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Summary

It is postulated that for the purposes of seismic design the ductile behaviour of
lateral force-resisting structural components, elements and indeed the entire
building system, can be satisfactorily simulated by simple bi-linear force-dis-
placement relationships. This enables the displacement relationships between
the system and its lateral force-resisting elements at a particular limit state to be
readily evaluated. To this end some widely used fallacies, relevant to the transi-
tion from elastic to inelastic behaviour, are exposed. A re-definition of yield dis-
placements and consequently stiffness, allows much more realistic predictions of
the most important feature of seismic response, element displacements, to be
made. The concepts introduced are rational yet very simple. Their applications
are closely interwoven with the designer’s intensions. The strategy provides the
designers with unexpected freedom in the assignment of strengths to lateral
force resisting elements, such as frames or structural walls. Contrary to current
design practice, whereby a specific global displacement ductility capacity is pre-
scribed for a particular structural class, the designer can determine the accept-
able displacement demand to be imposed on the system. This should protect crit-

ical elements against excessive displacement demands.

Introduction

A study of the assessment of the struc-
tural performance of existing buildings
with earthquake risk triggered in-
quiries adressing the likely response of
buildings as constructed, rather than
their compliance with a particular
code. A major perceived need was the
estimation of torsion-induced dis-
placements of elements of ductile sys-
tems [1, 2, 3]. In the process several
issues emerged with apparent conflict
with ingredients of our current design
pratice. The description of progres-
sively emerging fallacies, firmly en-
trenched in our routine seismic design
techniques [4], is the subject of this
presentation.

The motivation for the introduction of
some unfamiliar, but not necessarily
new, principles, relevant to ductile
structural response, was the need to
emphasize the importance of earth-
quake-induced displacements, rather
than a particular method of assigning
strengths to elements of a system.
Identification of structural behaviour,
rationale and transparency of a viable
design strategy, combined with sim-
plicity of application, were central
issues of this motivation.

Design Criteria

The primary purpose of this study was
to address means by which perfor-
mance criteria, conforming with the
appropriate design limit state, may be
rationally executed. These criteria are:

— Earthquake-induced deformations
should limit the expected displace-
ment ductility demand on any ele-
ment to its ductility capacity, pajmax
stipulated in codes.

— Maximum magnitudes of interstorey
displacements, to be expected at lo-
cations remote from the centre of
mass, should not exceed those con-
sidered acceptable for buildings.
typically 2-2.5% of the storey
height.

— Performance criteria may require
displacements associated with a spe-
cific limit state, to be less than those
allowed by the limits listed above.

Terminology used

— In the study of earthquake-induced
displacements of buildings, refer-
ence will be made to the structural
system.
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— A structural system comprises later-
al force-resisting elements, generally
arranged in two orthogonal direc-
tions. Due to torsional effects, ele-
ments of the system may be subject
to different displacements. Typical
elements are bents of ductile frames
or interconnected walls in the same
plane.

— A lateral force-resisting element
may comprise several components.
Components will be subjected to
identical ~displacements. Typical
components are beams or columns
or walls.

These terms are illustrated in Fig. /.
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Fig. 1: Nomenclature

Traditional Concepts of the
Theory of Elasticity

The requirements for static equilibri-
um and deformation compatibility in
statically indeterminate structure, is
well established. These principles are
still widely used when strength to lat-
eral force-resisting ductile elements of
a system are assigned.

With the introduction of equivalent
lateral static seismic design forces and
the acceptance of ductile response, the
same technique continued to be wide-
ly used. It implied the notion that
strength assigned proportionally to
element stiffness will result in the si-
multaneous onset of yielding in all ele-
ments.

Subsequently it was realized that, be-
cause, of expected significant inelas-
tic earthquake-imposed deformations,
some deviation from strength distribu-
tion according to elastic behaviour, is
quite acceptable. Thus the practice of
strength re-distribution was adapted.
It was assumed that for components a
reduction of flexural strength will re-
sult in an earlier onset of vielding,
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whereas elements with excess strength
will yield a little later. These changes
in the onset of yielding were not ex-
pected to change component ductility
demands significantly enough to be a
cause of concern.

