
Sx (w) = [H(w)|*Sw(w)
o

- j ; ; : 2.6
(1 +a1e79% 4 age™2%)(1 + a1€7* + aze®¥) (2:6)

Note that Sy (w) = « since W(n] is a white noise.

3) Again, by the fundamental filtering formula

E[X]=E[W] Y hlk.
k=—oc0
Wn] is centered, that is E[W] = 0 and > ;= __ hlk] < oo since H(z) is stable, thus
E[X] =0.

Alternatively, one can study the specific structure of the problem. In symbolic notation,
the filtering by H(z) can be expressed as

X[n] = H(z)W|n]
_ 1
T 14 a1z 4 agz2

Win
which can be equivalently written as

Winl=(1+az"' +a272)X[n)].

1

Interpreting 2z~ as the delay operator we have

Win] = X[n]| + a1 X[n — 1] + a2 X [n — 2] (2.7)

which also reveals the auto-regressive structure of the process. Taking expectation on both
sides of the above equality gives

E [Win|] = E[X[n]] + a:E [X[n — 1]] + a2E [X[n — 2]]
0=E[X]+ a1 E[X] + a2E [X]
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Thus E [X] = 0. We remark that the right side of equation (2.7) is a finite linear combi-
nation of X[n]. Therefore, the expectation is just the sum of the expectations of each terms.

The filter H(z) being stable and the correlation of the input process Ry [n] = ad[n] being
summable, the correlation of the output process Rx[n] is also summable. Hence, we have
the following relation for the variance of X|[n]

Var(X) = Ry [0] = — / " S (w)dw.

2 )
The fact that Var(X) = Rx[0] is because of the fact that X[n] is centered.

The correlation structure of X[n] can be obtained by either using the formulas derived in
class for AR processes, after observing that the process is an AR-process as we already did
in part 3), or one can do the computation explicitly. Using the formula for AR processes
will directly yield

Rx[m]+ a1 Rx[m — 1] + aaRx[m — 2] = ad[m], m >0 (2.8)
and Rx[—m] = Rx[m] since X[n] is real.

Considering the recursive expression in (2.8) for m = 0, 1,2 together with the fact that
Rx[—m] = Rx[m] (since X|[n] is real) yields the following system of linear equations

Rx[0] + a1 Rx[1] + a2 Rx[2] =

Rx[1] + a1 Rx[0] + a2 Rx[1]
Rx[2] + a1Rx[1] + a2 Rx[0] =

0
0. (2.9)

The three equations can be easily solved to obtain the three unknowns Rx[0], Rx[1] and
Rx[2]. By recalling that Var(X) = Rx[0], the solution of the system gives us the variance.

Due to the stability and time invariance of the filter, we know from class notes (see section
“A Hilbert Space Viewpoint of Linear Prediction” of the ARMA chapter - in the current
notes is theorem Theorem 2.2 of Chapter 2) that

H(X) = H(W)

(we remark that the result was presented for the Hilbert spaces spanned by the past, i.e.,
H(X,n), but it is straightforwardly extended to the Hilbert spaced spanned by the whole
processes). Since we know that H(X) and H(V) are orthogonal, H(W') and H(V') are also
orthogonal.

Alternatively, from the fact that Wn] is a finite linear combination of X[n|, X [n — 1] and
X[n — 2] (see equation (2.7)) we have H(W) C H(X). consequently, the orthogonality
between H(X) and H(V') implies the orthogonality between H (W) and H(V).

The filter that optimally estimates X [n] from Y [n], optimally in the sense that it minimizes
the mean squared error, is the Wiener filter whose transfer function is given by

. Sxy(w)
o Sy(w)

F(el) (2.10)

Recall that in our case,
Y[n] = X[n] + VIn]
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and X[n] and V[n] are independent. The cross-correlation of X[n] and Y[n] is given by

Rxy[m] = E[X[n + m]Y[n]]

[X]
= E[X[n+ m](X[n] + V[n])]
=E[X[n+m]X[n]] + E[X[n + m]Vn]]
= Rx[m]

since X [n] and V[n] are independent. Taking the Fourier transform and using the expression

for Sx(w) given in (2.6)), we obtain

Sxy(w) = Sx(w)

B ' - - e 2.11
(14 a1e7 9% + age=219) (1 + a169¥ + age?iv) (2.11)

The auto-correlation of Y'[n] is given by

Ry[m] = E[Y[n + m]Y[n]]
[(X[n+m]+ V[n+m])(X[n]+ Vn])]
[X[n +m]X[n]] + E[X[n+ m]V[n]] + E[V[n + m|X[n]] + E[V[n +m]Vn]]
[XT (7] + E[VIn + m]V[n]]
x[m] + Ry [m)].

E
E
E[X[n+m]X
R

Taking the Fourrier transform, we obtain

Sy (w) = Sx(w) + Sv(w)

2
= - - - - . 2.12
(14 a1e™3% + aze=239)(1 + a1 e® + aqxe?1%) tov (2.12)

Note that Sy (w) = 0¥ since V[n] is white. Combining (2.10)), (2.11) and (2.12) we obtain

a
a+od(1+are 7% + ae=219)(1 4+ arev + axe?v)’

F(ev) =

Just observe that the system of linear equations in can be solved for a;, as and « if
the correlation of X[n], that is if Rx[0], Rx[l] and Rx[2] are known. Thus, the desired
system of equations is the one given in . Note that we have referred this system of
linear equations as Yule-Walker Equations in the class.
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Chapter 3

Prediction and Estimation in the
General Non-ARMA Case

Exercise 29.
The process X[n] is a real AR process of order M.

1) Write the recursion that allows to synthesize the process X[n] from a white noise process

2) Write the correlation structure of X.
Suppose that the order M is unknown but an estimate of the correlation function Rx[n]
is available for n > 0.

3) Describe precisely a procedure to determine the order M, the parameters of the AR model
and the variance of the input noise W.

4) What is the expression of the power spectral density of X[n], Sx(w) (as a function of the
parameters and the order M)?

Solution 29.

1) The recursion that allows to synthesize the process X[n] from a white noise process W{n|
is:
Xnl=a1 X[n—-1]+...+ayX[n— M|+ Win].

2) The correlation structure of X is.

Rx[n] =a1Rx[n — 1]+ ...+ ayRx[n — M|+ 6[n]o,.

3) According to Yule-Walker equations, compute the mean square error ||e,, |3 of the linear
prediction for increasing orders m. This error will strictly decrease until order M + 1, then
it will be a constant. This is how you compute the order M of the ARMA process. Then
you can solve the Yule-Walker equations of orderM to get the parameters of the AR model.
The mean square prediction error of the predictor of order M corresponds to the variance
of the input noise W.

49
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1

H(Z) —...—apmz

1—apz! M

Then X (z) = H(z)W(z). Using the fundamental filtering formula, we obtain

Sx(w) = [H(e?)Poiy.
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Exercise 30.
The process X[n] is a real AR process of order 2:

X[n] = %X[n S éX[n — 9+ W),

where W(n] is a white noise. Using Yule Walker equations, give the best linear predictor of order
1 of X[n]. Compare the obtained coefficient with 1/4 and comment.

Extra Training: Same exercise with X[n] = 0.3X[n — 1] +0.7X[n — 2] — 0.154X[n — 3] + Wn],
and a linear predictor of order 2. This exercise will make you handle the correlation matrix.

Solution 30.
We are looking for a such that

and that minimizes A
lell3 = E[|X[n] — X[n]|?].

According to Yule-Walker equations, a = Rx[1]/Rx[0].
Rx[l] = E[X[n]X[n—1]]
_ iJE[X[n X — 1] + é]E[X[n ~9X[n— 1)) + EWX[n — 1]

1 1
= ZRx[o] + gRx[l].

We conclude that a = 2/7. 2/7 is slightly larger than 1/4. This can be explained by the positive
covariance between X[n — 1] and X [n — 2]. So this predictor says:

1 1
Xnl=-Xn-1+—=X[n-1].
(] = 7X[n = 1] + 52 X[n — 1]
2 X[n — 1] predicts the contribution of X[n — 2].

For the extra question,

12

0.196
0.670.

ay

12

a2

An important thing to know to solve this exercise is:

a b]70 1 d —b
c d Cad—be| —¢ a |’
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Exercise 31.
In this exercise, we consider the application of the Wiener filter in reducing additive noise.
Consider a signal X[n] embedded in additive zero mean white Gaussian noise. That is,

Y[n] = X[n] + W[n].
Assume that X[n] and W{n] are uncorrelated.
(a) Derive the transfer function of an optimal non-causal filter.

(b) We define the following signal to noise ratio:

_ Ryp(e?v)
a(w) = 7wa(eﬂ'w)‘

How is the Wiener filter response in the case of noise-free frequencies, i.e., a(w,) > 17 and
in the case of very high noise, i.e., a(w,) ~ 07 what can you conclude?

Solution 31.
(a) The expression for the Wiener filter is

Sxy(w)
Sy (w)

If Yn] = X[n]+ W(n] and X[n] and Wn| are uncorrelated with Wn| zero-mean, we have

H(e™%) =

Ryy[m] = E[X[n+m|](X[n] + W[n])] = E [X[n + m]X[n]] = Rx[m]
Ry[m] = E[(X[n+m] + Wiln+m])(X[n] + W[nl)] = Rx[m] + Rw[m]
hence,
Sxy(w) = Sx(w)
Sy (w) = Sx(w) + Sw(w).
The Wiener filter is thus

Jw\ __ SX((U)
H(e™) = Sx (@) + Sw (@)

SX (w)
SX (w) + SW (w)
a(w)
Ca(w)+ 17

H(ed¥) =

If a(w,) > 1, H(e’¥) ~ 1. That is, the filter applies little or no attenuation to the
noise-free frequency component. If a(w,) ~ 0, H(e/*) ~ 0. That is, the filter applies a
high attenuation to the noisy frequency component. In conclusion, for additive noise, the
Wiener filter attenuates each frequency component in proportion to an estimate of the
signal to noise ratio.
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Exercise 32.

Suppose that X[n] is zero mean white Gaussian noise with variance 0% = 1. A desired response
Din] is obtained by applying X [n] to a linear filter h[n]; Our task is to design a linear filter g[n]
that minimizes a cost function J given by

J=E[B*[]] = [(D[) - Y[)?]. (3.1)

Suppose that hln] is a 3-tap FIR filter given by [ho, h1,hs]. We want to determine a 2-tap
optimum Wiener filter, which minimizes the cost function .J.

(a) Compute the cross correlation vector Rpx[n].
(b) Determine an optimal 2-tap filter g[n].
(c) Repeat (a) and (b) for the case when h[n] is an IIR filter with a transfer function given by
1
T

H) =1

(3.2)

Solution 32.

(a) The cross correlation vector Rpx[m] is defined as:
Rpx[m] = E[D[n]X[n —m]
=E[(hoX[n] +h1 X[n — 1]+ hoX[n — 2]) X [n — m]]
= hoRx [m] + h1Rx [m — 1] + thx[m — 2}
= ho(S[m] + hlé[m — 1] + hg&[m — 2]

where we have used the fact that X |[n] is a white noise with variance 0% = 1, Hence we

find that
hl ifm=1
R =
pxml =0 =

0  otherwise

(b) The optimal filter that estimates D[n] from X[n] is given by the Wiener filter formula:
> glk]Rx[m — k] = Rpx[m].
k

Recall from the derivation of the formula that the equation above is obtained by differan-
tiating with respect to g[m] (say the m’th tap of the wiener filter in the context of this
exercise). Note that in this exercise we are restricted to use a two tap filter whose tap gains
we would like to choose optimally. Thus, in order for the first tap gain ¢[0] to be optimal,
the filter should satisfy

> glk]Rx[~k] = Rpx|[0]
k

g[0]6[0] + g[1]6[—1] = hod[0] + h1d[—1] + had[—2]
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thus g[0] = ho and the optimality condition for the second tap gain yields

> glklRx[1 — k] = Rpx[1]

k

9[010[1] + g[1]0[0] = hod([1] + h16[0] + had[—1]
hence g[1] = h;.
To calculate Rpx[m] we need to use the formula

1

1

— = l4ar ' +d% 4. +ad" 2T+ ...
1—az—

Therefore

Din] = ZakX[n — k]
k=0

The cross correlation vector Rpx[m] is then

<Z a*X[n — k]) X[n— m]]
k=0

Rpx[m] =

a*s[m — k)

M

=
Il

0
a™ ifm>0

0 otherwise

And by the same arguments in part (b) one can easily find ¢g[0] = 1 and g[1] = a.
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Exercise 33. WIENER FILTER
Suppose that a desired process X|[n] is generated by filtering the white gaussian noise Wn]
(centered with variance 1) using a filter h[k], where

B 143271
N 1+%z*1'

H(z) (3.3)

Consider now the signal Y[n] = X[n] + V[n], where V[n] is zero mean white Gaussian noise with
variance 1/2 and uncorrelated with Wn].
(a) Design a Wiener filter for estimating X [n] from Y[n].

(b) Repeat (a) for the case when V[n] is a random variable given by:

Vin] = %X[n - %X[n — 9.

Solution 33.

(a) By filtering the unit-variance white noise with a filter H(e’*), we get an output signal X[n]
with power spectrum:

Sx (w) = [H(e™)[”.
The Wiener filter that estimates X [n] from Y[n]:

Jwy SX(LU)
Q™) = Sx (@) + Sy (w)
_H@E)P
|H(e@)[? + (1/2)

This is sufficient solution, but if we want to get exact formula, we can start with calculating
the square norm of H(e’*):

[H(e?)[?

B 1+%cos(w)+%
- 1+ cos(w) + 1

Let N(e’*) be the numerator of the above expression, and D(e’) be the denominator of
the expression.

joy 2N (edv)
Q™) = SN(e=) + M)
B 3% + 3cos(w)
B 52 + 4 cos(w)

(b) In this case, the signal V[n] is not independent of the signal X|[n]. Therefore, we can not
apply the formula derived in part (a). We have to calculate the Wiener filter expression
using the general formula, that is:

Sxy(w)

Q(ejw) = Sy (CU)
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We need to calculate Sxy and Sy. We will first calculate Sy in terms of Sxy and see how
it simplifies the calculations. Let’s calculate Ry in terms of Rxy:

Ry[m] = E[Y[n](X[n] + V[n])]

_E[Y[nX[n—m] +E [;Y[n]X[n o 1]} _E BY[n]X[n —m—2

1 1
= Rxy[m]+ gRXY[m +1] - §ny[m +2].
After taking Fourier transform we get Sy:

Sy (w) = Sxvy (w) (1 + %ej“’ - ;ezj“’>

And the Wiener filter is given by:

Q) = 2 — 1

Sy 1+ lew— Lz
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Exercise 34.
The process X[n] is a real AR process:

X[n]=03X[n—1]—-04X[n — 2]+ 0.5X[n — 3] + W[n],

where W{n] is a white noise.

