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ABSTRACT

The main objective of this research is to develop a rational model to
predict the pull-out load versus fiber end slip response of hooked
steel fibers as they are pulled out from quasi-brittle matrices such as
cement and ceramics. The pull-out response of smooth steel fibers
is generally affected by two interfacial bond properties; the elastic
adhesive-type bond parameter and the frictional bond parameter. In
the case of deformed steel fibers, a third parameter is present which
is due to the geometry of the fiber. For hooked steel fibers, for
instance, this parameter is the mechanical clamping action due to
the hook geometry. In this study, a new analytical solution is derived
to determine the mechanical contribution of the hook in a general
fiber pull-out model. The model is based on the concept of a frictional
pulley along which the rotational resistance of up to two plastic
hinges is integrated. The mechanical contribution of the hook is a
function of the cold work needed to straighten the fiber as it is being
pulledout from its print. A limited experimental study was also
carried out to identify basic variables and parameters, to ascertain
their influence on the mechanical contribution of the hook, and
compare analytical predictions with experimental observations.
Variables that were studied in the experimental program include
fiber embeddment length, matrix strength, and the fiber-matrix
interfacial bond properties. The model predictions were compared
to the experimental results and good agreement was observed. The
model can be used as a design tool to optimize the energy absorbing
properties of fiber reinforced cement and ceramic composites.

INTRODUCTION

Cementitious materials such as mortar and concrete
are known for their weakness in resisting tensile
stresses. Fiber reinforcement makes up for this defi-
ciency. Fiber reinforced composites resist tensile forces
through a composite action whereby part of the tensile

forces is resisted by the cementitious matrix while the
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balance is taken by the fibers. The transmission of forces
between the fiber and the matrix is done through bond
which characterizes the interface mechanics between the
fiber and the surrounding matrix.

The components of bond can be classified as follows:
1) the physical and/or chemical adhesion between fiber
and matrix, 2) the frictional resistance, 3) the mechani-
cal component (coming from a particular geometry of the
fiber be it deformed, crimped, or hooked fibers), and 4)
the fiber-to fiber interlock. Several prior investigations,
analytical or experimental, have dealt with some of these
components. However, to the authors knowledge, only
one prior study has addressed the mechanical component
of bond of crimped fibers (Chanvillard [4, 5]) and this one
which deals with the mechanical contribution of the hook
in hooked fibers.

OBJECTIVE

The present investigation is focused on understanding
the contribution of the mechanical component of bond in
hooked steel fibers and modeling such contribution in the
general pull-out response of the fibers from a cement or
ceramic based matrix. An interactive approach between
experiments and modeling was followed initially, to ascer-
tain the importance of basic variables and parameters
considered in the model. This was important not only to
identify qualitatively these variables but also to model
their influence quantitatively.

EXPERIMENTAL PROGRAM

The experimental investigation focused on isolating
the contribution of the hook (i.e. load and slip) of a steel
fiber through a series of pull-out tests of a single hooked
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Table 1 — Parameters of hooked steel fibers used between fiber and matrix.
Fiber| Name | Original | Embedded | Diameter | Perimeter Yield Ultimate Commercially aYallable round h'ooked
Type Length Length Strength | Strength steel fibers (Dramix) were used in the
(mm) (mm) (mm) (mm) (MPa) (MPa) tests. They were 0.5 mm in diameter and
1 130/50| 30 12.5 0.5 1.5708 |896-1,172| 4,185 either 30 mm or 50 mm in length.
2 |50/50| 50 25.0 0.5 1.5708 |896-1,172| 4,185 Additional information on yield and ten-

1 ksi = 6.89 MPa.

sile strength as provided by the manufac-

turer are summarized in Table 1.