Instead of abstract derivations of rele-
vant relationships, some simple exam-
ples, commonly encountered in design
practice, will be used to show the ap-
plicability of certain principles. Fig. 2(a)
shows four rectangular reinforced con-
crete cantilever walls of identical
heigths and widths. The interconnec-
tion of these wall components is such
that at any stage of seismic response,
identical displacements will be im-
posed on all four elements. The lengths
of the wall components, l;, is such that
the relative second moments of area of
the sections, being proportional to [,
are 1, 2, 4 and 8, respectively. The total
relative stiffness of the element, com-
prising four component cantilever
walls, is thus 15. The relative compo-
nent strengths, based on traditionally
defined component stiffness, are
shown in Fig. 2(b). It also shows that,
according to traditional assumptions,
all elements will commence vielding at
a relative lateral displacement of A.

Fig. 2(c) shows the implications of
1/15 of the total strength being redis-
tributed from component (4) to com-
ponent (3) without reducing the total
strength of the four-component ele-
ment. The traditional definition of
component stiffness, based on the se-
cond moment of area of the section,
suggests that the vield displacements
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(b) Strength-displacement
relationships

(c) Strength-displacement
relationships with some
strength redistribution
Fig. 2: Interconnected cantilever wall

components

of these two components will change.
A departure from the strength as-
signed in proportion to component
stiffness implies thus, as shown in Fig.
2(c), a corresponding decrease or in-
crease, respectively, of the component
yield displacement. The fallacies re-
sulting from this traditional usage of
component stiffness are examined sub-
sequently.

A Definition of Yield
Deformations

To allow the very convenient use of bi-
linear modelling of ductile structural
response, it is essential to define the
transition point from linear elastic to
linear post-yield behaviour. Two types
of interrelated deformations, such as
vield curvature and yield displace-
ment, need to be considered.

Yield Curvature

To illustrate an acceptable simulation
of the non-linear moment-curvature
relationship, an example of a rectangu-
lar reinforced concrete wall section,
shown in Fig. 3, will be used. The tech-
nique associated with the analyses is
well established [5]. Approximations
[6], most useful for seismic design pur-
poses, are less well known. The strain
pattern associated with the onset of
yielding of the reinforcement at the ex-
treme tension fibre enables the corre-
sponding curvature to be expressed as:

d){ = Ej\'/(l_k) Iy = E}'/(E_lw) (1)

where e, is the yield strain of the steel
used and &1, is the length of the flexur-
al tension zone of the elastic section.

For the purpose of bi-linear modelling
of the flexural strength-curvature rela-
tionship at the critical section of the
wall component, it is convenient to in-
troduce the term «nominal yield cur-
vature», subsequently referred to sim-
ply as yield curvature, by linear extra-
polation to the nominal flexural
strength of the section, M, thus

d)_\' = (Mn/M\)d)\’: [(Mn/M\')/glw]e\' &
(&1y) : @

where M, is the moment associated
with the first yield, i.e., &/, given by eq.
(1). From extensive parametric analy-
ses [6] it has been established that for a
given cross section, the value of
(M,/M,)/€ remains essentially constant
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Fig. 3: Flexural strength-curvature relationships for a wall section

irrespective of the ratio and arrange-
ment of reinforcement. As an example
for design purposes, it may be assumed
[6] that the nominal yield curvature of
a rectangular wall section is:

by = eyl (3)
A higher degree of precision in seismic
design is not warranted.

The important message of eq. (3) is,
that the yield curvature of a reinforced
concrete section is proportional to the
yield strain of the steel used and in-
versely proportional to the length or
depth of the section.

The bi-linear modelling of flexural
strength-curvature relationship, with-
out post yield stiffness, is presented
in Fig. 3(b). It is also found that mo-
derate axial compression load on a
wall, commonly encountered in multi-
storey buildings, P = 0.07f/A,, does not
change the vield curvature to any sig-
nificance. However, the strength of
the sections may be significantly in-
creased. The important relationships
are recapitulated in Fig. 3, where f! de-
notes the compression strength of the
concrete and A, is the gross sectional
area of the wall.