(a) What is the order of the above AR process?.

(b) Using Yule Walker equations, give the best linear predictor of order 2 of X([n], i.e. find a
and b in X[n] = aX[n — 1] + bX[n — 2] such that the residual ||e||2 = E[|X[n] — X[n]|?] is
minimized.

Solution 34.

(a) The AR process is of order 3.

(b) According to the Yule-Walker equations,

el s = R

Knowing that,
Rx[1] = E[X[n]X[n—1]]

= 0.3E[X[n —1]X[n —1]] — 04E[X[n — 2] X[n — 1]] + 0.5E[X [n — 3] X [n — 1]] + E[W[n]X[n — 1]]
— 0.3Rx[0] — 0.4Rx[1] + 0.5Rx[2],

and

Rx[2] = E[X[n]X[n—2]
= 0.3E[X[n—1]X[n —2]] — 0.4E[X [n — 2] X [n — 2]] + 0.5E[X [n — 3] X [n — 2]] + E[W [n] X [n — 2]]
0.3Rx[1] — 0.4Rx[0] + 0.5Rx 1],

one obtains

a ~ 0.133
b ~ —0.333.
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Chapter 4

Adaptive Signal Processing

Exercise 35.
Consider the following schematic diagram:

|
| |
I D :
: T '
|
: S0 —= ho |
| I N

I g
| AN :
: S| —= hi |
+ |

|

1 |
| O— ¢ |
+ I
: 2 —= ho |
|
| |

The processes Sy[n], S1[n], S2[n] are zero mean white processes, uncorrelated and with variance
1. The filters hg, hi, ho are causal time invariant linear filters. We know that Hy(z) = 1+ 271,
while the filters hy and ho are unknown. The filter gq is also causal and time invariant and the
transfer function has the structure

-1 -2 -3
Go(z) =apz” " +a1z27“ +azz" 7,

where ag, a1, az are unknown parameters. The filter g; has transfer function G1(z) = 1+ 271,
We want to estimate the process D[n]; unfortunately, the elements and the processes inside the
rectangle in dashed line are not accessible. Only the processes Xy[n], X1[n] can be measured
and used for the estimation. Some measurements allows to say that the spectral density of the
process X [n] is given by

Sx, (w) =2+ 2cosw.

59
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(a)

Propose a scheme to estimate D[n] based only on the observation of the processes Xg[n],
Xi[n]. (State clearly the error process E[n| whose variance is to be minimized by the
adaptive filter(s).)

Which is the filter length that you would choose for the adaptive filter(s)? Justify your
answer.

Assume that the lenght of the adaptive filter(s) is L = 4. What is the range of the step-size
that we can consider for the LMS algorithm (steepest-descent range)? Which is a more
conservative range?

Solution 35.

(a) The process D[n] can be estimated by the following adaptive filter which uses the least-

mean-squares (LMS) algorithm.

| |
| |
| |
| |
: SO —= ko !
|
: 20 ++& | X0 + ~ En]
' DI Vi I -
| S1 —= hi ' Y
! y ol X ] Y]
: §2 ——= h2 B :
| D2 |
L o e e e e e e e e e e e e e e e e e e 2 |
Figure 4.1: Scheme 1.
The cost function to be minimised by the filter is given by
Jn =E[E[]?] = E[(Xo[n] —Y[n])?] =E[(D[n] + V[n] — Y[n])?]
= E[D[n]’] + 2E[D[n](V[n] — Y[n])] + E[(V[n] — Y[n])?]

E[D[n]*] + E[(V[n] — Y[n])?].

Note that D[n] and (V[n] — Y[n]) are uncorrelated and zero mean processes.

An alternative (and maybe more intuitional) scheme is given in Fig. where we first
estimate the process D;[n] by using a Wiener filter and then pass these estimates through
an adaptive filter (LMS) which again minimizes the cost function

Jn = E[E[n]’] = E[(Xo[n] — Y [n])*] = E[D[n]*] + E[(V[n] — Y [n])?]

but the input to the adaptive filter is now the estimated process Dy [n].
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| |
| |
| |
b so ——={ 1o :
I 20 % : X0 + E[n]
| o [ ] D
| S1 —= hl " | A
| gl X1 l Wiener Dicap = f Yinl
+ | filter
: S2 —= h2 B |
| D2
| |
Figure 4.2: Scheme 2.
The Wiener filter is given by
W(ejw) _ SD1X1 (w) )
SXI (OJ)

We know that the spectral density of the process X[n] is given by
Sx, (W) =2+ 2cos(w) = (1 + &) (1 +e77%)
and the cross corelation of the processes Dj[n] and X;[n] can be found as
Rp,x,[m] = E[Di[n +m] Xy [n]]
Difn +m] (Z g1[K](Dr[n — k] + Da[n — k]))]

keZ

=E

= q1[k] (E [D1[n + m|D1[n — K]} + E [D1[n + m] Da[n — k]])
keZ
= i[klRp,[m + K]
keZ
= RDl [m] + RDl [m + 1]
where to obtain the last equality we used the fact that the impulse respose of the filter g;

is given by gi[n] = d[n] + d[n — 1]. Taking the Fourier transform of this expression and
using the filtering formula yields,

SD1X1 (OJ) = (1 + ejw)SD1 (w)
= (1+ /)| Hy(e!)[* S5, (w)
= (14 &79)%(1 +e79%).
Hence the Wiener filter is given by

SD1X1 (w)

=1+ &%,
Sx, (W)

W(elw) =



62

Chapter 4.

In part (b) of the exercise we will see that the optimum solution for the adaptive filter in
the first scheme actually decomposes into the structure in the second scheme.

The optimal lenght for the adaptive filters can be determined by looking at the lenght of
the optimal solutions for the filters. We concantrate on the first scheme given in Fig.
Let f* denote the optimal solution for the adaptive filter in Fig. and F(e’“) denote its
transfer function (Fourier transform of f*). Thus,

Jwy SXOXl(w)
F(e )_ SX1<UJ)

and we have
Rx,x,[m] = E [Xo[n +m] X1 [n]]
E[(D[n +m] + agDi[n +m — 1] + a1 D1[n + m — 2] + azD1[n + m — 3])
- (D1[n] + Da[n] + D1[n — 1] + Dan — 1])]
= GORDI [m — 1] + alRpl [m — 2} + angl [m — 3]
+ aoRDl [m] + alRpl [m - ].] + agRDl [m — 2}

Note that D[n], D1[n] and Dsy[n] are uncorrelated processes. Taking the fourier transform,
Sxox, (W) = (1 +e799)(ag + are ™ 4+ ase™%“)Sp, (w).
Recalling that Sp, (w) = (14 €/¥)(1 + e77¥) = Sy, (w) we obtain

F(e7*) = (1 +e779)(ap + are 7% + age2%) (4.1)
=ag + (ap 4 a1)e ™ + (a1 + az)e™ % 4 aze™ 3%
= (14 e/)(ape™% + are™ 2% 4 age31¥)
(4.2) shows that the optimal filter f* has four taps, hence our choice for the length of
the adaptive filter in Fig. should be L = 4, while (4.3) shows that the the optimal

solution for the adaptive filter in Fig. decomposes in to the structure in Fig. [£.2] since
F(e?v) = W(e?¥)Go(e??).

Rx, [m] = 20[m] + é[m — 1] + d[m + 1]

Thus,
2 1.0 0
1 2 10
Bxi=109 1 21
00 1 2

Using Matlab, one can see that the maximum eigenvalue of Rx, is 3.6180. Hence 0 < p <
2_ —0.5528. A more conservative range will be 0 < p < % = 0.25.
X1

Amaaz
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Exercise 36.
Consider the following matlab script

hdeterministic = [1 1]°;

hrandom = 5; % number of random terms that have to be identified
hlen = hrandom + length(hdeterministic) - 1; % length of the filter that
we should identify

BigNumber = 2000; % number of samples that we process
FilterChangeStep = 200; % the filter that we identify changes every
FilterChangeStep samples

eprocess = zeros(BigNumber, 1); % error value for each estimated sample
noisestd = 1e-3; % noise standard deviation

xvector = randn(hlen, 1); % xvector contains the last hlen samples of
the input process

%%% ADD HERE

%initialization of filter f for the first iteration
% (vector of size hlen x 1)
f = zeros(hlen, 1); % this is an example

%%% END ADD

% main loop

for n = 1:BigNumber,
x = randn(1,1); % new sample of the input process
xvector = [x; xvector(l:end-1)]; % update xvector
% check if the filter has to be changed

if rem(n, FilterChangeStep) == 1,
h = conv(hdeterministic, rand(hrandom, 1));
end;
d = h’*xvector + noisestd * randn(1,1); % desired process

f’xxvector; % current estimate
d - y; % current error

y
e

%%% ADD HERE

% update of filter f for next iteration

% YOU ARE NOT ALLOWED TO USE VARIABLE ’h’

£ =

%%% END ADD

eprocess(n) = e; % save e for final statistics

end;

figure; plot(eprocess);
fprintf (1, ’The average error variance is %f’, mean(eprocess.”2));
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The goal is to complete the program in order to minimize the variance of the error process
(variable “eprocess”) by finding an appropriate filter “f” according to the following rules:

- You cannot use the variable “h”, which corresponds to the filter that has to be estimated.
- You cannot modify the other variables of the program (only f or your own variables).

- Needless to say, you shall not cheat by playing with the seed of the random number gen-
erator!

This is a ‘free’ exercise, that is, there is no unique correct answer to the problem. One can find
different solutions to this exercise, with different complexity and performances. You should try
to find the best solution for the problem by using all the information that is available to you on
the structure of the identified system.

Do not forget to write comments and if necessary explanations on what your Matlab code does
and give a sample output of your program (as well as the code itself).

Solution 36.
Here is one solution we suggest for the problem but you might come up with solutions that
perform better than the one below:

hdeterministic = [1 1]7;

hrandom = 5; % number of random terms that have to be identified
hlen = hrandom + length(hdeterministic) - 1; % length of the filter that we should identify
BigNumber = 2000; % number of samples that we process

FilterChangeStep = 200; % the filter that we identify changes every FilterChangeStep samples
eprocess = zeros(BigNumber, 1); % error value for each estimated sample

noisestd = 1e-3; J noise standard deviation

sigmax = 1; % input process standard deviation

xvector = randn(hlen, 1); % xvector contains the last hlen samples of the input process

%%% ADD HERE

%initialization of filter f for the first iteration

% (vector of size hlen x 1)

%f = 0.5 * ones(hlen, 1); % this is an example

frandom = 0.5 * ones(hrandom, 1); f = conv(hdeterministic,
frandom) ;

%%% END ADD

% main loop
for n = 1:BigNumber,
x = sigmax * randn(1,1); % new sample of the input process
xvector = [x; xvector(l:end-1)]; % update xvector
% check if the filter has to be changed
if rem(n, FilterChangeStep) == 1,
h = conv(hdeterministic, rand(hrandom, 1));

end;

d = h’*xvector + noisestd * randn(1,1); J observed process
y = f’*xvector; J, current estimate

e =d - y; % current error

%%% ADD HERE

% update of filter f for next iteration
% YOU ARE NOT ALLOWED TO USE VARIABLE °’h’
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xrandom = conv(hdeterministic, xvector);
xrandom = xrandom(length(hdeterministic):end-length(hdeterministic)+1);
mu = 2 / hrandom / (sum(conv(hdeterministic(end:-1:1), hdeterministic)) * sigmax~2) / 2;
% mu=2/L/ S_max / 2
frandom = frandom + mu * e * xrandom;
if rem(n + 1, FilterChangeStep) == 1,
frandom = 0.5 * ones(hrandom, 1);
end;
f = conv(hdeterministic, frandom);
% f =1f + 0.1 % e * xvector; % this is an example

%%% END ADD

eprocess(n) = e; % save e for final statistics
end;

figure; plot(eprocess);
fprintf(1, ’The average error variance is %f’, mean(eprocess.”2));
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Exercise 37.

Consider the following diagram:

C

| |

| |

| |

| SO0 —= h0 |

| |

| |

| + |

[ +N | X0
S1 hl g

| Yo

| |

| |

| |

[ h2 . X1

| |

| |

The processes Sp[n], Si[n] are jointly Gaussian, uncorrelated, white with zero-mean and unit
variance. The filters hg, hy, ho have z-transforms

1
Hy(z)=1-="",  Hi(z)=1+z"  Hf)=1+5z"

respectively. The filter g is not completely specified. We only know that:

1)
2)

It is stable.

The z-transform of g has the form

G(z) = ! '

agp+ a1z 14+ asz™

where ag, a1, as are unknown real constants.

Answer precisely the following questions:

1)
2)

Are the processes X[n], X1[n] Gaussian? Are they stationary?

Propose an algorithm that, by using only the measurements of the processes Xy and X1,
estimates the coefficients ag, a1, as of G(z). Remark: You should give enough information
to be able to write a computer program, for example use a “pseudo code”. For the adaptive
elements, if any, computation of the step size will be addressed in the next question.

Assume by some means that we are able to estimate that the variance of the process Y,
0% is in the range 1 < 0% < 2. In such a case, what is a reasonable range for the step-size

of the adaptive elements used in the previous answer?

Consider the maximum step-size p* computed in the previous question. Compare the
behavior of the algorithm when we take a step size p*/2 and p*/10. (Explain in words
how the behavior of the algorithm differs when we use these two different values for the
step-size.)
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Solution 37.
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Exercise 38.
Consider the following diagram:

Di[n]

V, [n] H, T Xo[n]

Vi 8~ Sy
,¥S[Hl

V,n] — @

V, [n] H, + X, [n]

where Hy and H; are causal filters with the transfer functions:
Ho(z) =1+ 271,

Hi(z)=1-2z""

Vo, V1, Vo and V3 are white stationary processes, uncorrelated, jointly gaussian with zero mean

and the variances

2 1 2 2
UV() =1 le =1 UVZ =2 JVB =1.

The switch Sy is in the position 1 when the time index n is even and 2 when n is odd.

(a) Is Xo[n] Gaussian process? Is X[n] wide sense stationary process? Compute the correla-
tion of Xg[n].