Table 2 — Composition of matrix mixtures by weight The three matrix fillers included: (1) the addition
Mix | Cement | Sand | Fine Sand- | Metakaolin | Fly Ash | *w/c | Symbol of fly ash; (2) the use of fine sand (dust-like sand
Type 50-70 270 ASTM-270); and (3) the addition of metakaoline.
1 1.0 1.0 0.0 0.0 20% | 0.5 M1 Table-1 summarizes the three basic matrix mixtures
2 10 | 0.0 20 0.0 20% | 1.0 | M2 used in this study. Note that the water content of mix
3 10 0.0 20 10% 10% | 0.9 M3 M2 and M3 is very high and was necessitated by the
very fine sand used.
Table 3 — Nomenclature of pull-out samples Specimen identification
Sample Index-1 Index-2 Index-3 Three indices were used to identify the test specimens.
Mix Type Fiber type Repetitivity The first index indicates the type of matrix (M1, M2, or M3),
M1H30A Mix1 30/50 A the second index the type of fiber (H30 or H50), and the
M1H30B Mix1 30/50 B third index (A, B, or C) repetitivity for averaging. Table-3
M1H30C Mix1 30/50 c summarizes the pull-out sample nomenclature.
M1H50A Mix1 50/50 A
M1H50B Mix1 50/50 B Specimen casting and curing
M1H50C Mix1 50/50 C The steel hooked fibers were embedded in half “dog
M2H30A Mix2 30/50 A bone” shaped cementitious specimens (Fig. 1). At first,
M2H30B Mix2 30/50 B the fibers were placed in polyurethane rectangular
- prisms. These prisms allowed accurate positioning of the
M2H30C Mix2 30/50 C . .
fibers and insured the desired embedded length. They
M2HS0A Mix2 50/50 A were placed securely in one side of the plexiglas mold
M2H508 Mix2 50/50 B while the matrix was poured. The Plexiglas molds were
M2H50C Mix2 50/50 c first oiled to facilitate demolding after matrix hardening.
M3H30A Mix3 30/50 A After demolding, the polyurethane prisms were removed
M3H30B Mix3 30/50 B thus exposing the fiber end for future pull-out.
M3H30C Mix3 30/50 C After demolding, the specimens were cured in water
M3H50A Mix3 50/50 A for seven days at room temperature, then left in labora-
M3H50B Mix3 50/50 B tory environment (21°C, 70% RH) until tested.
M3H50C Mix3 50/50 C

steel fiber from a cementitious matrix. It has been

‘ . , Polyurethane
observed in the past that the mechanical clamping Prism Fiber Exposed
of the hook increases the pull-out load as well as End
the pull-out energy significantly [1-5], and that for Hooked Dogbone Dogbone
- - ooke Specimen -
normal to high strength matrices the hook of the Steel .,  Specimen
fiber straightened out during the pull-out process. Fiber /

The test parameters included hooks from two

s

different fibers, embedded lengths of fibers (either
12.5 mm or 25 mm) and matrix composition
through addition of fillers to improve the com-
paction of the matrix in the interfacial zone

Fig. 1 - Pull-out specimen preparation.
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were used as well. Fig. 3
shows the average pull-out
load versus fiber end displace-
ment curves for the 12.5 mm
embedded length.

observed that the maximum

Loading It can be

Cylinder
Bearing

Plates pull-out load of smooth fibers

is directly related to the type
of matrix. Using the assump-
tion that the maximum pull
out load occurs at the onset of
complete debonding (in reality
the maximum load could occur
somewhere between 80% to

Fig. 2 - Test Setup.

Test Setup

Asimple experimental pull-out test setup was used in
this study (Fig. 2). The setup comprisd a supporting fix-
ture attached to the bed of the testing machine, and a
loading cylinder attached to the load cell. The cylinder
type jaw was used to insure better alignment in applying
the load along the fiber axis. An MIS hydraulic testing
machine with a 100 Ibs. load cell was used under dis-
placement control. The fiber end displacement was mea-
sured by an external LVDT.

