
Appendix A. Discrete Fourier Transform (DFT)

used for: finite-length signals, x [n ] ∈CN

analysis formula: X [k ] =
N−1
∑

n=0

x [n ]e − j 2π
N nk , k = 0, . . . , N −1

synthesis formula: x [n ] =
1

N

N−1
∑

k=0

X [k ]e j 2π
N nk , n = 0, . . . , N −1

time and frequency reversal: x [−n mod N ]
DFT←→ X [−k mod N ]

x ∗[n ]
DFT←→ X ∗[−k mod N ]

circular shifts: x [(n −n0) mod N ]
DFT←→ e − j 2π

N n0k X [k ]

e j 2π
N nk0 x [n ]

DFT←→ X [(k −k0) mod N ]

energy conservation:
N−1
∑

n=0

|x [n ]|2 =
1

N

N−1
∑

k=0

|X [k ]|2

Appendix B. Notable DFT Pairs (n , k = 0, 1, . . . , N −1)

x [n ] =δ[n − L ] X [k ] = e − j 2π
N Lk

x [n ] = 1 X [k ] =Nδ[k ]

x [n ] = e j 2π
N Ln X [k ] =Nδ[k − L ]

x [n ] = cos
�

2π
N Ln +φ
�

X [k ] = (N /2)[e jφδ[k − L ] + e − jφδ[k −N + L ]]

x [n ] = sin
�

2π
N Ln +φ
�

X [k ] = (− j N /2)[e jφδ[k − L ]− e − jφδ[k −N + L ]]

x [n ] =

¨

1 n <M

0 M ≤ n <N
X [k ] =

sin ((π/N )M k )
sin ((π/N )k )

e − j πN (M−1)k
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Appendix C. Discrete-Time Fourier Transform (DTFT)

used for: finite-energy, infinite-length signals (x [n ] ∈ ℓ2(Z))

analysis formula: X (ω) =
∞
∑

n=−∞
x [n ]e − jωn

synthesis formula: x [n ] =
1

2π

∫ π

−π
X (ω)e jωn dω

symmetries: x [−n ]
DTFT←→ X (−ω)

x ∗[n ]
DTFT←→ X ∗(−ω)

shifts: x [n −n0]
DTFT←→ e − jωn0 X (ω)

e jω0n x [n ]
DTFT←→ X (ω−ω0)

convolution: (x ∗ y )[n ]
DTFT←→ X (ω)Y (ω)

modulation: x [n ]y [n ]
DTFT←→ 1

2π

∫ π

−πX (θ )Y (ω−θ )dθ

differentiation: n x [n ]
DTFT←→ j d

dωX (ω)

Parseval’s Relation:
∞
∑

n=−∞
|x [n ]|2 =

1

2π

∫ π

−π
|X (ω)|2dω
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Appendix D. Notable DTFT Pairs:

x [n ] =δ[n −k ] X (ω) = e − jωk

x [n ] = 1 X (ω) = δ̃(ω)

where δ̃(ω) = 2π
∑∞

k=−∞δ(ω−2πk )

x [n ] = u [n ] X (ω) =
1

1− e − jω
+

1

2
δ̃(ω)

x [n ] = a n u [n ] |a |< 1 X (ω) =
1

1−a e − jω

x [n ] = e jω0n X (ω) = δ̃(ω−ω0)

x [n ] = cos(ω0n +φ) X (ω) = (1/2)[e jφδ̃(ω−ω0) + e − jφδ̃(ω+ω0)]

x [n ] = sin(ω0n +φ) X (ω) = (− j /2)[e jφδ̃(ω−ω0)− e − jφδ̃(ω+ω0)]

x [n ] =

¨

1 0≤ n <M

0 otherwise
X (ω) =

sin((M /2)ω)
sin(ω/2)

e − j M−1
2 ω

x [n ] = ωc
π sinc
�

ωc
π n
�

X (ω) = rect
�

ω
2ωc

�

for −π≤ω≤π

where sinc(x ) = sinπx
πx and rect(ω) =

¨

1 |ω|< 1
2

0 otherwise
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Appendix E. Continuous-Time Fourier Transform (CTFT)

used for: finite-energy, infinite-length signals (x (t ) ∈ L2(R) )

analysis formula: X ( f ) =

∫ ∞

−∞
x (t )e − j 2π f t d t

synthesis formula: x (t ) =

∫ ∞

−∞
X ( f )e j 2π f t d f

scaling: x (a t )
CTFT←→ 1

|a |X
� f

a

�

symmetries: x (−t )
CTFT←→ X (− f )

x ∗(t )
CTFT←→ X ∗(− f )

shifts: x (t − t0)
CTFT←→ e − j 2π f t0 X ( f )

e j 2π f0t x (t )
CTFT←→ X ( f − f0)

convolution: (x ∗ y )(t )
CTFT←→ X ( f )Y ( f )

modulation: x (t )y (t )
CTFT←→ (X ∗Y )( f )

Parseval’s Relation:

∫ ∞

−∞
|x (t )|2d t =

∫ ∞

−∞
|X ( f )|2d f
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Appendix F. Notable CTFT Pairs:

x (t ) =δ(t ) X ( f ) = 1

x (t ) =δ(t − t0) X ( f ) = e − j 2π f t0

x (t ) = 1 X ( f ) =δ( f )

x (t ) = e j 2π f0t X (ω) =δ( f − f0)

x (t ) = cos(2π f0t ) X ( f ) = 1
2

�

δ( f − f0) +δ( f + f0)
�

x (t ) = sin(2π f0t ) X ( f ) = 1
2 j

�

δ( f − f0)−δ( f + f0)
�

x (t ) = e −a t u (t ) X ( f ) = 1
a+ j 2π f

where R e (a )> 0

x (t ) = rect (t ) X ( f ) = sinc
�

f
�

x (t ) = sinc (t ) X ( f ) = rect
�

f
�

where sinc(x ) = sinπx
πx and rect(x ) =

¨

1 |x |< 1
2

0 otherwise
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Appendix G. z -Transform

formula: X (z ) =
∞
∑

n=−∞
x [n ]z−n

x [n ]
Z←→ X (z )with ROC R

linearity: x1[n ] + x2[n ]
Z←→ X1 (z )+X1 (z )with ROC at least R1 ∩R2

scaling: z n
0 x [n ]

Z←→ X
�

z
z0

�

with ROC |z0|R

symmetries: x [−n ]
Z←→ X (z−1)with ROC R−1

x ∗[n ]
Z←→ X ∗(z ∗)with ROC R ∗

shift: x [n −n0]
Z←→ z−n0 X (z )with ROC R

(except for the possible addition or deletion of the origin)

convolution: (x1 ∗ x2)[n ]
Z←→ X1(z )X2(z )with ROC at least R1 ∩R2

Appendix H. Notable z -Transform Pairs:

x [n ] =δ[n ] X (z ) = 1 with ROC all z

x [n ] =αn u [n ] 1
1−αz−1 with ROC |z |> |α|

x [n ] =−αn u [−n −1] 1
1−αz−1 with ROC |z |< |α|
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