(b) Determine the optimal filter that estimates the process D[n], i.e. D[n], given the observa-
tion of the two samples Xy[n] and Xo[n — 1].

(c) Determine the optimal filter that estimates the process S[n], i.e. S[n], given the observation
of the two samples X;[n] and X;[n — 1].
How can we use such an estimator to determine an estimate of D[n]? Compare this solution
with the one obtained in question 2), which one would you prefer?

(d) Consider the output of the system as a vector X [n] = [Xo[n]X[n]]" and give the expression
for the optimal estimator of D[n] based on the two observation of X[n] and X[n — 1].

Hint: Write the estimator as
ﬁ[n] = zo)_([n] + ﬁlX[n —1].

Recall:

Solution 38.
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(a) We have:

Xoln] = Vo[n] 4+ Vo[n — 1] 4+ S[n| =
_ { Voln] + Voln — 1] + Vi[n], nis even
1 Voln]+ Voln — 1] + Va[n], nis odd

Process Xy[n] is a sum of two processes D[n] and S[n] that are Gaussian at every instant.
Therefore, Xy[n] is Gaussian, as well. To check if the process is wide sense stationary we
compute the mean and the variance.

E[Xo[n]] =0

E[Xo[n]Xo[n]] = E[(Voln] + Vo[n — 1] + S[n])(Vo[n] + Vo[n — 1] + S[n])]
_ | 20y, +0p,, niseven
~ | 20y, + 07, nisodd
We can see that S[n] is not a wss process and consequently Xo[n] is not wss.

In order to compute the correlation of Xg[n| we need first to compute the correlation of

Sln).

E[Vi[n]Vi[m]] = 6[n — m]o},, n and m are even
sl m] = Bistalsinl = § gyt = s o, e
E[V2[n]Va[m]] = 6[n — m]of,, n and m are odd
Then,
Rxo[n,m] = E[Xo[n]Xo[m]]
= E[(Wo[n] + Voln = 1] + S[n])(Vo[m] + Volm — 1] + S[m])]
= 2C’V0 [n— m]+UV6[ —1-m ]Jravoé[nferl]JrRS[n,m]
20, 0[n —m] + avlé[ —m], n and m are even
= { 20%, 6[n —m] + o7, 5[n—m], n and m are odd
oy, 0[n—1—m]+ oy, dn—m+1], otherwise

(b) We define the cost function as:

Tmin = B[ D[n] = fulk)Xo[n — k]|?].
k=0

The optimal filter is given by:

B R S Y P

where
Rpx,[n,m] = E[D[n]Xo[m]] = E[D[n](D[m] + S[m])] = Rpln,m] + Rps[n,m],

Rp[n,m] =207, 6[n —m] + oy, 6[n — 1 —m] + oy, 6[n — m + 1],
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Rpsg[n,m] =0 for all n and m
Then, when n is even we have:
{ f(0) } B [ 2% +o% 0% ]—1 [ 203, } N [ 7/11 ]
fn(1) o, 200, + 0, ot 1/11 |”
and when n is odd we have:

Fa(0) ] [ 202 + 0% o2 202 ] [5/11
=T e ] L = )

We define the cost function as:

k=0
The optimal filter is given by:
[ Fn(0) ] _ { Rx,[n,n] Rx,[n—1,n] }‘1 [ Rsx, [n,n]
fau(1) Rx,[n,n—1] Rx,[n—1,n—1] Rsx,[n,n — 1]
where
Rx,[n,m] = E[Xi[n]X1[m]]

= E[(Vs[n] — Vs[n — 1] + S[n])(Vs[m] — Vs[m — 1] + S[m])]
= 20{,0ln—m]—oy,6[n—1—m]—oy,86n —m+ 1] + Rg[n,m]

20, 6[n — m] + a7, d[n — m), n and m are even
= 207, 6[n — m] + o7, 0[n —m), n and m are odd
—oy,0ln —1—m] — oy, 6n—m+1], otherwise

Rsx,[n,m] = E[S[n] X1 [m]] = E[S[n](Vs[m] — Vs[m — 1] + S[m])]
oy, 6n —m] n,m even
= Rg[n,m] =< 0% 6n—m] nmodd
0 otherwise

For even n we have:

(-1 it ) T4 )-138)

and when n is odd we have:

{ (0) } _ [ 209, 4%, oy ]_1 [ o7, }

fn (1) B Oy, 20‘2/3 + 0\2/1

The estimated of D[n] can be determine as:

9
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(d) The optimal filter is obtained in the same way as before

D=L b ] Lty

where

et =R || S0 st o] = [ g00R RA

and
RDXO [n, m] :l )

Rpx[n,m] = { Rpx, [n,m]
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Exercise 39.
Consider the following schematic diagram:

S[n]
S_W

V_0[n]
Din]
4\.— -

-
-
-
-

V_ilnl ¢

X[n] Y[n]

O~
|

The two processes Vy[n] and Vi [n] are zero mean jointly Gaussian, they are mutually uncorrelated
and their self correlation functions are

Ry, [n] = E[Voln + m]Vo[m]] = piy",

Ry, [n] = E[Vi[n + m]Vi[m]] = p|".

In the following we will take pg = 1/2, p; = 1/3. The switch Sy selects one of the two processes
to generate the “desired” process D[n] that has to be estimated. The measurements are obtained
by filtering D[n] with the filter H(2) = 1+ 2~! and adding the noise process S[n], which is i.i.d,
zero mean, jointly Gaussian with V5 and V7 and with variance 0'?9 = 1. The measurement process
X|[n] is filtered by the time-varying filter f, of length L = 3 to obtain the estimate Y[n]. The
goal is to minimize the variance of the estimation error E[n] = D[n] — Yn].

(a) Assume first that the switch is in the position “0” (i.e. D[n] = Vy[n]). Write the normal
equations for the filter f,, and find the optimal linear filter. Is this a Wiener filter? Compute
the estimation error variance, E[E[n]?]. Do the same with the switch in the position “1”.

(b) Assume now that the switch is in the position “0” for the even samples and “1” for the
odd samples. Do the following steps:

(a) Compute the correlation function Rp[n, m| = E[D[n]D[m]]. Is the process D[n] sta-
tionary?

(b) Compute the correlation functions Rx [n, m| = E[X[n]X [m]] and Rpx[n, m] = E[D[n]X[m]].

(c) Write the normal equations for the even and odd time indexes. Find the optimal
linear filter and the error variance for the two cases (even and odd time indexes) and
compare them with the result of question a).

(¢c) Assume that the position of the switch is chosen randomly and independently for each
sample. The probability of position “0” is po = 1/2. Compute again the correlation
Rp[n,m] = E[D[n]|D[m] and check if the process is stationary. Compute the optimal linear
filter in this case and compare the answer with the results of question b).

Solution 39.

(a) We want to minimize the error
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where

If we define the cost function as
Jn = E[E[n)?],

than it has a unique minimum which can be found by setting the first derivative to zero.
Following the steps that are given in the section 4.2.1 of the lecture notes, we find that the
normal equation is:

L—-1

> falilRx[n—j,n—i] = Rpx[n,n—i] i=0,....L—1, VneZ
j=0

Now, we compute Rx[n — j,n —i] and Rpx[n,n — i for the case where D[n] = V;[n].
Rx[n—jn—i = E[(h[0]Von—j]+h[1]Vo[n —j—1]+ S[n—j])
(h[0]Vo[n —i] + h[1]Vo[n — i — 1] + S[n — i])]
= 2Ry [i —j]+ Ry li — j + 1] + Ry [i — j = 1] + 050[i — j]
e I S ST

Rpx[n,n—i] = E[Wn]- ((h[0]Vo[n — ] + h[1]Voln —i — 1] + Sln — i)
= RVo[i]—'_RVo[i—'_l]

R
= o+

We can see that the processes D[n] and X|[n] are stationary BUT the filter f,, is not a
Wiener filter since we limit the length of the filter to be L = 3.

From the Yule-Walker equation we have

—1
fn= RX’nTDX,n'

fal0] 24200+1  200+1+p3 203 +po+p3 ] [ 1+
fll] | =] 200+1+p5 24+2p0+1  2po+pf+1 po + P
fnl2] 208+ po+p5 200+ 1+p3 242p0+1 g+ P

Changing the py = 1/2 we get
fn=1[0.3944 —0.0361 0.0031]7.

We compute E[|E[n]|?] from the formula:

E[|ER]’] = E[D[n] - f7Xn)’]
= o+ fTRxf—2f"rpx

Then, we can find
E[|E[n]|*] = 0.4343.
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When the switch is in the position “17”, all the steps are the same and we need to change
Vo to V. In that case we have,

fn[0] [24200+1  200+1+p7 207+ +p | [ 1+m
fnl1] = 201+ 14+p7 2420141 2p1+pi+1 p1+ pi
fal2] | 203+ 08 20+ 1497 24201 +1 P2+ o
0.3999
= —0.0797
0.0144
and
B[ B[] = B[(Dln] — /7 X,)?) = 0.4912.
(b) - We need to distinguish the four cases:
p‘onfm‘ n, m even,
RD[n,m} = \1n—m\ h, m Odda
n even, m odd,
0 n odd, m even.

Clearly, the process D[n] is not stationary.

- Let us call Dy[n] =3, h[k]D[n — k| = D[n| — D[n — 1]. Then

Rx[n,m] = E[X[n]X[m]] = E[(Dx[n] + S[n])(Dp[m] + S[m])]
= Rp,[n,m]+ Rs[n,m] = Rp, [n,m] + c%5[n — m]

and

Rp,[n,m] = E[D[n]+ D[n —1])(D[m] + Dim —1])]
= Rp[n,m]+ Rp[n,m — 1]+ Rp[n,m — 1]
+Rpln—1,m]+ Rp[n—1,m — 1]

pgn7m| +0+0+ pllnfm‘ n, m even,

P 0404 plr n, m odd,

0+ pir ™ 4 plr=m=1 L 0 1 even, m odd,

0+ p‘1n7m+1‘ + p‘onfmfll +0 nodd, m even.

The correlation Rpx is equal to

Rpx[n,m] = E[D[n]X[m]] = E[D[n](D[m] + Dlm — 1] + S[m])]
= Rp[n,m]+ Rp[n,m — 1]
pl]nfml +0 n, m even,
|n—m|

P1 +0 n, m odd,

0+ p‘on_mﬂ‘ n even, m odd,

0+ p‘lnfmﬂ‘ n odd, m even.

Clearly, the process is not stationary.
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We have the normal equation

L—-1
> falilRx[n—j,n—i] = Rpx[n,n—i] i=0,....L—1, Vnel

Jj=0

and to evaluate Rx and Rpx, we need to consider the cases when n is even and n is
odd.

Let us, for example, consider the case when n is even. Then,

—1

f=0] [ Rx|[n,n] Rx[n —1,n] Rx[n —2,n] Rpx|[n,n]
fall] = Rx[n,n—1] Rx[n—1,n—1] Rx[n—2,n—1] Rpx[n,n —1]
ful2] | Rx[n,n—2] Rx[n—1,n-2] Rx[n—2,n—2] Rpx([n,n — 2]
3 1493 R+ ][ 1
= | B+1 3 1+p I
R S %

and we compute
fn=10.3644 —0.0963 0.0752].

Applying the same formula for computing the error as in the previous part, we get:
E[|E[n]|?] = 0.6409

The process D[n] is not stationary and this explains why the error is larger than in
the part a) for both D[n] = Vy[n] and D[n] = Vi[n].

(¢) Since the position of the switch is randomly chosen we can introduce the random variable
Sw [n] that describe the position of the switch. Positions p0 and pl appear with the same
probability of 1/2. To compute Rp[n, m| = E[D[n]|D[m]], we can use the following formula:

Ef(D)] = E[E(D)Sw]
= JESODsw = (0,0)] + JES(D)lsw = (0,1)]
FELD)lsw = (1,0 + JEIA(D)sw = (1, 1]
Then

Rp[n,m] = E[D[n]D[m]

The process is stationary.

To compute the optimal filter we need:

E[X[n]X[m]] = E[(D[n] + D[n — 1] + S[n])(D[m] + D[m — 1] + S[m])]
2Rp[n —m] + Rp[n —m + 1]+ Rp[n —m — 1] 4+ 02d[n — m],

Rx[n,m]
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and

Rpx[n,m] = E[D[n]X[m]] = E[D[n](D[m]+ D[m — 1] + S[m])]
Rp[n —m]+ Rp[n,m —1].

Changing in the normal equation we get:

f10] 2.4167 1.0069 0.4294 1" [ 0.7083 0.2923
f[1] | = | 1.0069 2.4167 1.0069 0.2986 | = | 0.0010

0.4294 1.0069 2.5167 0.1308 0.0018
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Exercise 40. WIENER AND ADAPTIVE FILTERS
Consider the system in the figure below.

receiver user
s—{ & 1+ ;
Al |
'Y Hs !
71— & -y
W —— H,

Signals S[n], I[n] and W[n] are centered (zero-mean), i.i.d., jointly Gaussian and uncorrelated

random processes, with variances 0%, 07 and o, respectively. Furthermore, filters Hy(z), Ha(2),

Hjs(z) and Hy(z) have the following forms:

Hy(2) 1+az"?
Ho(z) = 14apz?
Hy(z) = 14azz*
Hy(z) = 14agz"".

1 Give the power spectral densities of processes X[n] and Y[n].

2 Assuming you are given access to the interfering signal I[n], show how you would connect
an adaptive filter to remove the interfering signal I[n] from the user signal Y'[n]. What
would be the length of the adaptive filter?

3 (Comment) What would be needed for estimating the signal S[n] from the signal Y [n]
optimally in the mean squared error sense?

Solution 40.
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Chapter 5

Spectral Estimation

Exercise 41. AR ONCE AGAIN
Consider a centered (zero-mean) real-valued AR process { X}, verifying the equation

Xn+1]=aXn]+Wn+1], nclZ
where
-a€R,la <1,

- W{n] is a real-valued white noise (i.e., a sequence of i.i.d. random variables), centered,
with variance o2 > 0.

We now observe a realization z[n] of the AR process X[n] and we would like to estimate the
power spectral density.

(a) Describe precisely a parametric method for estimating the power spectral density of the
AR process X|[n].

(b) Suppose you can choose to observe either 100 or 1000 realizations of X[n]. How many
realizations would you choose for your spectral estimator? Justify your answer precisely.

(¢) Propose a recursive method for estimating the power spectral density of a more general

AR process
N—1

Xn+1]=> a;X[n—il+Wn+1], neci.
i=0
(d) Compare the computational burden of the recursive method with the one of the direct
approach.

