COM 202 - Signal Processing
Sample Midterm

Multiple Choice Questions: each multiple choice question is worth 4 points.

Exercise 1.

Consider the finite-length discrete-time signal x € C*? shown in this figure:
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What is the DFT of this signal?

a)
32, k=0,
24 g
de-in/2 | =3,
X(k)=5 o
Tel™?, k=29,
0, otherwise
b)
2, k=3and k=29,
X(k)= .
0, otherwise
c)
5, k=0,
48 ,—jm k=3
e ) )
X(k)=1 24 s
Leltt k=29,
0, otherwise
d)
32, k=1,
24, k=7,
X(k)=
16, k=30,

Solution: The signal is a periodic oscillation completing 3 cycles over 32 samples; it oscillates



around the value 1, with a maximum positive amplitude equal to 0.3, so:
3 . 3

x[n]=14+—sin|{2n—n|.

10 32

By linearity, its DFT is

3 32
X[k] =325[k]—jE?(E[k—B]—5[k—(32—3)]
32 k=0
—(24/5)] k=3
(24/5)j k=29
0 otherwise

which is given by option a).

Exercise 2.

The 32 samples of the discrete-time signal x shown in the figure below were obtained using
arandom number generator.
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Say ifitis possible to determine 32 complex numbers C, C,,..., C;; so that the signal in the
plot can be expressed as

31
. T
x[n]:ZCke/ﬁ”k.
k=0

a) Yes, C, = X[k]/N, where X=DFT{x}.
b) No, x doesn’t look like a linear combination of complex exponentials.
c) No, because x is real-valued.

d) Yes, C;, = X[k], where X=DFT{x}.

Solution: The correct answer is option a). Any length-N signal can be represented exactly
as a linear combination of the N DFT basis vectors; the expression fory is equivalent to an
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inverse DFT except for the leading scaling factor 1/ N but, by setting C, = X[k]/N,y becomes
the inverse DFT of the DFT of x.

Exercise 3.

Given the matrix H below, for what values of ¢, ¢,, ¢;, ¢, do the rows of H form an orthonor-
mal basis in C*?

a) ci=c=zand ¢ =¢; =7
b) None.

| .1
C) g=¢g=zandc=c,=3

d cg=c=c=¢=1

Solution: The answer is a). Any non-zero values for c,, ¢,, ¢;, ¢, would give us an orthogonal
basis. But, among the provided options, these values are the only ones that would give us a
basis that is orthonormal.

Exercise 4.

Consider the infinite-length signal x whose DTFT X (w) is shown in the following picture:
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Consider now the following plot showing Y (w), the DTFT of the infinite-length signal y:



1.00 - N

. _/

0.00 ] T ]
- —r/2 0 n/2 T

What is the correct definition of y ?
a) y[n]=x[n]+3e/™x[n]
b) yln]=x[n]+ix[n—mnn]

o) ylnl=3e 7™ x[n]+ e/ x[n]

d) y[n]=x[n] (1 + (%)'"')

Solution: The correct answer is a). Multiplication by e/™ amounts to a shift of © of the
DTFT, which is what is observed here.




Exercise 5.
Consider a causal filter with transfer function

3 147z
44z

H(z)

Which of the following statements is correct?
a) The region of convergence of the transfer function includes the unit circle
b) The filter is FIR
c) The filter is unstable

d) The filter has four poles

Solution:

The region of convergence of the transfer function includes the unit circle

The filter is FIR

The filter is unstable
- The filter has four poles

The system has two poles in z = xj/2; since it has poles, it is IIR; since the poles are less
than one in magnitude they system is stable, and therefore the ROC of the transfer function
includes the unit circle

Exercise 6.