Experimental observation

In order to determine reference interfacial properties,
round smooth steel fibers (i.e. hook cut off) of 0.5 mm in
diameter were pulled out separately from dog bone spec-
imens made of the three different mixes discussed earlier.
Two different embedded lengths of 12.5 mm and 25 mm

Smooth Steel Fibers
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100% of fiber debonding), the
maximum (initial) frictional
bond shear stress can be esti-
mated from equilibrium as:

where, Pmax = Maximum pull-out load, d; = Fiber diame-
ter, l; = Fiber embedded length.

Computing T; for the three matrix mixtures used yields
the following: T; = 335 psi for Mix #1; 1; = 251 psi for
Mix # 2; and finally 7; = 190 psi for Mix #3.

Figs. 4 to 10 show plots of the pull-out load versus

max

fiber end displacement curves of hooked steel fibers as
they are pulled-out from the three types of matrices (i.e.
Mixes 1, 2, and 3). For all three mixes, the maximum
pull-out load averaged from 32.5 to 37 Ib. (144-164 N) for
an embedded length of 12.5 mm and from 40 to 47.5
Ib.(178-211 N) for an embedded length of 25 mm. In all
cases the hook end of the fiber was straightened during
fiber pull-out. This straightening mechanism contributes
significantly to the pull-out resistance through plastic
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Fig. 3 Pull-out curves of smooth steel fibers from three different
cementitious matrices.
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Fig. 4 - Pull-out curves of 1/2 “ hooked steel fibers from mix #1
matrix.
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Fig. 6- Typical pull-out curves of 1/2 “ hooked steel fibers from
mix #2 matrix.

Fig. 9 - Pull-out curves of 1” hooked steel fibers from mix #3
mattrix.
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Fig. 7- Pull-out curves of 1” hooked steel fibers from mix #2
matrix.

The
hook contribution should be about constant in all cases,

rotation of the fiber cross section at that location.

provided complete straightening of the fiber hooked end
prevails without any matrix failure [11-14].
To examine this inference, the maximum pull-out load

18

Fig. 10 - Comparison of average pull-out curves of 1/2” & 1”
hooked steel fibers from mix #3 matrix.

at the onset of complete debonding of smooth fibers was
subtracted from the maximum pull out load of hooked
fibers of the same embedded length and matrix mix
design. Table 4 summarizes the results obtained.

It is clear that the mechanical contribution of the hook
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Table 4 — Hook end mechanical contribution The first two stages of the smooth fiber

to the maximum pull-out load pull-out scenario (ie. elastic and partial

Pull-Out | Pull-Out | Hook End | Pull-Out | Pull-Out | Hook End debonding) apply to hooked steel fibers as

Load (Ib.) | Load (Ib.) | Load (Ib.) | Load (Ib.) | Load (Ib.) | Load (Ib.) . . .

(=05 | (,= 05" | (i, = 0.5") | (.= 1.0 | (I, = 1.0°) | (i = 1.0") well (Figs. 11 a, and 12); however, the fric

- - - tional pull-out stage (Fig. 11d) is preceded
Fiber Type | Smooth Hooked | Difference| Smooth Hooked | Difference . . ;

— 0.0 370 270 20 e 275 by a mechanical clamping stage (Figs. 11b,

?X : i i : : and 11c¢). In that stage, the fiber hooked end

Mix #2 5 34.0 26.5 15 44 29.0 is subjected to cold work that causes the

Mix #3 5.7 32.5 26.8 114 40 28.0 hook to deform and straighten through the

Avg. = 26.7 Avg. = 28.3 fiber print (tunnel) as it is being pulled out

(placed at the end of a fiber) to the maximum pull-out
load is the same in all cases (about 27-28 Ib.) and that it
is independent of the matrix strength and fiber embedded
length. The hook contribution should depend on the fiber
properties and the hook geometry (i.e. inclination angle,
fiber diameter, and hook length).

In comparing Figs. 3 and 6, a couple of observations are
in order: 1) for smooth fibers the descending branch is
smooth characterizing frictional pull-out while for hooked
fibers the descending branch seems to undergo a second
peak at a fiber end displacement between 0.1 in. and 0.2 in.
(2.5 to 5 mm); 2) the load after peak for smooth fibers
decreases at a very fast rate practically becoming insignifi-
cant after small end slips of about 2.5 mm.