Solution 41. AR ONCE AGAIN
(a) Using the symbolic notation we can express the process X[n] as

X[n+ 1] =aX[n] + W[n + 1],

X[n+1](1—az"')=W[n+1],

79
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#W[TL+ 1].

Xln+1] = 1—az"1

Then, the power spectral density Sx (w) is given as:

1 2 1 2
—— o = o’
|1 — ae=iv|? 1+ a? —2acosw

Sx(w) =

We need to estimate a and w?. The two parameters can be estimated using Yule-Walker
equations.

Since the noise is white and centered then it is always better to use more realizations for
estimating the covariance matrix used in Yule-Walker equations.

The power spectral density of a more general AR process can be estimated by first esti-
mating the parameters aq, . ..,ay_1 with Levinson’s algorithm, by starting with a one-step
predictor, and iteratively computing the coefficients of higher-order predictors until the co-
efficients of the N-th order predictor has been determined.

In the case of having a model whose order N is known a priory, the computational com-
plexities of both using Levinson’s recursive algorithm and directly solving Yule-Walker
equations are O(N?). However, in the case where the model order N is not known a
priory, the computational complexity of Levinson’s recursive algorithm stays the same,
whereas the complexity of iteratively solving Yule-Walker equations for different orders n,
until the right order N has been found, is O(N3).
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Exercise 42. ANNIHILATING FILTER METHOD vs. MUSIC
Assume that we have a random process X [n] that is composed of 3 complex sinusoids:

3
X[n] = Z O%ej(QWfknJr(")k)7
k=1

where (f1, fo, f3) = (0.2,0.3,0.4), (a1, @z, a3) = (1,2, 3) and the phases ©, are stationary random
variable, independent and uniformly distributed over [0,27). The signal is affected by additive
zero-mean white noise with (7‘2,1,7 independent of X[n]. We have the access only to the noisy
realizations, i.e.

Y[n| = X[n] + Win].

(a) Simulate 20 realizations of Y[n] when o3, = 1 and from this realizations estimate the
frequencies fr and the weights aj of the sinusoids using:

(a) annihilating filter method,
(b) MUSIC method.

(b) Do the same steps when ¢, = 4 and compare the two methods.

(c) Assume that the signal X[n] is deterministic, i.e. the phases ©) are known. We want
to estimate fr and aj. Can we now use the annihilating filter method and the MUSIC
method? Point out the differences.

Solution 42. ANNIHILATING FILTER VS. MUSIC

(a) In Matlab we have the following code:

% Signal X
c=[123]; £f=1[1.2 .3 .4]; X = zeros(1,30);
% We have 20 realizations of the process
for i = 1:20
theta = 2*pi*rand(1,3);
W = 1*randn(1); % or 4*randn(1);
% We choose 30 samples from each realization
n = 0:29; X(i,:) = c.*exp(j*theta)*exp(j*2*pi*f’*n) + W;
end

% ANNIHILATING FILTER METHOD

% In this part we can only use one realization
X1 = toeplitz(conj(X(1,3:29)’), X(1,3:-1:1));

Xr = -conj(X(1,4:30)’);
h = pinv(X1)*Xr; root = roots([lconj(h’)]1);

% frequency estimates
fe = phase(root)/2/pi
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% weight estimates
nl = [ 01 2]’°; ce = abs(inv(exp(j*2*pi*nixfe’)) *conj(X(1,1:3)’))

% As the result we have that the frequency the sinusoid with the amplitude
% 1 and frequency 0.2 is not well estimated since it is usually barried

% into the noise. The estimation accuracy for the weights are usually very
% poor.

% MUSIC

% First, we estimate the covariance matrix.
R = zeros(5,5);
for p = 1:20 % 20 realizations

for k=5:30 7 30 samples

R =R + conj([X(p,k) X(p,k-1) X(p,k-2) X(p,k-3) X(p,k-4)]1)’*
[X(p,k)’ X(p,k-1)’ X(p,k-2)’ X(p,k-3)’ X(p,k-4)’];

end

end

R = R/26/20; ' average over the number of samples {1/(M-N)} and number of realizations

[G s V] = svd(R);
Gnoise=G(:,4:5); ’ the eigenvectors that correspond to the noise space

% plot the function in 100 points
n2=[0123417; for k = 1:100

root_music (k)=exp (j*2*pi*(k-1)*n2/100) *Gnoise*Gnoise’ *exp (j*2*pi*(k-1)*n2/100)’;

music(k) = 1/real(root_music(k));
end

figure; plot([0:1/100:1-1/100], real(root_music));

% The frequencies of the zeros of the plot correspond to the frequencies of
% the signal X.

figure; plot([0:99], music);

% The frequencies of the peaks of the plot correspond to the frequencies of
% the signal X.

% The weights can be estimated in the same way as for the annihilating

% filter method or also using the equation (5.15) from the lecture notes.

% The second option is more stable to noise since we are "substracting" the
% noise component.

The annihilating filter method can be used in the same way as for the previous case. The
MUSIC method can be used as well. The only difference would be when estimating the
weights because we cannot use straight forward the equation (5.15) from the lecture notes
(try to see why).
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Exercise 43. LINE SPECTRUM ESTIMATION: THE DUAL PROBLEM
Let x(t) be a continuous periodic signal of period T,

M—-1

x(t) = Z Z arpd(t —nT — ty)

n€Z k=0

where 6(¢) is a Dirac delta function. Assume that you want to use the annihilating filter method to
estimate parameters t;, k =0... M —1 from an appropriate set of the Fourier series coefficients.

(a) Compute the Fourier series coefficients Z[n] of z(t).

(b) Write a system of equations that allows you to find ¢; for M = 3. What is the minimum
number of Fourier series coefficients required for a unique solution?

(¢) How does the noisy case differ from the previous case, where the presence of noise was not
considered?
Solution 43. SPECTRAL ESTIMATION

(a) The Fourier series coefficients of z(t) are given by

(b) For M = 3, we have

1 or om o
f[m] — f(aoe—J%mto + ale—]%mtl + aze—]%mtr‘»)

Using the annihilating filter method, we will choose a filter of length 4 being [1, hy, ho, h3).
We have then H(Z)X (m) = 0. In matrix notation we get

23 22 @ 2] ]111 0
74 @3 a2l e ||y =10
#b) 7l @ a2 | ) 0

We thus need at least 6 components of Fourier series coefficients to have a unique solution.

(¢) As already discussed in class, the anhilating filter method is not robust to addition of noise.
For small variance of the noise and large values of the aj coefficients, the algorithm will
still perform well, but as soon as the SNR becomes too small, the algorithm cannot be used
anymore.
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Exercise 44. NUMERICAL ANALYSIS OF THE PERIODOGRAM (MATLAB)
Consider an AR(1) process X[n] = ¢X[n — 1] + W[n]| where ¢ < 1 (take ¢ = 0.9, X[0] = 1) and
W to be an i.i.d. normally distributed noise of zero mean and unit variance.

(a)

Write a function pergram that computes a periodogram R,(e?“) of a process of length M.
Consider first the signal without noise X[n] = ¢X[n — 1]. For M = 256, 512,1024 plot in
logarithmic scale R, and compute the variance of R,. Comment on your results. Repeat
the experiment for the noisy signal X[n] = ¢X[n — 1] + W[n]. Does the variance decrease
as you increase M? Explain your answer.

Compute the averaged periodogram of N = 4 segments of size L = 256. Plot the result,
and compute its variance. Did the variance decrease with respect to the M = 256 case in
the exercise 4.1.7

Add a sinusoid s[n] = Asin(27n/F) to the signal X, with A = 5, F = 10. Compute and plot
the periodogram of the new signal for M = 256, 512,1024. What do you notice? Compare
the resulting component corresponding to the sinusoid with the component corresponding
to the AR process. Repeat the experiment with the averaged periodogram. How do the two
components mentioned above modify? Next, add one more sinusoid s[n] with amplitude A
and with a frequency close to the frequency of s[n] (F). Repeat the above experiment and
comment on your results.

Solution 44. THE PERIODOGRAM

(a)

The variance of the periodogram R,(e’*) does not decrease when the number of samples
are increased. This can be directly observed from the fact that the fluctuations in the
plots do not decrease as M increases from 256 to 1024. The variance of the periodogram
Var(R,(e7“)) can be computed by considering several realizations of the process X [n] and
looking at the value of R,(e/*) for fixed w.

The spectrum gets smoother by averaging and the variance decreases.

The harmonic is well detected, while the spectrum of the AR signal is noisy. Averaging
especially helps to smooth the component corresponding to the AR signal. When adding
a second harmonic, if the resolution is not large enough, the two harmonics confound on
the spectrum and are not detectable separately.
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Exercise 45. ALINGHI I: VIBRATION CONTROL IN HIGH TECH SAILING BOATS (20 points)
High tech sailing boats, like Alinghi’s one, are built using very sophisticated light materials that
work in critical conditions, close to their break point. During the preliminary testing of the boat
prototypes it is of foremost importance to accurately monitor the working conditions of such
materials.

In view of the next America’s cup challenge, one of the competitors is already performing sea
testings of a new boat measuring the vibration of the hull and asked us to perform the data
analysis.

We assume here that there are only three main vibrations in the boat hull and that we measure
them using three accelerometers, as depicted in the figure below.

accelerometer

accelerometer R

accelerometer

The vibration measured by the k—th accelerometer, & = 1,2,3, can be approximated by a
complex exponential at frequency wy, i.e., €™,

We would like use the tools available for WSSprocesses. To do so, we have to model the ac-
celerometer signals as a WSS.

1) By taking into account the uncertainty (randomness) on the origin of the complex expo-
nential, precisely write the signals of the three accelerometers as WSSstochastic processes
Vin], k=1,2,3.

In practice the signal of each accelerometer is not only composed of a single vibration but it also
affected by the interferences of the vibrations measured by the two other accelerometers. Such
interferences are often called “beats”.

Consequently, the overall signal measured by the three accelerometers can be seen as the sum of
the three complex exponential signals at frequencies wy, k = 1,2, 3, plus the “beats” term which
in our case is given by the sum of three complex exponentials at frequencies wy — w1y, w3 — wi,
w3 — wa, as depicted in the diagram below.
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Vibrations + Overall measured signal
at wy, wa, ws

“beats” term at
W2 — W1, W3 — W1, W3 — W2

Notice that the beats term is due to the interferences between the four measured vibrations.
Once again, we would like use the tools available for WSSprocesses and, to do so, we have to
model the overall signal as a WSS.

2) By taking into account the uncertainty (randomness) on the origin of the complex expo-
nential, precisely write the overall measured signal as WSSstochastic processes X|[n], and
compute its mean.

After several measurements, the technical team have empirically established that

£W<w <£TF ﬁ7'('<(AJ <ETF — T << w3y < T
100 '™ 100 100 2> 100 100 3

We are called to give a support to the technical team and our task is to provide a precise
estimation for the vibration frequencies. In particular, we have to

- estimate the three vibration frequencies w, k =1,...,3;

- estimate the beats frequencies ws — wy, w3 — w1, wy — wo in order to validate the beats
model.

We start by using the simplest tool we know: the periodogram
3) How many samples N are necessary to perform the above required tasks?

In order to reduce the variance of the periodogram we adopt a Blackman-Turkey periodogram
with a smoothing window. Such a smoothing window is non zero only over a support equal to
N/2, where N is the number of samples considered.

4) How many samples N do we need now to perform the above mentioned tasks?

5) What are the statistical properties of the Blackman-Turkey periodogram (variance, bias)?

Solution 45.
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Exercise 46. ALINGHI II: MAST STRESS ANALYSIS (16 points)

The Mast (the large pole used to hold up the sails) is definitively a critical component of the
sailing boat. Here again, the high technology materials used for its construction are pushed to
their stress limit. During prototype testings, the behavior of the Mast must be monitored so to
assure that it is properly dimensioned: if the mast breaks, the game is over (as for NZ team in
the 2003 edition).

= et -
= m T e O
e o o e

More precisely, we monitor the elongations of the Mast using a piezoelectric sensor positioned at
its middle point, as depicted in the figure below.

piezoelectric sensor

Much of the information on the mast stress is contained in the power spectrum of the signal
measured by the piezoelectric sensor. In particular such a power spectrum is smooth and can be
approximated by a fractional polynomial
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1

W= e

z=eiw

1) Assuming that the approximation of a smooth spectrum (fractional polynomial) is correct,
precisely describe a method for estimating the spectrum. More precisely we need to

1.a) Estimate the number of parameters describing the spectrum (order of the polynomial,
etc.)

1.b) Estimate the value of such parameters

1.c) Provide an estimation error

We then realize that the smooth spectrum (fractional polynomial) approximation is not exactly
correct.

2) How this will affect the estimation of the number and values of the parameters?

The technical team complains that the method you have proposed is too complicated and ask
you to use a periodogram based approach

3) Give precise arguments to defend your choice.

Solution 46.

(1) The mean is given by

4 1 1

Hy(z) = 24(_%)1@_1@ =T ) = Yy(z) = WX(Z)
3

X|[n] is WSS, so Yy[n] is WSS too.
(2) From above it is clear that it is AR process.
(3) Tt has exactly the structure of correlation of AR processes; referee to the lecture notes.

(4) To check if the impulse response is really given by hg[k], one needs to build up the analysis
filter and multiply it by the output of the system. The obtained signal should be white
noise.

(5) The wiener filter is the optimal filter that could be designed. The process is WSS and such
filter can be used.
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Exercise 47. WHITE NOISE PERIODOGRAM
Let y(t) be a zero-mean white noise with variance o2 and let

2
Y (wi) \FZ Jemdwnl wk:%k (k=0,...,N—1)

denote its (normalized) DFT evaluated at the Fourier frequencies wy,.

(a) Derive the covariances

ElY (wp)Y*(wy)], k,r=0,...,N—1

(b) Use the result of the previous calculation to conclude that the periodogram ¢(wy) =
|Y (wk)|? is an unbiased estimator of the PSD of y(t).

(c) Explain whether the unbiasedness property holds for w # wy, as well. Present an intuitive

explanation of your finding.

Solution 47. WHITE NOISE PERIODOGRAM

(a)

VN

= IS (wrl—wrm)
f— R —j Wet—Wrm
By > zo u |
N—
= 2SS B e

U25l7m6_J(Wkl_me)

N-—1

* 1 7’w wm

E[Y (we)Y*(w,)] = —m y(l)e 7! Zy
m=0

2 —jl2E (k—r)
=

1
= NJQN(S]C*T

o

= 02(5]6,7« .