What is the output obtained after running the following Python code?

import numpy as np

N = 4

w = np.pi / N

a = np.arange (N)

print ( np.dot (np.exp(-23 * w * np.outer(a, a)), np.ones(N)) )

a) [1.0 1.0 1.0 1.0]
b) [3.141592653597 0.0 0.0 —-3.141592653597]
c (4.0 0.0 0.0 0.0]



d [1.0 1.07 -1.0 -1.07]

Solution: The correct answer is (c):

The code computes the DFT of a length-N signal whose samples are equal to one:

a isthevector[01 ... N—1]

- np.outer (a, a) yieldsa N x N matrix V whose entries are V[n, k] = nk, 0 <
n,k<N

-np.exp(-23 » w x np.outer (a, a)) yieldstheN x N Fourier matrixW,
with Wn, k] = e~?7/N)nk

- np.dot (np.exp (=27 * w * np.outer(a, a)), np.ones (N)) re-
turns the matrix-vector product Wx withx=[1111]7

Since DFT{1} = N o, the correct answer is (c).




Exercise 7.

A discrete-time system is defined by an input-output relationship y[n]= x[—n]. Which of
the following claims about the system is true?

a) The system is linear
b) The system is time-invariant
¢) The system is causal

d) The system is LTI

Solution: The answer is a). The system is linear, but not time-invariant or causal. Since it is
not time-invariant, it is also not LTI.

Exercise 8.

Which of the following claims about properties of infinite-length discrete-time signals is
false?

The signal x[n] = sin(5)+ cos(3) is periodic

If x[n] has finite energy, then lim,,_,, |x[n]| =0

- A non-zero bounded periodic discrete-time signal must have finite power

Given areal a > 0, the signal x[n]=e *"u[n]isin ¢,

Solution:
- (F) The signal x[n] = sin(5 )+ cos(3) is periodic
- (T) If x[n] has finite energy, thenlim,,_,., |x[n]|=0
- (T) A non-zero bounded periodic discrete-time signal must have finite power

- (T) Given areal a > 0, the signal x[n]=e *"u[n]isint,




Exercise 9.

LTI Systems: This question is worth 20 points.

An LTI system is given by the following difference equation
yln]=2y[n—1]+A,x[n]

where A;, A, > 0 are real numbers.

(a) Assume that the system satisfies the condition of initial rest. That is, if x[n]= 0 for all
n < ny, then y[n]=0forall n < n,. Find the impulse response of the system. Is this system
an FIR or an IIR filter?

(b) For which values of A, and A, is this system stable? Justify your answer.

c©letA, =2, = % Given the input signal x[n]= (i)" u[n] to the system, compute the out-
put y[n].

Solution:

(@) The impulse response of the system can be found by induction. First, we use the initial
rest condition. Since 0[n]=0 foralln <0, h[n]=0 for alln <0. Then,

h[0]=A,h[—1]+ A,6]0] =A,
h[1]=A,h[0]+ A,0[1] =1
Now, assume
hin]=A{A,u[n]

Clearly, the assumption holds for alln < 1. Then, for all n > 1, by induction,

hin+1]=Ah[n]+ A,06[n+1]
=1 (AT A uln])
:A?—FIAZ



Thus, the impulse response is

hin]=A,AT uln].

The system is an IIR filter.
(b) The system is stable if|A,| < 1. Otherwise, ZZi_OO |h[n]| — oo.

(c) This is similar to Homework 8 Exercise 1-(b).

oo

yInl= > xlklhln—k]

k=—00
oo

= Z (i)k u[k](%)ﬂl_ku[n—k]

k=—00

)"
)"
0n

First, we notice the elements of the sum will be zero for all negative k because of u[k]. Then,
they will be zero for all k > n because of u[n— k). Lastly, the sum from 0 to n is meaningful
onlyifn >0, so we add a factor of u[n] to reflect this.
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(V) k-
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k
k=—
k=—00

ylnl=




Exercise 10.

DTFT. This question is worth 22 points.