ANALYTICAL FORMULATION

Experimental observations suggest that the pull-out
process of a hooked steel fiber is very similar to that of a
smooth fiber up to the load level that causes complete
interfacial debonding of the fiber. Also beyond that point,
taken at the peak load, it seems that the mechanical con-
tribution of the hook is primarily responsible for the pull-
out resistance. Naaman et al [1-3] have formulated a
mathematical model for the pull-out response of smooth
steel fibers based on the interfacial bond stress versus
local slip relationship. In their model, they classified
three different stages of pull-out:

1) The elastic stage prior to the critical load, P, .., where

crit?
P represents the limit load, which, if exceeded, triggers
debonding.

2) The partial debonding stage, where the pull-out load is
resisted partially by elastic shear stresses and partially
by interfacial frictional stresses. This stage prevails until
the whole fiber-matrix interface is completely debonded.
3) The frictional pull-out stage, in which the fiber is rigidly
displaced from the matrix through its print and the pull-out
resistance is fully supplied by decaying interfacial frictional

stresses. This stage occurs after the peak load.
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from the matrix. The positions of the sec-
tions of plastic hinges, whereby the steel fiber undergoes
large deformations, change through the process. For
instance, there are two plastic hinge locations at the begin-
ning of this stage (Fig. 11b), and then only one remains
afterwards (Fig. 11c). In both cases however, the plastic
deformation of the fiber causes a direct increase in the
value of the fiber pull-out load.

R (a)

Plastic Hinge
PH (1) Interfamal Stress

Plastic Hinge W\&\\\\ —>
PH (2) \\\\\
WNL

NS Debonded A A
-n . f Y___ . !
E (b) !
|
|

Plastic Hinge Interfacial Stress :'_n": P
H(1) - - \

@ A,

Fig. 11 - a) Hooked steel fiber at onset of complete debonding, b)
hooked steel fiber during mechanical interlock with two plastic
hinges, c¢) mechanical interlock with one plastic hinge, d) Hooked
Steel fiber at onset of frictional pull-out.
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Theoretical Model

Examining the theoretical pull-out curve in Fig.12, it
can be observed that the pull-out load vs. fiber end dis-
placement relationship, up to full debonding at load level
P, and the corresponding fiber end displacement A, can
be predicted using the mathematical model developed by
Naaman et al. [2, 3] for smooth fibers (Appendix II).
After complete debonding, the horizontal portion of the
fiber would still be subjected to interfacial frictional
stresses and the hooked end of the fiber undergoes cold
work deformations through two plastic hinges as indi-
cated in Fig.11b. The corresponding increase in the pull-
out load value, due to the cold work from both plastic
hinges, would then be added to P; resulting in a plateau
load (P, or P3). This plateau value remains until the fiber
is pulled by an additional distance “k” after which there
would be only one active plastic hinge in the hooked end
(Fig. 11c¢), and the pull-out load would drop to P4. The
new load at P4 would then be held constant as the fiber
is pulled-out by an additional distance “h” after which the
pull-out load vs. fiber end displacement can then be
described by the frictional pull-out model of smooth
fibers by Naaman et al. [2, ]. Hence the only values that
need to be defined are the contribution of plastic hinges
to the pull-out loads P3 and P, and their corresponding
fiber end displacements Ay and A4, respectively. The val-
ues of Ay and A4 can be found from Figs. 11(c ) and (d)
as: A; = A +k, and Ay = A3 + h. The values of “k” and
“h” are given from the geometry of the hook.

Mathematical Derivation

It was stated in the previous section that the first pull-
out load plateau at P (Fig. 12) due to the two plastic
hinges can be estimated by:

where, P; = Pull-out load at onset of complete debonding
and AP’ = Pull-out load due to two plastic hinges.