2

(b) Since y(t) is a zero-mean white noise with variance o2, we know that its PSD is equal to

the variance:
Sy(w) =02,

To show that q@(wk) is an unbiased estimator of the PSD, we should show that its expecta-
tion is equal to the actual value of the PSD. We could do it in the following way:

E[gwr)] = E[Y(wr)l’]
= E[Y(wr)Y™(wr)]
= 025k—k

o2,
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(¢) Taking ¢(w) = |V (w)|? for any w, we can find the expectation of the estimator ¢(w) in the
following way:

Egw)] = E[lY(w)
B @Y @] = Bl S e LS g meen
\/N =0 N m=0
] N-IN-1
= Ely 0> yyt(m)e ™)
=0 m=0
] NoIN-1
= 5 2 2 By (m)le 0
=0 m=0
| N-IN-1
- 0'2(51 e—jw(l—m)
N =0 m=0
N—1
L, —jw0
= —0 e ¥
N 1=0
1
= NUZN
= 2.

Since the expected value of the estimator (ﬁ(w) is equal to the actual value of the PSD
Sy(w), it is unbiased for any frequency w.
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Exercise 48. WINDOW SELECTION FOR BLACKMAN-TUKEY METHOD

Consider the case when the signal is composed of two harmonic components which are spaced
in frequency by a distance larger than 1/N. If you were to use a Blackman-Tukey method for
spectral estimation, what window would you use if:

(a) The two spectral lines are closely-spaced in frequency, and they have similar magnitudes?

(b) The two spectral lines are not closely-spaced in frequency, and their magnitudes differ
significantly?

Solution 48. WINDOW SELECTION FOR BLACKMAN-TUKEY METHOD

(a) In order to discriminate between the two spectral lines of similar magnitudes spaced at
a distance slightly larger than 1/N, one needs to use a window which provides the best
spectral resolution, that is, the rectangular window (or the unmodified periodogram).

(b) Although using a window with high spectral resolution is beneficial, it has its downsides.
Namely, such windows have worse side-lobe attenuation, which in the case of Blackman-
Tukey method means that the spectral lines leak more energy to the surrounding frequen-
cies.

In the problem at hand, if the used window has low side-band attenuation, the spectral
line with significantly higher magnitude can leak enough energy to the frequencies around
the weaker spectral line as to make the weaker spectral line less pronounced and harder
to detect. In order to reduce the contribution of the more powerful spectral line to the
far-away frequencies, one should use windows which have a better side-lobe attenuation,
such as Hamming, von Hann, variants of Kaiser window etc.
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Exercise 49. SPECTRAL FACTORIZATION AND ESTIMATION
Let {X[n]}nez be a centered AR process with power spectral density of the form

b

S = , <1, <1,b>0,
x(@) (14 a? —2a; cosw)(1 + a3 — 2as cosw) 1] a2

where a1, as and b are unknown real-valued parameters.

(a) Give the canonical representation of the process X|[n]

Give the whitening filter P(z) and the variance o2 of the noise process {W[n]},cz.

(b) Give the procedure to determine the parameters a1, as and b of the AR process X [n], and
to estimate the power spectral density Sx (w).

Solution 49. SPECTRAL FACTORIZATION AND ESTIMATION
The power spectral density Sx (w) can be transformed in the following way:

Sx(w) = ’
(1+ a? —2a; cosw)(1 + a3 — 2as cosw)
_ b
1 —ae 2|1 — age—iw |2
b

[(1—aje=7«)(1 — agew)[2 "
(a) The power spectral density of an AR process has the form

1
S(w) = —=————03

)= e
where P(z) is the minimum phase whitening filter, and o3, is the noise variance. Since
lai| < 1 and |as| < 1, the polynomial P(z) = (1 — a1z~ 1)(1 — azz~1!) is strictly minimum
phase, and since b > 0, we can see that the PSD Sx(w) corresponds to an AR process
P(z)X[n] = W|n], whose whitening filter is given by

P(z)=1- (a1 + ag)z_l +ajaz272,

with the noise W[n| having the variance o3, = b.

(b) Making the substitutions p; = a; + a2 and ps = —ajas, we can write P(z) =1 — Pzt —
poz~2. The parameters p1, p» and b can be determined by solving the following Yule-Walker
equations:

b+ piRx[1] +p2Rx[2] = Rx[0]
leX[O] +p2Rx[1} = Rx[l]
piRx[1] +p2Rx[0] = Rx[2],

where Rx[0], Rx[1] and Rx[1] are the empirical correlation estimates at lags 0, 1 and 2.
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Once the parameters p;, p2 and b have been determined, the parameters a; and as can be
determined by solving the non-linear system

a1 +az = p1
ajaz = —pP2,

under the constraints that |a1| < 1 and |az| < 1. Furthermore, the estimated power spectral
density Sx(w) has the form

b

SX(LL)) = |1 _ple—jw _p26—2jw‘2 :
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Chapter 6

Transforms

Exercise 50. DISCRETE COSINE TRANSFORM IN MATLAB

The KLT is a signal-dependent transform. This property is inconvenient if a signal has to be
transmitted because the receiver needs to know both the transform coefficients and the transform
basis vectors. The Discrete Cosine Transform (DCT) is signal-independent and very close to the
optimal KLT in terms of correlation of the transform coefficients.

(a) For the jointly Gaussian sequence of vectors derived in Exercise 4 of the numerical part,
calculate the DCT coefficients. Hint: Use the Matlab function dct.

(b) Evaluate the correlation matrix of the DCT coefficients. How far is it from the KLT
correlation matrix?

Solution 50. DISCRETE COSINE TRANSFORM

(a) The Matlab function dct performs the DCT along columns of the input matrix, thus
z1 = dct(y);

(b) The correlation is calculated similarly as in Exercise 4:
Rzl = (z1*z1’)/M;

Notice that the correlation matrix of the DCT coefficients is not diagonal, but the diagonal
terms carry most of energy in the transform domain. Comparing the DCT coefficient
correlation to the KLT coefficient correlation produced in Exercise 4, we can conclude that
the DCT coefficients are more correlated. However, the main advantage of the DCT is
fixed structure, that is, the basis vectors do not depend on the signal.

95
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Exercise 51. CORRELATING AND DECORRELATING SIGNALS

In this exercise, we will see that a signal can be both correlated and decorrelated by applying a
suitable linear transform, where in the later case the optimal transform is the Karhunen—Loeve
transform (KLT). KLT in the literature of signal processing is basically equivalent to PCA.

(a) Consider an i.i.d. (independent, identically distributed) sequence of random variables
Xo, X1,...,Xn-1 (E[X;] = 0, E[X?] = 1, for i = 0,1,..., N — 1). Define a new set of

random variables Y = [Yy,Y1,...,Yy_1]7 as
Xo
X1
Y=A . ,
XN-1
where
Q.0 Qp,1 e Qp,N—1
@10 1.1 T Q1 N—-1
A =
aN-10 ON-11 -°° OQON-1N-1
is a real square matrix.
Show that the correlation function satisfies:
N-1
R;; = E[Y; - Y;] = Qg+ O ks
k=0

fori,j=0,1,...,N — 1.

(b) Show that the following equality holds:
N-1
det (A) = [ A%
i=0

where \;s are eigenvalues of the correlation matrix R,.

(c) Consider a time sequence of random vectors Y [n] = [Yo[n], Yi[n], ..., Yn_1[n]]¥. The KLT
of the random signal Y[n] is obtained as Z[n]| = T - Y[n], where the rows of the matrix
T are the eigenvectors of the correlation matrix of the signal Y[n] (sorted in descending
order of the corresponding eigenvalues).

Show that the resulting vector coefficients Z[n| are uncorrelated. Are they independent?

Solution 51. CORRELATING AND DECORRELATING SIGNALS

(a) The set of random variables Y is determined as

=

Y, = ok - X [k].
0

>
Il
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The correlation function is given by

N—-1N-1
R;; = E[Y; - Y;] = E| o k0 X X))
k=0 (=0
N—-1N-1
ai,kaj,lE[Xle].
k=0 [=0

Since the random variables X; are normalized independent Gaussian variables, we know
that E[X] = 0 and E[X?] = 1. It follows that E[X;X;] = 0 for k # [. Therefore, we can
write

E[X: X)) = 6]k — 1].

The correlation is now given by

N—-1N-—
Z Z (7N 17N 15 — l}

or, equivalently

2

-1
Rij= )  ikajpk.
0

x>
Il

From (a) we can see that the correlation matrix Ry is defined as Ry = A - AT, If we
apply the det operator, we obtain

det (Ry) = det (A) - det (A7) = (det (A))*. (6.1)

The correlation matrix R, can also be expressed in terms of its eigenvalues and eigenvectors
as

Ry = Vy - Ay - VL,

where V,, is a matrix, which contains the eigenvectors as columns and A, is a diagonal
matrix with the eigenvalues along the diagonal.

Similarly, we can write
N-—
det (Ry) = det (Vy) - det (Ay) - det (V]) = H (6.2)
because Ay is diagonal and det (Vy) = 1. Therefore from ) and ., we have
det (Ry) = (det (A))* = ] M.

It follows that

det (A H A2
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(c) The KLT matrix T is given by T = V1. because it contains the eigenvectors of the corre-
lation matrix as the rows. Therefore, we can write

Z[n) = VL -Y[n).
The correlation Ry is given by Ry = E [Z[n] - Z”[n]]. It follows
R, =E[V] -Y[n]-Y'[n] - Vy] = V] Ry Vy.
From (b) we know that Ry = Vy - Ay - VL. Therefore
Rz =VL Vy Ay -VL.Vy =Ay,

because VL - Vy = I. The correlation matrix Ry is diagonal and, thus, the variables
Zi[n], for i = 0,1,..., N — 1, are uncorrelated. Since the random variables are Gaussian,
uncorrelation is equivalent to independence.
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Exercise 52. USING THE KARHUNEN-LOEVE TRANSFORM IN MATLAB

(a) Generate an i.i.d. sequence of 5 normalized Gaussian random variables Xg, X7, Xa, X3
and X4.

(b) Using the sequence generated in (a) and the results from the theoretical part, generate a
sequence Y[n] of M = 10000 i.i.d. jointly Gaussian random vectors of size N = 5 (the
corresponding signal matrix has the size N x M) with the following correlation matrix:

19 05 03 02 0.05
05 23 04 02 0.1
Ry=| 03 04 15 09 0.7
02 02 09 11 08
0.05 0.1 07 08 1.2

Hint: You may use the Matlab function eig to calculate the eigenvectors and eigenvalues.

(¢) Evaluate the correlation matrix Ry of the generated sequence. How far is it from the
specified Ry? Compute R, for different values of M and compare it to Ry-.

(d) Derive the KLT matrix T based on the evaluated correlation Ry . Calculate the transform
coefficients Z = T - Y. Now, evaluate the resulting correlation of the transform coefficients
R. Is it diagonal?

Solution 52. USING THE KARHUNEN-LOEVE TRANSFORM IN MATLAB

(a) In Matlab:
N = 5; x = randn(N,1);

(b) First, let us generate the Gaussian normalized sequence X|[n] of the length M:
M = 10000; x = randn(N,M);

Now, choose the matrix A, as A = Vy - A;/Q, where Vy and Ay are eigenvectors and
eigenvalues of the autocorrelation matrix Ry. This ensures that the correlation of the
variables Y;s is given by Ry in limit (Exercise 1).

Ry = [1.9 0.5 0.3 0.2 0.05;
0.52.30.40.20.1;
0.30.41.50.90.7;

0.2 0.20.91.10.8;
00501070812]
[Vy,Ly]l = eig(Ry); A = Vy*xLy~0.5; y = Axx;

(c) The correlation of the generated sequence y is evaluated by
Ryl = (y*y’)/M;

The correlation Ry approximates the expected correlation R,. They are not exactly the
same because of the finite length of the Gaussian sequence x. As the length M grows, the
approximated correlation R, is closer to the expected correlation R,.
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(d) The KLT matrix T contains the eigenvectors of the estimated correlation matrix f{y as
rows in descending order of the corresponding eigenvalues. The KLT and the correlation
R, are calculated by

% Compute the eigenvectors and eigenvalues of the estimated correlation matrix Ryl
[Vy1,Ly1l] = eig(Ryl);

% Then, sort the eigenvalues

[Lsorted,I] = sort(diag(Lyl));

% Arrange them in descending order (sort gives ascending order)

I = I(length(I):-1:1);

% Take the corresponding columns from Vyl and put them as rows in T
T = Vyl(1:N,I)’;

% Apply the KLT

z = Txy,

% Compute the correlation Rz

Rz = (z*xz’)/M;

The correlation R, is diagonal. This is expected since we used the estimated correlation
matrix R,. The KLT is obviously signal-dependent, because it is constructed using the
properties of the generated signal.



101

Exercise 53. KARHUNEN-LOEVE TRANSFORM
Consider a block of Gauss-Markov first-order random variables of size 4: X = [Xg, X7, X3, Xg}T.
Its correlation matrix is given by:

L p p p
p 1 p p

Rx =
X7 po 1o
PP opt op 1

where p is the correlation coefficient between two adjacent random variables.
Now take two sub-transforms of size 2 x 2, namely, KLT of [Xo, X1]” and KLT of [X2, X3]" to

produce Y = [Yp, Y1, Y5, Y3]T.
(a) What is the resulting transform?
(b) Calculate the resulting correlation matrix Ry.

(c) Calculate the coding gain associated to Ry, i.e. the two sub-transforms, and compare with
the coding gain of the KLT.

Solution 53. KARHUNEN-LOEVE TRANSFORM

(a) The autocorrelation of [X, X1] is

L p
Bixo, ) = { p 1 ]

The eigenvectors of this 2 x 2 symmetric matrix are always vo = 1/v/2[1,1]7 and v; =
1/v/2[1, 1] Using

T:l/x@“ _1]

as a transform, we get

1+p 0 ]
The resulting transform to be used is
Y, 1 1.0 077 Xo
i | 1 -1 0 0 X
Yo | 1/v2 0 01 1 X5
Ys 0 0 1 —-1] ]| X3
(b) The resulting Ry is obtained by
Ry = TRxT".
Calculations give
L+p 0 p/2(L+p)*  p/2(1-p?)
Ry — 0 L—p p/2(p* 1) —p/2(1-p)?
p/2(1+p)*  p/2(p* —1) 1+p 0
p/2(1 = p?) —p/2(1—p)® 0 l1—p
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G 1 1
L _
(B_ R2 (i) (1 +p)2(1 - p)2)"/*
1 1
Gkgrp = =

(det Ry)Y* (1 —3p2 + 3p* — p&)'/*

Remark that Gxry > Gy for any p. This is in agreement with the fact that the KLT
maximizes the coding gain.
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Exercise 54. KLT OF CIRCULANT CORRELATION MATRICES
Let X be a real periodic sequence of period N = 4 with correlation matrix R,:

1 04 02 04
04 1 04 02
02 04 1 04
04 02 04 1

R, =

(a) Compute its KLT, that is, the transform T that diagonalizes R,.