Yield Displacement

Once the reference yield curvature of
a component, such as a cantilever wall,
is established, the corresponding dis-
placement for a given set of lateral
forces can be readily established at any
desired level of the structure. For ex-
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Fig. 4: Bi-linear idealization of component and

element force-deformation relationships

ample, the reference yield displace-
ment at the top of a wall component i,
shown in Fig. 2(a), when subjected to
lateral static forces, when based on eq.
(3). can be approximated by

Ayi= Cdyihgi= (2Chge )1y > ;- (4)

where C is a coefficient which quanti-
fies the distribution pattern of lateral
design forces, and hy; is the height of
the wall component. Because, as
shown in Fig. 2(a), the heights of the
walls, hy;. and the grade of the flexural
reinforcement used will be the same
for all wall components, the bracketed
term in eq.(4) will be a constant.
Therefore, yield displacements will be
inversely proportional to wall lengths.
This simple relationship can be conve-
niently used in design whenever rela-
tive properties of components are suf-
ficient to establish, for example, ductil-
ity relationships. Examples will subse-
quently show the relevance of this very
important relation.

Implications of the Redefined Yield
Displacements

The idealized bi-linear ductile behav-
iour of a four-component lateral force-
resisting wall element, shown in Fig.
2(a). is presented in Fig. 4. The assign-
ment of component strengths in accor-
dance with traditional practice, as
shown in Fig. 2(b), was used. A study
of the relationships demonstrate that:

(1) The relative yield displacement of
each wall component is inversely
proportional to its length.

(2) As eq. (4) states, the yield dis-
placement is independent of the
strength assigned to a component.

When the lateral force-resisting el-
ement, shown in Fig. 2(a), is sub-
jected to increasing displacements,
the components will commence
yielding in a predetermined order.
In the example shown, component
(4) will be the first and component
(1) the last one to yield. At this
stage the full strength of the four-
component element is developed.

(4) As acorollary, and contrary to tra-
ditional assumptions, depicted in
Fig. 2(b), the simultaneous yielding
of components with different

lengths is not possible.

The displacement capacity of a lat-
eral force resisting element is limit-
ed by that of the component with
the smallest yield displacement,
Le., largest length. In this example
it has been assumed that the dis-
placement ductility capacity of the
wall components iS Pajna = 3.
Therefore, the displacement of this
element at the ultimate limit state
must be limited to the capacity of
component (4) with A, =5 X 0.5=
2.5 displacement units. In Fig. 4 the
yield displacement of component
(1) was chosen as a displacement
unit. It follows then that tahe duc-
tility demand on components (1),
(2) and (3) will be non-critical.

Because the sequence of yielding
is set and is independent of the

(6)
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strength of the components. strength
to components may be assigned in any
arbitrary manner. This provides the
designer with considerable freedom of
choice. It can be exploited so as to im-
prove overall structural performance,
as well as to arrive at more economical
solutions. Some examples are provided
subsequently.

An unrecognised significant advantage
of this approach is that it enables the
designer to control the major sources
of the detrimental effects of the tor-
sional response of buildings. These are
eccentricities with respect to the centre
of the mass of the system. If desired,
the strength to elements of a system
may be assigned so that the centres of
strength and mass will coincide [7].

A Re-definition of Stiffness

In the context of this study. stiffness re-
lates the total lateral force to a corre-
sponding horizontal displacement.

Component Stiffness

Idealised bi-linear strength-displace-
ment relationships are presented in
Fig. 4. In these possible post-yield stiff-
ness have been ignored. It is evident
that a realistic approximation of com-
ponent stiffness is:

ki = Vni/Ayi (5)

that is, nominal strength/yield dis-
placement.

The important implications of this def-
inition are that:

— The nominal strength of the compo-
nent is the choice of the designer. It
must be known before stiffness can
be quantified.

— Stiffness is proportional to strength!