Similarly, the second pull-out load plateau at P,
(Fig. 12) can be defined as:

P4 = Pl + AP” (3)

where, AP” = Pull-out load due to one plastic hinge.

In order to determine the values of AP” and AP”, an
equivalent pulley model is used (Fig. 13). The model sim-
ply consists of two frictional pulleys. Both Pulleys have
rotational and tangential components of friction resisting
the pull-out process. The rotational friction component
correspond to the cold work needed for straightening the
steel fiber at the plastic hinge location, and is repre-
sented by Fpy in Fig. 13. The tangential friction compo-

Puli-Out
Load 5
P
2 3 Hook
Contribution [2 Plastic Hinges]
Hook

Contribution [1 Plastic Hinge]

K]

i a——

Frictional
Pullout

P

Fiber End Displacement

A, A, A,

Fig. 12 - Schematic sketch of the theoretical pull-out curve of a
hooked steel fiber from a cementitious matrix.

Fig. 13 - Line sketch of the frictional pulley model.

nent represents the work of Coulomb friction between the
steel fiber and the matrix at the contact corner during the
straightening of the fiber; it is represented by F; and F,
in Fig. 13. T and T, represent the chord tension before
and after the first pulley respectively. Moreover, since the
hook angle is 45° on both sides it can be stated that:

T, = AP 0
and that,
T, = AP” 5)

R, and R, in Fig. 13 represent the reaction forces at
the pulley centers; they are directly related to F; and F,
through the kinetic coefficient of friction between the
fiber and the matrix, u.

From equilibrium, the following can be stated:

and,
T, = Fpy +F, (7)
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hence,
T,=T,+Fpy +F, ®)
Moreover,
F =R, .x 9)
but,
R, =T, .cosp+T,.cosp (10)

Substituting (10) in (9), we get:

F, = () .[T, .cosp+T, . cosp] (11)
or,

Fy = () . (cosB) . [T, + Ty (12)

Similarly,

Fy= (1) . (cosB) . [T,] (13)

Substituting (13) in (7), yields:

T, = Fpy + (1) - (cosp) . [T,] (14)

Thus by solving (14) for T,, we get:

- Fem
2= [1 —u-cosB] (1)

Also by substituting (12) in (6), we get:

T, =2Fpy +p .(cosP) .[T; + T,] +F, (16)
and substituting (13) in (16), yields:

T, =2Fpy +p . (cosP) . [Ty + Tpl +p . (cosP) . [T,]  (17)

Now substituting (15) in (17) and solving for T}, we get:
.

l—u-cosB)

h= [l—u-cosB]

(18)

d p ,/ :Moment Arm

<+ . J’--—'———_

Fig. 14 - Sketch of the free body diagram of the fiber plastic hinge.

The value of Fpy; is determined from the equilibrium of
moments about point “A” in the free body diagram sketch
of the fiber plastic hinge presented in Fig. 14.

YXMA =0 (CCW + ve)
Thus,
Mp =Fpy . (Moment arm = d; . cos0) (19)
or,
M,
Fpy =—2- 20
PH d¢ cos6 (20)
where,
Mp = Plastic moment of the steel fiber circular section,
2
estimated as | f ﬂﬁ
Y2 3
dg, ¢ = the fiber diameter and radius, respectively
and

fy = the fiber yield strength

Finally, the values of AP’ and AP” can be equated to
the values of T1 and T2 from equations (15) and (18), and
by using equation (20) they can be expressed as:

d;-cosB (l—u-cosB)

AP'=T, = -
! [1—u-cos[3] (21-2)
or,
2
fynrf M.COSB
1+
3-cosO (l—u-cosB)
AP’ =T, = (21-b)
[l—u-cosB]
and,
M,
d;-cosO
AP” =T, = —L = -
: [l-u-cosB] (22-2)
or,
fymrf2
” 6-cosB
AP” =T, = ———>"—= 22-b
g [1—u~cos[3] ( )