(b) Consider now the DFT matrix Sy of size N = 4. Compute Sk R;Sy. What do you obtain?
Recall that the DFT can be formulated as a complex matrix multiplication X [k] = Syz[n]
where the DFT matrix Sy is given by Sy[k,n] = W .

(¢) Compare both solutions. What can you conclude?

Solution 54. KLT OF CIRCULANT CORRELATION MATRICES

(a) The KLT matrix T is given by the eigenvectors of R,:

~1/2 1/2 ~1/2 1/2
T 0 —/(2)/2 0 V(2)/2
V(2)/2 0 V@2 0

1/2 1/2 1/2 1/2

To show that this is indeed a KLT matrix we compute TR, T7T:

04 0 0 0
r | 0 08 0 o0
TRT =\ 5 o 08 0|

0 0 0 2

which is a diagonal matrix.

(b) The DFT matrix Sy[k,n] = Wy*" of size N = 4 is given by:

1 1 1 1
I A A
D= 1 -1 1 -1
I 5 =1 —j
If we compute now S} R, Sy we obtain:
8 0 0 0
" 10 32 0 0
SvBSN=1 0 16 0 |
0 0 0 32

which is also a diagonal matrix.
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(¢) Both transforms T and Sy give a diagonal correlation matrix and can be used as a decor-
relation transform. However, the DFT matrix is constant for a given N and much easier
to compute that the KLT matrix. However, the DFT matrix does not always produce the
same results of the KLT. This exercise is a particular case where X is periodic and R, is a
circulant matrix. The reason is that the DFT matrix diagonalizes ANY circulant matrix.
Therefore, if R, is a circulant matrix, the DFT matrix is preferable as a decorrelation
transform.
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Exercise 55. KARHUNEN-LOEVE TRANSFORM
Let R, be the correlation matrix of a real periodic sequence x of period N.

(a) Calculate R, for the case when N = 2 and Ry = [1,0.5]. Find the KLT of x, that is,
y =Tx.

(b) Assume next that N =4 and the correlation matrix R, of the sequence x is given by

1 04 02 04
04 1 04 02
02 04 1 04
04 02 04 1

R, = (6.3)

Give a 4 x 4 matrix T that diagonalizes R,. What is the resulting correlation matrix R,?

Hint: Note that the DFT matriz diagonalizes any circulant matriz.

Solution 55. KARHUNEN-LOEVE TRANSFORM

Since z[n] is periodic, the correlation function is also periodic, i.e., R;[n] = R;[n+kN], Vn, k € Z.
Therefore, if we use blocks of N consecutive samples of x[n], we obtain vectors whose correlation
matrix is circulant.

(a) In this case N =2 and R;[n] = [1,0.5] and the correlation matrix is

1 05
Rx_[0.5 1 ]

and the KLT is the matrix

1 L
H—[VP \/51]
Vi V2

Remark that this is also the DFT of size 2 (properly scaled).

(b) In this case, we should use the DFT of size 4 and normalize v/4, i.e.,

1 1 1 1
Hedly oy o
1 —j -1
we have that Y = H*X; therefore,
2
Ry =H'R:H = 08 04

0.8
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Exercise 56. KLT FILTER BANK

Consider the system:

Yy Y.
X|[n] h? .Y1 131. g(l) X[n]
ra 0¥ Y2

where X[n] is a zero-mean, Gaussian, stationary process with correlation function

(a)

3 ifn=0
2 ifn==1
Rx[n]=<1 ifn=42
2 ifn=4+3
0 otherwise

Determine a set of filters hg, h1, he, go, 91, g2 in order to minimize the average expectation
of the reconstruction error E[n] = X[n] — X[n]. (For simplicity, take the h;’s causal and
the g;’s anti-causal. A solution with real filter coefficients exists but a complex solution is
also accepted.)

What is the reconstruction error for the filters in your answer to the previous question?
What is the probability that the reconstructed process X is equal to the input process X7
Is the process X stationary?

Suppose that we decide to code the processes Yy, Y7, Yo with a finite number of bits. We
assume that we use an ideal set of coders to compute the coded quantities Y; from Y; for
1=0,1,2. If wecall £, =Y; — Y; the coding error, we assume that the error variance is
0%, = 03,272, where r; is the rate in bits per sample assigned to the coder 7. We impose
the rates r; so that 0%, = 0%, = 0%, . We want to compare the advantage of using the
transformation to directly code the process X. Assume that we use an average rate r to
code the components Y;, i.e. 4r = rg 4+ r1 + ro. What is the average reconstruction error
variance, E[E[n]?] as a function of the average rate r? Compare with the case where you
code directly X [n] using the same rate r (assume similarly that 0% = 0%272"). Which of
the two solutions would you prefer?

Solution 56. KLT FILTER BANK

We remark that the given diagram is equivalent to a block transform as depicted in the following
figure.
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B Y, 72 - Yl
s N / X .
Y
()
2" N/ 0 HT . G 0 ANES
LW | =9,
o1 k4 @

Remark that it is the down-sampling factor (i.e., 4) that determines the size of the transformation.
Since the filter bank has only 3 branches, one of the transformed coefficients (Y3 in the figure) is
discarded and replaced with zero at the synthesis.

(a) The coefficients of the filter h and g are in the columns of the matrix H, i.e.,

Hl(z) = Z?:O hjizij Gz(z) - Z?:O hj¢Zj7

so we have to determine H in order to minimize the average of the expected error. We
know that the solution is the KLT. This is determined by diagonalizing the correlation

matrix:
3 2 1 2
2 3 2 1
Ry = 1 2 3 2
2 1 2 3

This is a circulant matrix and we know it is diagonalized by the Fourier matrix:

5|

[

[
e e
(S
o
|
AR
I
)

[
[N
—
>
=k
o
o
-

The eigenvalues can be computed by calculating:

8
F*RyF =A =
2

To determine the KLT, we have to sort the eigenvectors according to a decreasing order of
the eigenvalues and we have to normalize them to have unit norm. This gives:

1 1 1 1

2 2 2. 2

1 1 J _J _1
H=3[fo i fs f2]=]% 2 1 2|

2 2 2 2

1 _ J _1

2 2 32 2
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and the first three columns give the filter coefficients. This solution gives complex coeffi-
cients for the filter H; and Ho.

For this particular case, the eigenvalue corresponding to the removed component is zero;
therefore, the expected error on the block error norm is:

E (B[] = r¥Rahs =0,

and the reconstruction error is zero. This is due to the particular choice of the correlation
function of the input process, which corresponds to a redundancy of the samples.

The probability of perfect reconstruction is:
P{&[n] =z[n]} = P{E[n]=0}=1.

Remark that this probability would be zero if the error variance was larger than zero. Since
the input process is perfectly reconstructed, the output process is stationary as the input
process.

We compute the variances of the coefficients Yy, Y7, Y5. These are the first three diagonal
terms of H*R H, i.e., 032,0 =38, 032,1 =2, 0%2 = 2. We have, computing the error variances

2 2 2
Oy OBy Ofy-

8-272M0 =2.2721 = 2.7z,

and

therefore, 11 = r9 and 7o = r1 + 1. The average rate r is r =

ry = %. The average reconstruction error variance d is:

rotritre _ 3ri+l
4 4

2 2 2
Tp,tom, 198,

d= =353 =32.27% = 39. 972" — 34257,
If z[n] is coded directly, the error variance is d, = 02272" = 327" and the coding gain
is, in this case, G = %“ = 3?/;% = 2%(’“_1), which is always larger than one (remark
3

that r > 1, for the condition on rp). This means that it is always convenient to use the
transformation instead of coding directly the input process.
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Exercise 57. KLT FILTER BANK

In the diagram X|[n] is a Gaussian stationary process with zero mean and correlation

1 3 3
The blocks A, B, C' and D transform the input vector to the output vector by matrix multi-
plication. After block B, three entries of the resultant vector are set to zero before entering in
block C. The matrix B and C are given by

RX [n]

1 2 0 0 1 0 11
0 1 10 0 1 1 1
B = 0 0 01 ¢= 1 1 2 2
11 -1 0 1 -1 0 0

Answer the following questions.

(a) Is X[n] a Gaussian process? Is it stationary?

(b) Compute the correlation matrix of the random vector X [n], say Rx [n] Can you diagonalize
it (find the eigenvalue decomposition) without using Matlab?

(¢) Find two possible matrices A and D, such that X[n] approaches X [n] with minimum error
variance, i.e. IE |(X[n] — X[n])?| should be minimal.
(d) Find a geometric interpretation of the transformations BA and DC.

(e) Consider the following diagram

X[n] ——= h_0 @ @ g0 —=x[n]

Find the filters Hy and G such that the system is equivalent to the one in the previous
figure.

Solution 57. KLT FILTER BANK

(a) X|[n] is a Gaussian process. Note that the outputs of the transform D are jointly Gaussian
since they are linear combinations of the input process X [n] (more precisely X [n], X[n—1],
X[n—2], X[n—3]). Hence the output of the parallel to serial converter is a Gaussian process.

However X[n] is not stationary in general, since the reconstruction is not perfect and the
upsamplers in the last stage break the stationarity.
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(b)

Observe that

Y
X[ = Xn—2
X[n —3]
and
1 1 1
Rx[0] =1 Rx[1] = 3 Rx[2] = 1 Rx[3] = 3 (6.4)
Hence

1 1/2 1/4 1/2
1/2 1 1/2 1/4
1/4 1/2 1 1/2
1/2 1/4 1/2 1

Rx =

Observe that the correlation matrix Ry is circulant and we know how to find the eigenvalues
and eigenvectors of circulant matrices. The normalized eigenvectors are given by

1
1| %
wk:§ elmk k=0,1,2,3

and the corresponding eigenvalues are given by

3
A=Y Rx[ile ™ k=0,1,2,3

i=0
thus
Ao =9/4 A =3/4 A2 =1/4 Az = 3/4.
Hence we have the decomposition
Rx = FAF*

where F' = [wg w; ws w;)] is the 4 x 4 Fourier matrix and A = diag(Ag, A1, A2, A3).

From the discussion in class, we know that we have the following conditions on the trans-

forms BA and CD in order for the error variance [ [(X [n] — X [n])Q} to be minimum,

((BA)T)o = wo (DC)o = wo

where ((BA)T)y and (DC)g denote the first columns of (BA)T and DC respectively and
wo = [1/2 1/2 1/2 1/2]T is the eigenvector of Ry that corresponds to the largest
eigenvalue \g. This leads to the following relations that need to be satisfied for optimality.
Equivalently

1 1/2 1 1/2
2] |12 o] | 1/2
Ao =] 1 Plyl=1 12
0 1/2 1 1/2
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Note that each of the relations give four equations in sixteen unknows so we have large
freedom in choosing A and D. You can verify that the following choice for A and D satisfy
the requirement.

[ 1/4 1/4 1/4 1/4 ] 1/6 0 1/6 1/6

Ao | U8 18 18 18 H_| /6 0 1/6 1/6

| 0o 0o 0 o0 |16 0 1/6 1/6

0 0 0 0 | 1/6 0 1/6 1/6

For this choice of A and D, we have

[ 1/2 172 1/2 1/2 ] /2 0 1/2 1/2
|18 18 1/8 1/8 112 0 172 1)2
BA=1"9 "0 0 0 DO=\ 1) 0 12 1/2
| 3/8 3/8 3/8 3/8 | 1/2 0 1/2 1/2

The transformation by BA projects X[n] on the space (line) spanned by wy, the result of
this projection is passed to the next stage and the transformation by CD constructs the
best estimate of X [n] again in the space spanned by wy.

We can obtain an equivalent system by choosing

11 1 1
Ho(z) =5+ 527 +52 4527
and 11 1 1
Go(2) = 5+ 52+ §z2 - 523.
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Exercise 58.
Consider:

x[nl @ .-/1:_‘3\\ xIn]
oy > P
O * H
z! ' z
(13) (3)
N

with
1 1 _ 1
N
BH=13 " %
B Vv e
and
XIn) ;{[n]
Hyf2) @ @ 6.(2)

(a) Determine G in the first diagram in order to have perfect reconstruction.

(b) Determine Hy (%), Hi (z), and Hz (z) such that the second diagram is equivalent to the
first one.

Solution 58.
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Exercise 59.
The process z[n] is coded by using the following system:

(A
L3 *3 (+)
T 3 (3
z' N/ z'
O W | e
z' NS 7
o o (+3)
o N/
The process z[n] is stationary and has correlation R,[n] = ﬁ Suppose that H is given by:

1 2 0
AR

H = ? _? 751 and G=H
Vi V6 V2

Check if the given matrix H is one for which the average reconstruction error is minimum. (Hint:
there is a simple way to do this!)

Exercise 60.
We have that

Ry =

NN
N[= ==
= O =

If H is optimal, the first two columns should span the eigenspace corresponding to the two
largest eigenvalues, while the last one should span the eigenspace corresponding to the minimum
eigenvalue. This implies that the last column is an eigenvector.

In this case, we verify that

0 1 % 0
1 1
R.-| 5 = — | 3 M5
V2 2 V2

This means that the last column is not an eigenvector, and therefore the transformation can not
be optimal.
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Exercise 61. TRANSFORM CODING

Consider a zero-mean random variable X[n] that we wish to encode in blocks of 4 samples,
by keeping only the first 3 coefficients in the transform domain. For this purpose, we apply an
orthogonal transform to X [n] and encode the resulting coefficients Y'[n]. The decoded coefficients
Y[n] are then transformed back into reconstructed signal samples X [n].

(a)
(b)

()

(d)

Represent this coding problem in a filterbank structure.

Assuming the correlation of X is given by Rx[l] = |l mod 4 — 2|2, write down the corre-
lation matrix Rx. What type of matrix is Rx? Is it diagonalizable?

Determine the optimal transform matrix T that minimizes the reconstruction error. What
is the reconstruction error? Is the process X stationary?