— The nominal yield displacement of
a component, as previously defined.
depends on the geometry of the
component and the relevant yield
strain of the material used. For de-
sign purposes nominal yield dis-
placements, A ;, are independent of
strength! ‘

Element Stiffness

The stiffness of a lateral force-resisting
element, comprising a number of com-
ponents subjected to identical dis-
placements, such as shown in Fig. 2(a).
may be defined by the superposition of
the bi-linear response of the compo-
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nents. The stiffness of each component
in Fig. 4 was clearly defined by eq. (5).
The superposition of the response of
the four components leads to a non-
linear transition from the elastic to the
post-yvield behaviour of the element.
For design purposes this can again
be replaced by bi-linear simulation.
shown by dashed lines in Fig. 4 as total
response. Accordingly the stiffness of
the element is:

k.= 2k (6)

This in turn allows the nominal yield
displacement of the element to be de-
fined as

Aye =2V,i/2k; (7)

The value of the element yield dis-
placements so derived is shown dis-
tinctly in Fig. 4. Because the simulta-
neous yielding of components with dif-
ferent yield displacements, Ay;, is not
possible, some components will yield
at displacements less than that of the
element, A,.. Larger displacement will
be required to develop the nominal
strength of those components for wich
A; > A,.. The non-linear transition
from elastic to plastic behaviour,
shown by the full line marked «Total»
in Fig. 4, illustrates this feature.

The above examples show the fallacy
of the common assumption, that the
element and system or global displace-
ment ductility factor is the same as that
specified in codes for appropriately
detailed components. A displacement
ductility capacity of 5 of the element
depicted in Fig. 4, implies a ductility
demand on component (4) of pyg=35 X
0.58/0.5=35.8.

System Stiffness

As Fig. I shows, a building system will
comprise a set of parallel lateral force-
resisting elements. The strength, yield
displacement and stiffness of each
element are determined, as described.
The procedure applicable to elements
may then be used to estimate the stiff-
ness and yield displacement of the en-
tire system, comprising of a number of
elements.

The sole purpose of the system nomi-
nal yield displacement, this being a ref-
erence value. is to quantify the system
displacement ductility. Therefore, any
convenient value that is compatible
with overall behaviour under the ac-
tion of lateral forces, may be used. The
nominal system vyield displacement.

A... used here, is associated with the
uniform translation of all its elements
and the centre of mass. The definition
is thus identical to that represented by
eq. (7). In this definition, displace-
ments due to torsional phenomena are
not included. In seismic design. the in-
fluence of torsion on the displacement
of the centre of mass may be consid-
ered to represent unwarranted analyti-
cal refinements.

Ductility Relationships

Once the nominal strengths and yield
displacements, and hence the stiffness,
of components or elements have been
set, the relationships between different
displacements and displacement duc-
tilities, to be considered in the design,
are readily established.

Components of Lateral Force-
resisting Elements

Bi-linear responses of 4-component el-
ements were presented in Fig. 4. It was
stated that the displacement capacity
of this element is controlled by that of
its critical component (4) with the
smallest yield displacement. The sum
of component relative stiffness was
found to be 2k, = 1.72. Equation (7) al-
lows the yield displacement of the ele-
ment in Fig. 4 to be determined as A,
= 1/1.72 = 0.58 displacement units.
Therefore, with the ultimate displace-
ment limited to 5 X 0.5 = 2.5 units, the
element displacement ductility de-
mand must be limited to py =< 2.5/0.58
=431.

It was emphasised that an entirely dif-
ferent assignment of strength to the
four components of the element is also
acceptable. Such a choice will affect
the stiffness and hence yield displa-
cement of the element. These may re-
quire greater restriction on the accept-
able displacement ductility demand
on the element. This is controlled by
the strength-independent displacement
capacity of component (4).

Lateral Force-resisting Elements of
Building Systems

Similar limitations apply when the sys-
tem displacement ductility is to be lim-
ited to ensure that the displacement
ductility capacity of the critical ele-
ment is not exceeded. However, in the
consideration of the displacements of
elements of a system, torsional effect
need also to be accounted for.
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Allocation of Strength

It was postulated that, irrespective of
the way strengths were assigned to
components, the sequence of yielding
will depend only on the yield displace-
ments of the components. As previous-
ly stated. for given material properties
(ey). these are controlled by the geo-
metry rather than the strength of
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Fig. 5: A structure supported on columns
with variable heights

the components. It was, therefore, con-
cluded that, within rational limits,
strength to components may be as-
signed in any arbitrary manner. The
criterion to be satisfied is that the total
strength of the element, i.e., the sum of
the strengths of ist components, must
be maintained. Two examples are pre-
sented here to show how arbitrary, yet
astute, choices of strength allocation to
components may lead to appealing
structural solutions.