Typical Analytical Results

For a typical Dramix steel fiber; d; = 0.5 mm
(0.01967); 6 = 45°, B = 67.5°, f, =130 ksi (130,000 psi),
and u = 0.5, we get:
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2
’ 305 Tcrf
! ( PH) cosf [y 6 j (23)
=0.0002169‘fy =282 Ib
and,
124 nf
AP” =T, =124(F =—f  —
: (Feu cosb | ¥ 6 (24)

=0.0000818-f, =115 Ib

Since steel applies very high local pressure on con-
crete at points of plastic hinges, concrete usually under-
goes some extent of local crushing at these points. The
local crushing will change the original value of B. Hence,
it should be noted that B = 67.5° is an assumed value in
the current study.

In Table 4, the mechanical contribution of the hook
was derived from experimentally measured data for two
different embedded fiber lengths, with the same yield
strength and hook geometry (Fig. 15). In addition, the
matrix strength (composition) was varied also, but this
only affected the elastic bond properties and hence the
pull-out load value at the onset of debonding. In all cases
the value of AP’ (hook contribution due to two plastic
hinges) was reported to be about 27.5 1b. as the average
of (26.7 and 28.3 Ib.). The computed value of AP’ from
the analytical model is 28.2 Ib., suggesting a surprisingly
accurate prediction. Therefore, it can be concluded that
for the same hook geometry, fiber diameter, and yield
strength, the maximum pull-out load of the hooked steel
fiber can be determined by adding the value of AP’ to Py
(the pull-out force at onset of complete debonding).
Similarly, the post peak pull-out load can be computed by
adding AP” to the pull-out load remaining after debonding
of the fiber. Here it is taken equal to P;. This is true if

0.06"
1.5 mm

Fig. 15 - Detailing of hook geometry.
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Fig. 16(a) - Two-Parabolas Smoothing Approach Plot: Comparison
with Experimental Graphs for Hooked and Smooth Fibers.
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Fig. 16(b) - Schematic sketch of the assumed second degree
polynomial pull-out curve of a hooked steel fiber from a
cementitious matrix.

the matrix strength did not deteriorate during the
straightening of the fiber hooked end.

Smoothing the plastic hinge contribution

Fig. 12 illustrates a fictitious pull-out load versus slip
curve assuming the contribution of the plastic moments
exists and/or disappears instantaneously; it is modeled like
a step function. In reality the process is transitional and
continuous. To provide a more realistic transition, it is sug-
gested that the transition between the pull-out load value P,
to the maximum load value at P; and up to the post peak
load value at P4 be modeled as a second degree polynomial
(Parabola) with the maximum vertex at point (A,P3). This
is an empirical smoothing approach. Several approaches
were tried. One of them seemed to give reasonable results.
It assumes two parabolas, the first parabola passes by P3
and spans the distance (k + h/2 ) symmetrically. The sec-
ond parabola starts at distance (k+h/2) and spans the dis-
tance h symmetrically with vertex at P4 [see Fig. 16 (a) and
(b)]. Figs. 17 - 18 show comparison plots between model
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Fig. 17 - Comparison between analytically predicted and experi-
mentally measured pull-out curves of 30 mm hooked steel fibers.

PULLOUT CORRELATION
(Model vs. Test)

50450 hooked steel fik

ix #3 ; P, 11.4
Model.Mx #3

AF 28.2 |bs.

AP" = 11.5 ibs. ]

39.6..1bs...]

= 22.7 |bs

ers
bs.

PO i a1y

4
K

4

Pullout Load (Ibs.)

0.1 0.2 0.3 0.4
Fiber End Displacement (in.)

Fig. 18 - Comparison between analytically predicted and experi-
mentally measured pull-out curves of 50 mm hooked steel fibers.

predictions and experimentally measured pull-out curves
for mix#3. A good correlation can be observed in key val-
ues of pull-out loads and slips and in the general shape of
the curve, providing some confidence in the model.
Additional experiments may be needed to fine tune the pre-
dictions to accommodate other variables.