Suppose the correlation is given instead by Rx[l] = |l mod 4 —2|. What is the reconstruc-
tion error? Is the process X stationary?

Solution 59. TRANSFORM CODING

(a)

The filterbank that performs the coding operation can be represented as follows.

Y Y

fesan
X= X[n—-2 |’
X[n—3]

which is then transformed into another domain by Y = T*X. The resulting transform
coefficients are compressed (or coded) by discarding the last coefficient in Y, resulting in
the approximation Y. The inverse transform, given by X X = TY, obtains an approximation
of the input signal block, which is then recombined into a temporal signal X [n].

By expanding Rx[l] over I, we get:

Rx =

— O
[ S S NG Y
o = O
=~ = O

Notably, Rx is a circulant matrix, and therefore diagonalizable by a DFT matrix of size 4.
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(¢c) The optimal transform matrix T is the KLT matrix, which contains the eigenvectors of
Rx as columns sorted in descending order of the respective eigenvalues. Since Ryx is
diagonalized by the DFT matrix, F, then the same contains the eigenvectors of Rx as
columns. Accordingly,

1 1 1 1
1 1 5 =1 —j
F = ﬁ 1 —1 1 1 = [ Vo Vi1 Vo V3 }
I =y -1
and consequently
6 Ao
N _ 4 _ A1
F*RxF = 9 = o
4 A3

The only thing left is to sort the eigenvectors as stated, such that

T:[ Vo Vi V3 Vo :I

and thus

T'RxT =

The reconstruction error is given by the sum of the individual errors associated to each
discarded sample ¢, in which case

vaRXvi =viRxvy =Xy =4.

By discarding the last transform coefficient, we are introducing a non-linearity that makes
the output process X non-stationary.

(d) The correlation matrix is given by

Rx =

= O =N
O~ N
=N = O
N~ O =
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which is also a circulant matrix. In this case, we get

F*RxF =

The difference here is that the lowest eigenvalue is zero, and thus the reconstruction error
is zero as well:

V;vag = )\2 = O

This means that the discarded transform coefficient is not necessary to reconstruct X, and

thus X [n] = X|[n] for all n. Moreover, the output process X is stationary.
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Exercise 62. Z TRANSFORM
A causal and stable filter has the following Z transform.

1 —4cos %z‘l +4z72

_1 3m, -1 4 1 -2
1 5CO8 270 + {52

H(z) =

(a) Find all poles and zeros and represent them on the z-plane.
Coding Using Matlab, plot the pole-zero diagram and verify your answer for the previous step.

(b) Determine a strictly minimum phase filter H,,(z) and an all-pass filter H,(z) such that
H(z) = Hy,,(2)Hu(2).

Coding Using Matlab, plot the pole-zero diagrams for H,,(z) and H,(z)

(c) Determine the inverse filter 1/H,,(z) and, given that 1/H,,(z) is causal, explain why it is
also stable and strictly minimum phase.

(d) Determine a filter G(z) such that H,,(z)G(z) is zero-phase. How can G(z) be expressed in
terms of H,,(z)?

Solution 60.

(a) We can factorize H(z) as follows.

_ =1 -2
H(z) = 1—4cosfz7" +4z
1—2cosdrp-14 L2
2 4 16
1—2e9527 —2e775 271 4 4272
FES —jix
1—tel Tzt — Je i1 + 22

(1 — 26j%z’1) (1 — 26’1%271)
(1 - %63'3%2*1) (1 - ie‘j%zfl)

from which we easily conclude that the poles are at z = ieij f and the zeros at z = 2e

5%

Matlab Using the pzmap and zplane commands in Matlab, the following pole-zero plot can easily
be obtained:

(b) We can decompose H(z) with the following procedure.
i Assign the poles and zeros inside the unit circle to H,,(z) and the zeros on the outside
to Hy(2);

ii Make H,(z) an all-pass filter by adding poles that are conjugate reciprocals of the
ZEros;

iii Cancel the effect of the additional poles by adding zeros to H,,(z) with the same
values.
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Pole-Zero map of the given system

05 | .

Imaginary Part
o

15 5 ©

-1.5 -1 -0.5 0 0.5 1 1.5 2
Real Part

The result is as follows.

(¢) The inverse filter is given by

“*‘:1
\
v
/N
—
|
|—
@
d
.
N\
—
N——

e/ 1
el T [

Since the resulting filter is causal and the outer pole is 7%, then the region of convergence
|z| > % includes the unit circle, which implies that the filter is stable. Moreover, all poles
and zeros are inside the unit circle, and thus the filter is strictly minimum phase.

(d) For H,,(z)G(z) to be zero-phase, all poles and zeros must exist in conjugate reciprocal
pairs. Thus, since
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then

& (1) (-4 (- deiEe)”
: (1_%]%2'*)* (1—%3—]%2*)*
_ (3T (1-4eiTy)
(1= de ) (1- 2ei%)

i 1 8 ) ;
ez —gel 1z 1,7]-34—1—1 L
—ge 71z 17,

=

4(1—2e75271) (1—2e795271)

(140 2m1) (1 de % 1)
= 4G(2)

We can verify the condition for zero-phase as follows.

Hn(2)G(z) = H (;)G (Zl)
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Exercise 63. ONE SYSTEM OR MORE THAN ONE SYSTEM?
Considering the following 3 plots:

- A z-transform in the z-plane (upper left corner), where o denotes the zeros and x the poles
(the poles can in this framework be neglected);

- An impulse response h(n) in the time domain (upper right corner);

- Magnitude of the frequency response |H(e/?"/)| in normalized frequencies (bottom).

E 05
5 =035
=
E 05

-1 . . . . . 0

-1 0.5 0 05 1 0 2 + 6
Real Part n

10
=)
-5
-
= 0

] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

-]

According to the plots:

(a) Do the z-transform and the impulse response h(n) correspond to the same system (that is,
is the plot of the z-plane the plot of the z-transform of h(n))? You can plot the z-transform
in Matlab and compare the plots.

(b) Do the z-transform and the magnitude of the frequency response |H(e/?™/)| correspond
to the same system (that is, is |H(e/2"7)| the absolute value on the unit circle of the
z-transform represented in the z-plane plot)?

Solution 61. ONE SYSTEM OR MORE THAN ONE SYSTEM?

(a) From the z-plane plot we see that the two zeros are z; = ja and 23 = —ja, where 0 < a < 1
(real). Consequently the z-transform has the form H(z) = (1 — z1271)(1 — 2027 1) =
(1 —jaz ™ H(1+jaz™) =1+ jaz™t — jaz=t + a?272 = 1 + a?272. The corresponding
impulse response is therefore h(0) = 1, (1) = 0, k(2) = o2, and h(k) = 0 for k& > 3.
Hence, h(n) = h(n) and H(z) = H(z).

(b) The z-transforms shows two zeros near the unit circle at normalized frequencies f; = 0.25
and fo = —0.25. Consequently the magnitude of the corresponding frequency response
|H (¢7271)| should show a minimum of the frequency response at f; = 0.25 and a minimum
at fy = —0.25. The plot of |[H(e’*"/)| (bottom) shows a maximum at f; = 0.25 (and for
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the symmetry of the spectrum, a maximum at fo = —0.25). Consequently, |H (e/2™/)| #
|H (¢727F)| and the plot of the z-transform and the plot of the magnitude of the frequency
response |H (e/2™/)| do not correspond to the same system.
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Exercise 64. A SIMPLE SYSTEM (4 PTS)
The figure below depicts the poles of a causal LTT system P(z). the two poles have magnitude
a = 0.9 and phase ¢ = +7/4.

Pole/Zero Plot

o o o
B [} [e+] -

o
[N}
:

Imaginary Part
<}
M o

S o
[e)] N
> f

-0.8

-1 -0.5 0 0.5 1
Real Part

(a)
(b)
(c) Is the inverse system H(z) = 1/P(z) stable?
(d)

Is the system P(z) stable?

Sketch the magnitude of the transfer function ’P(ejw)|.

Give the impulse response h(n) of H(z).

Solution 62. A SIMPLE SYSTEM

(a) The system P(z) is unstable, because it has poles inside unit circle.

|P(e/*)]|
SN

on

(b) The magnitude | P(e/*)| will have to peaks around m/4 and 7 /4, as shown below:

(¢) The inverse system H(z) = 1/P(z) is stable because it has only zeros, and no poles inside
the unit circle.
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(d) We can write the frequency response of the system as:

1 A B
PO e ) Gy amey Y

where py = 0.9¢7™/4, pg is it’s conjugate and A and B are unknown constants we would
like to recover. Each of the fractions can be expanded into a sum as follows:

Zpoz ",

and we can read that the impulse response has to be hpar[n] = pj (for this fraction only).
Therefore, the total impulse response is:

(1 — Doz 1

hin] = Ap{ + Bpo".

By comparing the fractions in (6.5)), we get that A = p _ — ¢ 7/4/\/2 and B = po =
eI/ [\/2, s0 we get

0.9

hin] = 7

(e7Im/AeinT/4 | gim/Ae=inT/4) — (.97 /2 cos(m(n — 1)/4)
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Chapter 7

Markov Chains and Maximum
Likelihood

Exercise 65. HIDDEN MARKOV MODELS AND LIKELIHOOD

In this exercise, we will numerically model 2D Gaussian HMMs and generate sequences from
them. Then, we will use the Forward algorithm to compute the likelihood that some sequence
was generated by a given HMM. You can use the Matlab struct file named data.mat, which
contains a couple HMMs stored as struct, each containing the mean values, variance values,
and transition probabilities values.

Some Matlab helper functions are provided on the Moodle:

(y, state_sequence) = generate hmm(hmm): generate a sequence of values y as well as
a states sequence, from one HMM struct given as argument.

plot_sequence(y, state_sequence): plot the sequence y against time.
plot_sequence_2d(y, state_sequence): plot the sequence in 2 dimensions.

(likelihood) = forward recursion(y, hmm): compute the likelihood that the sequence
y was generated by HMM hmm.

The HMM we are going to generate will have two additional states, which you could start
and stop. Look at the provided data and identify those states. How can you interpret the
probability of transition from the start state? Why the transition probability from the stop
state

Since the model for the HMM are 2D Gaussians, what are the dimensions of the means
matriz and the variance matriz? How many of these matrices do we need?

We want to generated HMMs with 3 states. How many transition probabilities do we need?
What are the conditions on the transition matrix for it to be valid?

Create a HMM model with 3 states with the programming language of your choice, this
means, generate one mean matrix and one variance matrix for each state, as well as a
transition matrix for the HMM. Alternatively, you can choose to load the data.mat which
contains several ready-to-use HMMs. The means and variance matrix together with the
transition probabilities are called the parameters of the HMM, and are denoted with O.
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(h)

Generate a sequence with the HMM. You can use the function (y, state_sequence) =
generate_hmm(hmm) to help you. Why does the function return 2 sequences? What is the
difference between these sequences? If only the sequence state_sequence was generated,
would we still call this model a HMM?

Try to plot the output sequence y against time (that is, the x axis is time, and the y axis
is either the first dimension of y, either the second, so we need 2 plots to represent the
sequence.) You can use plot_sequence(y, state_sequence) to help you do that. What
do you observe? Try to change the means, variances, and transition probabilities and
observe what changes on the plot.

Now try to plot the sequence on a single plot, without caring of time progression, but
instead using one axis per dimension of the sequence y. The function plot_sequence_2d(y,
state_sequence) can help you do that, and also plots ellipses around the clusters of points.
What do these ellipses correspond to? Again, try to change the means, variances, and
transition probabilities and observe what changes on the plot.

Create a second HMM model.

We now want to compute how likely some sequence y was generated from one HMM or another.
We are going to do this using Forward algorithm, which is very well described on Wikipedia).

(a)

(b)

Use the Forward algorithm to compute the likelihood of 2 sequences with the 2 HMM you
generated (you can use sequences you've generated with the HMM, and check that each
sequence as a higher likelihood to be generated of the HMM that indeed generated it). You
can use forward_recursion(y, hmm) to compute the (log of the) likelihood. You can also
test the likelihood of some other sequences given in the data.mat file.

If you used the sequences you generated yourself, which sequence is the most likely to be
generated from which HMM? Why?

Solution 63. HIDDEN MARKOV MODELS AND LIKELIHOOD
Solution is available in Matlab (in .zip).


https://en.wikipedia.org/wiki/Forward_algorithm
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Exercise 66.

In Markov chains, the probability that the chain is in a particular state k is given by 7 and
the distribution of probabilities for states 1 < k < n can be represented by a vector 7 such that
0 <7, <1, VEk and ZZ=1 mr = 1. Markov chain is characterized by a matrix M such that the
probability distribution 7,1 at instant m + 1 can be computed from the distribution =, at
instant m as follows:

Tm+1 = M, .

The matrix M = [m;;] has the following properties: 0 < m;; <1 and > ., m;; = 1, Vj. An
equilibrium distribution of the Markov chain 7¢ is a solution of the eigenvalue equation:

Mr¢ = 7¢
(a) Let ||.||1 be the 1-norm, defined as follows:
Ixlli=|z1|+ ... + |zl xeC".
Show that |[M|[;= ||x||1 for any probability distribution 7.

(b) Does the sequence 7, always (for any initial vector my with the above properties) converge
to an equilibrium distribution 7¢?

Solution 64.

(a)

n n n
Ml = Z |(M7)i|= ZIZWHJ il=> 1> mmyl
=1 =1 j=1 =1 j=1
n n n
=22 mmfZﬂameZﬂa 1fZl7fal
i=1 j=1
= lIlh

(b) No, it does not. A counterexample are the following matrix and vector

M:HH WOZ{H (7.1)

It is easy to verify that the sequence does not converge.
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Exercise 67. MARKOV PROCESS
Let {X(t), t > 0} be a stochastic process with state space S = {0,1,...,00}. Suppose that the
two following conditions hold:

(a) P(X(0)=0)=1

(b) {X(t), t > 0} has independent increments. That is, for every n and for every 0 < t; <
< tn, {Yi = X(t;) — X(ti—1),¢ = 1,...,n} are independently distributed from one
another.

Show that X (¢) is a Markov process.