Consider an LTI system with frequency response

H(w)= &0=12]), lol<w,
0, otherwise,

for some value 0 < w, < 7. The real-valued frequency response has thus a triangular shape
as in the following illustration:

T/w, | -

0 1 T I
—7 —Wwy 0 Wy s

(a) Is the system a low-pass, a high-pass, or a band-pass filter?
(b) Is the system causal?

(c) Find the system’s response to the input signal x[n] =1+ cos (% n) +cos(2wyn).

T

(d) Let h be the impulse response of the system. Show that > _, |h[n]]* = T

Solution: (a) The system is a low-pass filter. (b) Since the frequency response is purely real,
the impulse response must be even, that is, h[n]| = h[—n]. Thus, the system cannot be a
causal filter. (c) The DTFT of the input is

X(w)= 5(w)+(5(w—w0/2)+S(co+wO/Z))/2+(5(w—2w0)+5(w+2w0))/2

In the frequency domain, the DTFT of the output is Y (w) = H(w)X(w); since H(0) = 1t/ w,,
H(xwy/2)=1/2w,) and H(*2w,)=0

Y () = (/)5 (@) +(1/(209)) (6(0 — wo/2) + 6 + w,/2)) /2

whose inverse Fourier transform is

yln]= wﬂ (1 +%cos(co0n/2))

0

10



(d) Use Parseval equality

D Inlnl = %f |H(w)*dw

nez —T

11



Exercise 11.
System analysis. This question is worth 26 points.

Consider the causal LTI system shown in the following block diagram and let a = —2:

x[n] /-D ® /—-i-\ yln]
/ Z_l
2 —5/4
N
® 1
Z—l
a
Z—l

(a) Compute the system’s transfer function H(z)

(b) Plot the system’s poles and zeros on the complex plane

(c) Sketch the magnitude of the system’s frequency response |H(w))|

(d) Find the transfer function of a stable filter G(z) so that |H(z)G(z)| =1

(e) Would the system be stable if we removed the lowest branch (i.e. if we set @ =0)?

Solution:

The system can be simplified as

D(z) y[n]

©
T
Z—l

From this we can write the input/output relation in the z domain

x[n]

Y(z)=D(z)[X(z)+az ' Y(z)]

from which we obtain the transfer function

D(z)

H(z)= 1—az-1D(z)
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If we write D(z) as a ratio of polynomials, i.e. D(z)= B(z)/A(z), we finally obtain

B B(z)
"~ B(z)—az'A(z)

H(z)

From the figure, it is immediate to see that D(z) is an (incomplete) second order section in
direct form II, incomplete since it has a single zero. Its transfer function is therefore

_ 1—(5/4)z7"
C1-2z1+42z2
3 1—(5/4)z71
1=+ j)z)1—-1—j)z")
(@) By letting B(z) =1—(5/4)z! and A(z) = 1—2z"' +2z72, the transfer function with
a =—2 becomes

D(z)

1—(5/4)z! _1—(5/4)z7"

H(z)= 1—2z-142z24+2z-1(1—(5/4)z"1)  1—(1/2)z2

(b) Thereisa zeroinz =>5/4 and two polesinz ==+4/1/2

Im
/‘\ )
°
(c) since pole and zero on the positive real axis are almost equidistant from one, their

effects cancel each other out; the pole in z = —+/1/2 brings the magnitude of the fre-
quency response up to create a highpass characteristic:

T T T T T T T
- —3n/4 —m/2 —/4 0 /4 /2 3m/4 T
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(d) The inverse transfer function is not stable because the zero of H(z) is outside the unit

circle. By choosing
_1-(1/2)z?

G(z)=
(&)= — 2=
the product G(z)H(z) is the allpass term (1 —(5/4)z71)/((5/4)— z™') whose frequency
response magnitude is one.
(e) If we remove the feedback branch, the transfer function becomes H(z) = D(z). The
poles of D(z) are larger than one in magnitude (1z, ;| = |1 % j| = v/2) and so the system
would not be stable.
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