CONCLUDING REMARK

Prior studies have dealt with modeling the pull-out
load versus slip response of a smooth fiber from a cement
or ceramic based matrix, up to complete debonding [1-3,
15]. The effects of different bond parameters such as the
maximum shear strength, the frictional shear stress, the
bond stiffness, and bond degradation during pull-out,
were considered and extensively evaluated.
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In this study, a new model is developed to simulate the
mechanical contribution of a fiber end “hook” to the pull-out
load versus slip response of a fiber pulling out from a
cement or ceramic matrix. The model is based on the con-
cept of a frictional pulley along which the rotational resis-
tance of up to two plastic hinges is integrated. The mechan-
ical contribution of the hook is a function of the cold work
needed to straighten the fiber as it is being pulled-out from
its print. It is directly related to the hook geometry, fiber
diameter, and yield strength of the fiber. The model assumes
that there is no degradation in the matrix strength, or crum-
bling failure at the frictional contact point between the
matrix and the fiber. Such an assumption holds for high
strength or high performance matrices. An ongoing study is
currently being carried on which addresses the shear fail-
ure of the concrete key. Analytical solutions for the maxi-
mum pull-out load value, and post-peak load values are
derived. A very good agreement is observed between ana-
Iytical predictions and the experimental measurements.
Since the energy absorbed by composites is generally pro-
portional to the pull-out energy of the reinforcing fibers [15-
19], the model can be used as a design tool to optimize the
fracture energy of fiber reinforced cement and ceramic
based composites.
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APPENDIX I — PULL-OUT MODEL OF
SMOOTH STEEL FIBERS FROM
CEMENTITIOUS MATRICES

The pull-out force of smooth aligned short fibers are
computed based on pull-out load versus fiber end dis-
placement models developed by Naaman et al. [2-3]. The
pull-out load versus fiber end displacement relationship
can be summarized in the following equations. In the pre-
critical and partial debonding regions, the pull-out load P

is given as:
“20(l-u)
P =7y + i e (A1)
: A2 ) +( m )(1 _l_e—zx(Z—u))
0 0
and the corresponding fiber end displacement A is given by:
wauz
P(O-1)u- -2)+
(0-1p-"5—(e-2)
—k(l—u)
l—e Q-2
(P - tfwu)m N Teyul
A= A2
AE. (A2)

where,

Tm
interface

2x = maximum elastic bond strength at the fiber-matrix

T¢= frictional bond stress at the fiber-matrix interface
u = debonded length of fiber
y = fiber perimeter

Q= (AynEp + AE)/AyE,

and,

7»=s“‘ LA
VARE,

in which A, A, E_, and E; are the matrix and fiber cross-
sectional areas and elastic moduli respectively, and k is

AmEm

the interfacial bond modulus.
In the pull-out region after complete debonding of the
fiber-matrix interface, the pull-out load P is given by

P=ytf(A) .(I-4) (A3)

where (- A) is the length of fiber remaining embedded for
any slip A, and 14(A) is the frictional shear stress for a
slip A; the subscript “d” implies damage or decay. The
frictional shear stress can be assumed constant for any
slip A. However, as in real tests, it is shown to deterio-
rate with increasing slip, its value as derived in Naaman
et al. [2-3] is given by:
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E, E;
where,

A = relative slip of the fiber after full debonding.
A, = relative slip of the fiber at end of full debonding; as

a first approximation it can be taken equal to the slip at
maximum load.

& = damage coefficient; a dimensionless constant to give
the analytical descending branch of the bond shear stress
versus slip curve the same decaying trend as the experi-
mental one.

= friction coefficient of the fiber-matrix interface.

v = Poisson’ ratio, with subscript f for fiber and m for
matrix.

M = coefficient describing the exponential shape of the
descending branch of the bond shear stress versus slip
curve; for smooth steel fibers, a value of 0.2 is recom-
mended by Naaman et al. [2-3].
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