Solution 65. MARKOV PROCESS
In order to prove that the process X (¢) is a Markov process, it suffices to prove that for every n,
for every 0 < t; < ... < t, and for every x1,...,x, € 5, the following conditional probability:

P(X(tn) = an‘X(tn,]_) = Tpn—1y--- ,X(t]_) = 1‘1) (72)

should be equal to
P(X(tn) = 2p| X(th—1) = Tpn—1) - (7.3)

The probability given in (7.3)) can be transformed in the following way:

P(X(tn) = zp| X(tn-1) = Tp_1)
= P(X(tn_1)+Yn :Sﬂn‘X(tn_l) :xn_l)
= P(l‘n_l +Y, = $n| X(tn_l) = IEn_l)
(

= P Yn = Tpn — .CL‘n,1| X(tn,]_) = J}nfl) . (74)

On the other hand, using the relation between the random variables X (t,),..., X (¢1) and
Y, ..., Y1, the probability given in (7.2)) can be transformed in the following way:

P X( n) :xn|X(tn—l) :xn—lw"aX(tl) :xl)

t
X(tn—l) +Y,= xn| X(tn—l) = Tn—-1y--- aX(tl) = xl)

N

(
(
(
(
(

= PYn:xn—xn,ﬂX(tn,l):xn,l,...,X(tl)le)
= PY,=z,— xn71| X(tnfl) = mnflaynfl =Tp—1 — Tp—-2,-- ~7Y1 = ‘rl)
= P Yn = Tpn — $n_1| X(tn_l) = xn—l) . (75)

Since the final expressions in (7.4)) and (7.5)) are equal, the process X (¢) is a Markov process.
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Exercise 68. MARKOV CHAINS

(a) How many parameters are there in a discrete Markov chain with 3 states, all connected
with each other (and to themselves)? What is the type (the name) of the parameters?

(b) How many parameters are there in a hidden 1-D Gaussian Markov model with 3 states,
all connected with each other (and to themselves)? What is the type (the name) of the
parameters?

Solution 66.
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Exercise 69. MARKOV CHAIN

In this exercise you will generate Markov chain with 3 states. This could be for example the
state of the weather: sunny, snowy and rainy. We can write transition probabilities in the matrix
form:

0.8 0.2 0.1
0.1 06 0.2 (7.6)
01 02 0.7

where the probabilities of the states at step n + 1 given at step n the process was in the state i
is defined by i-th column.

(a) Warm up exercise: Draw the diagram depicting this Markov Chain and it’s transition
probabilities.

(b) Generate a realisation of this Markov Chain in Python or Matlab, picking any state you
like as the initial state. You can use provided Jupyter Notebook.

(¢) Isyour process (with a fixed starting point) stationary? What is the probability distribution
after one, two and five steps? You can calculate the distribution in Python/Matlab.

(d) What equations the initial probabilities have to satisfy for the process to be stationary?

(e) Calculate such inital probabilities in Python/Matlab. Do it twice using different methods:
using eigenvalue decomposition and estimate using your realisation of the process. Give
example situations where you would use each method.

(f) Assume now that you don’t know the the transition probabilities of your Markov Chain.
Formulate the Maximum Likelihood as optimisation problem. What method would you
use to solve it?

(g) Additional Question: Using the generated realisations of your signal solve your problem
using solve in Matlab or scipy.optimize.minimize in Python. Is your estimation accu-
rate?

Solution 67. MARKOV CHAIN
Solution is available in Jupyter Notebook
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Exercise 70. MARKOV CHAIN AND FRIENDS
Hidden Markov Model is Markov Chain observed through some additional random variable, for
example through added noise.

Explain that Gaussian Mixture model is a special case of Hidden Markov Model. What
assumption do you have to add about Markov Chain?

Explain that Y[n] from the first part of the exercise previous exercise is a special case of
Hidden Markov Model. What assumption do you have to add about Markov Chain?

What about Y[n] with a prior on X[n]?

Pick and solve one of the Final Exam questions: 2018 2.C or 2015 3.B

Solution 68. MARKOV CHAIN AND FRIENDS

(a)

(b)

If you take a (silly) special case where the states in the Markov Chain are i.i.d., that is when
the transition probabilities don’t depend on the previous state, and the Hidden Markov
Model obtained by adding Gaussian noise to the states also a Gaussian Mixture Model

We can think about the model from the previous exercise as single class Gaussian Mixture
Model or in other words as a HMM with constant Markov Chain.

On the other hand, if we have a continuous prior on A, this model becomes different form
HMM, because we have a continuous and not discrete hidden state.
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Exercise 71.

Suppose the signal X[n] is constant, with amplitude A. Furthermore, let the observed signal
Y'[n] contain a noisy version of the signal X[n]

Y[n] = X[n] + Wn],

where W n] is a zero-mean white Gaussian noise with variance o2.

Assuming N observations of Y[n] are given (Y[0],...,Y[N — 1]), give the mazimum likelihood
estimation of the parameter
A
=(#)

containing the unknown amplitude A and noise variance 2.

Solution 69.

First, it can be observed that since X [n] is a constant (X [n] = A) and W{n] is iid with distribution
N(0,02), the process Y[n] is also iid, with distribution N'(A, ¢?). In other words, knowing the

value of 6 = (;42 , the joint distribution of N samples Y[0],...,Y[N — 1] is given by

Furthermore, according to the definition, the likelihood function associated to the probability
density function of the observed data is given by

L) = p(Y[y,....Y[n]l0)

A | (V[i]—4)?
= (& 202
o V2mo?
and its logarithm, the log-likelihood, is
LX(0) = InL(0)
N-1 .
— ,glngﬁ,glnC,?, M
2 2 P 202

Maximizing the likelihood function is equivalent to maximizing the log-likelihood, which can be
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done by setting to zero the partial derivatives of £*() with respect to A and o2. It gives:

oL (0) =Y -4
Toa VT Pl e 7Y
. 1N—l
= A=5 > YI;
1=0
aL(0) N (Y] - A2
T 0T gt gm0
o 1RS
= 6= Y (Y- 4)
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Exercise 72. MAXIMUM LIKELIHOOD
Suppose the signal X[n] is constant, with amplitude A. Furthermore, let the observed signal
Y'[n] contain a noisy version of the signal X[n]

Y[n] = X[n] + Win],

where W n] is a zero-mean white Gaussian noise with variance o2.

(a) Assuming N observations of Y[n] are given (Y[0],...,Y[N —1]), give the mazimum likeli-
hood estimation of the parameter
A
=( )
2

containing the unknown amplitude A and noise variance o*.

(b) Download data file MaximumLikelihood.csv from Moodle. It was generated from Y. Es-
timate 6 using the formulas you derived in the previous part.

(c) Is your estimator unbiased? Is the estimator in the programming language of your choice
unbiased?

Solution 70. MAXIMUM LIKELIHOOD

(a) First, it can be observed that since X[n] is a constant (X [n] = A) and W{n] is iid with dis-
tribution A (0, 02), the process Y[n] is also iid, with distribution N'(4, 02). In other words,

knowing the value of § = ( ;{é ), the joint distribution of N samples Y[0],...,Y[N — 1]

is given by

pOV11, - Yle) =TT p(riae)

1 _(Y[i]=4)2
2 .

Furthermore, according to the definition, the likelihood function associated to the proba-
bility density function of the observed data is given by

L) = p(Y[i,....Y[n]|o)

and its logarithm, the log-likelihood, is

£'0) = InL(0)

—1 ;
- —EIDQTF—Elnoj— M
2 2 ;
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(b)

()

Maximizing the likelihood function is equivalent to maximizing the log-likelihood, which
can be done by setting to zero the partial derivatives of £*() with respect to A and o2.
It gives:

oL (0) Y[ -A
A =0 & 2i:07202 =0
R 1 N—-1
= A=5 > vl
1=0
aL<(0) N (Y]] - A)?
goz 0 T et 7Y
1 N-1
A2:7 Yi _A 2
= NFO( [i] — A)

On this particular realisation of the process, mean of the samples is ~ 3.17. The variance
using your estimator is ~ 2.26. If you use Python, then the build in np.var also gives you
~ 2.26, but in Matlab you get ~ 2.27 if you use var.

The estimator of the mean is unbiased but the estimator of variance is biased. You can
infer it by looking at the unbiased estimator introduced in the lecture:

—

52 = ﬁ S (il - Ay
1=0

.. . . N—1
and noticing that your estimator differs by a factor ~5—.

Alternatively, you can calculate the expected value of &, but is a long calculation. We
have to be careful because estimator of o depends on the estimator the mean, which is not
independent of the data, and thus we have to replace it with the mean of samples.

Before we do this, let us consider the implementations of variance estimators in Python and
Matlab. In the first one, the default estimator is biased, exactly the one we have calculated,
and you can observe that the values of the estimators match (see previous point). In Matlab
however, the estimator is unbiased, and we can see that on our data it’s value is slightly
higher. In both those languages, you can pass a flag that will change the behaviour of the
estimator.

Exact calculation of the expectation of the estimator:

1 N-1 R
7t =5 > (Yl - 4)°
S
=5 2l - > YIk)
=0 k=0

R N T | ,
=N - (TYM_NZY[H)
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Now, the first component of the sum is independent of the second one. More over, the
expression under the sum does not depend on the choice of i and we can write:

N—1)\2 N1 P Nl
E(62) = (N) EYZ — 2= EYE (Z NYk> +E <Z NYk>
k=1 k=1

N1 2 1 N—-1 N-—1
- (N) (EYZ - 2(EYp)?) + el (Z Yk> PR
k=1 j=1

2
= (.7\/']\—[1) (]EY02 _ 2(EY0)2) + % (((N — 12— N) (EYy)? + NEYOQ) ’

where the last equality comes form considering j = k and j # k separately. Just by
rearranging the terms we get:

(N —1)?
N2

N-1
=N Var(Y') # Var(Y)

E(6%) = (BYZ — (BYo)?) + - (BYF — (BYo)?)

So the estimator is biased.
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Exercise 73. PRIOR, POSTERIOR, LIKELIHOOD
Suppose the signal X[n] is constant, with amplitude A. Furthermore, let the observed signal
Y'[n] contain a noisy version of the signal X [n]

Y] = X[n] + W],
where W n] is a zero-mean white Gaussian noise with variance o = 1.

(a) Assuming N observations of Y[n] are given (Y[0],...,Y[N —1]), give the mazimum likeli-
hood estimation of amplitude A

(b) Download data file Review_3.csv from Moodle. It was generated from Y. Estimate 6
using the formulas you derived in the previous part.

(c) Now assume that A is in itself a random variable, with prior distribution 4 ~ N(0,0%).
What is MAP (maximum a posteriori) estimator of A?

(d) How can you relate prior, posterior and likelihood in one equation?

(e) Assuming different 0% (for example 0.001,1 and 100), estimate from the data A using
MAP. What do you observe?

Solution 71.

(a) First, it can be observed that since X[n] is a constant (X[n] = A) and W{n] is iid with
distribution N(0, 1), the process Y'[n] is also iid, with distribution A/(A4, 1). In other words,
knowing the value of A, the joint distribution of N samples Y[0],...,Y[N — 1] is given by

POV YAy 2 T (Vi)
B = _ ot

—ece
0 V2T

K2

Furthermore, according to the definition, the likelihood function associated to the proba-
bility density function of the observed data is given by

L(A) & p(Y[1],...,Y[n]|A)

N-—1
1 _ -4

e 2
o V21

)

and its logarithm, the log-likelihood, is
LY(A) = InL(A)

N-1 .
N (Y]] = A)?
= -3 In2m — ;:0 5 .
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Maximizing the likelihood function is equivalent to maximising the log-likelihood, which
can be done by setting to zero the partial derivatives of £*(A) with respect to A. It gives:

aL*(A) =Y -A

i =0 e 227_0
) 1Nfl

= A:Ni:OY[Z]7

For the data provided, the mean is 5.71.

Our likelihood from the first part of the exercise have been calculated assuming that A is a
parameter, so we have p(Y[i]|A). We are now interested in posterior distribution, that is:

p(AY[1]).
We can calculate it using Bayes rule:
p(AY[i])p(Y[i]) = p(Y[i], A) = p(Y[i]|A)p(A)
In a more elaborate way, we can write it as:
posterior x evidence = likelihood X prior.

Since evidence is probability of data, it’s constant for the given data and we can ignore it
in the optimisation. We are then interested in maximising;:

(H p<Y[i]|A>> p(4)

p(Y[l], s ,Y[n]‘A)p(A)

(Nl 1 _ (Y[i]A>2> 1 -Ar
[T L) Lo
o V2T 2mo?

similarly like with likelihood optimisation, it’s easier to optimise the logarithm:

N—-1 .
N 1 s (V[i] — A)2 A2

P 2 20%’
we want it’s derivative to be equal to zero:
N-1 . A
= (Y[ -A) + 5 =0 (7.7)
i=0 TA
And maximum a posterior estimator is:
N—1,r:
N ; Y
A= 2z Y10 (7.8)
(N+ %)
A

Value of the estimator A depending on the variance of the prior ¢%. Small variance of

the prior means we have a strong belief that A should be close to zero, and this belief is
reflected in the value of the estimator, see the plot below.
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Exercise 74. POISSON PROCESS

Poisson process is the continues time process consisting with spikes only. There are two ways of
generating it, and in this exercise we will see that they are equivalent.

The common definition of Poisson process is that the number of spikes k£ on the interval of length
t has Poisson distribution:

tA k_—tA
p(k,tA) = % (7.9)
On the interval [0, ), given the number of spikes, the spikes positions t1, ta, ..., t; are distributed
uniformly:
(t1,ta, ... tx) ~ U*(0,1).
And similarly, on any interval [to, to + t):
(t1,to, ... te) ~ Ur(to, to +1). (7.10)

(a) Warm up question: Is the process y[n] of the number of spikes in the interval [n,n + 1)
stationary?

(b) Calculate maximum likelihood estimator of parameter A of Poisson Process. Hint: you can
count the number of samples first.

(¢) In Matlab or Python generate a realisation of the Poisson process re-estimate parameter
A. How long your interval should be for accurate estimation of A7 Does it matter if you
average over multiple intervals? You can use the provided Jupyter Notebook.

Now we will generate the spike times ¢; directly using exponential distribution on the times of
arrival, t;y1 — t;:

t1 ~ exp(t,7) (7.11)
ti+1 — ti ~ exp(t, T)
where the pdf of exponential distribution is

(t.7) Te Tt >0,
77— -
b 0 t<0.

(d) Generate realisations of this process for different 7.

(e) Use the maximum likelihood estimator from the previous part of the exercise to estimate
Poisson process parameter \.

(f) Plot estimated A against 7. What is the dependence between those parameters? Is that
what you would expect?

(g) Additional question: Prove that indeed the two discussed methods generate the same pro-
cess (for the right choice of A and 7).

Solution 72. POISSON PROCESS
Solution is available in Jupyter Notebook
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