A Structure Supported on Columns
with Variable Heights

As Fig. 5 shows, a two storey rigid
block structure is supported on five
columns of variable heights. The rela-
tive heigths of the columns (1) to (5),
h;, are 1.00, 1.25, 1.50, 1.75 and 2.00, re-
spectively. The inertia force. Vi, needs
to be transmitted by the 5 columns
with identical cross sections. Because
of identical sectional dimensions, the
yield curvatures at both ends of all
columns, &,, will be practically identi-
cal. Small differences in the values of
yield displacements result from differ-
ent axial compression loads on the
columns. Consequently, the yield dis-
placements will be approximately A; =
dbyhi6, i.e., proportional to the square
of the column heights. Therefore, irre-
spective of flexural strength, the yield
displacement of column (5) is approxi-
mately 4 times that of column (1).

Component strengths, yield displace-
ments and hence stiffness, allow the
non-linear shear force — lateral dis-
placement relationships for two differ-
ent elements, considered above, to be
plotted. These are presented in Fig. 6.
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In the first case the column shear
forces and hence relevant strenghts,
are assigned in accordance with con-
ventional 1/h? proportionality. In the
other case shear forces are made
inversely proportional to column
heights. For this case the bi-linear sim-
ulation of the five columns is also
shown in Fig. 6. With the use of eq. (7),
the bi-linear simulation allows the ele-
ment yield displacements, A, for each
case, i.e., 1.364 and 1.667 displacement
units, respectively, to be estimated.
These are inversely proportional to el-
ement stiffness.

The critical component is column (1)
with the smallest relative (unit) yield
displacement. It is assumed that the
displacement ductility demand on ap-
propriately detailed columns should
be limited to 6. Therefore. the dis-
placement demand on the element at
the ultimate limit state must be limited
to the displacement capacity of col-
umn (1), i.e., A, = 6 X 1.0 = 6.0. This
implies then that the element displace-
ment ductility demands, using the tra-
ditional and arbitrary assignment of
column strengths, should be limited to
pae = 6.0/1.364 = 440 and py, <
6.0/1.667 = 3.60, respectively.

The major points highlighted by this
example are:

— The arbitrary distribution of the
base shear force, Vg, among
columns, relying on equal flexural
strengths, enables the same detailing
of the vertical reinforcement in all
five columns.

— The extremely disproportionate
shear demand, associated with the
conventional allocation of compo-
nent strengths, is eliminated.

— The reduction of the element stiff-
ness by a factor of 1.364/1.667 = 0.82
is not likely to affect adversely dy-
namic response.

— The advantages of arbitrary strength
allocation to components outweigh
the disadvantage associated with the
somewhat reduced energy dissipa-
tion capacity of the element. Note
that post-yield stiffness, inevitably
present, has not been considered in
this comparison.

— The examples show that an al-
lowance for a global displacement
ductility capacity of 6, which may
have been adopted for ductile
frames, would grossly underestimate
the ductility demand on the critical
component, i.e. column (1). (For ex-
ample pLajmax =6 X 1.667 = 10>>6).

— The example demonstrates how the
element displacement ductility de-
mand should be limited to approxi-
mately 4. if the critical component is
to be protected against excessive
displacement demands. As a corol-
lary, the study of the example struc-
ture reveals that it is not possible to
utilize the ductility capacity of com-
ponents with larger yield displace-
ments. For example p,s = 6/4 =
1.5<<6. Such columns may thus be
designed and detailed according to
recommendations for limited ductil-
ity demands.

— Existing design procedures, based
on traditional definitions of compo-
nent stiffness, do not allow displace-
ment ductility demands on con-
stituent components with different
geometric properties to be related
to that imposed on the element.

A Structure Supported by Columns
with Unequal Depth

This example element. presented in
Fig. 7. is similar to that seen in Fig. 5.
However. in this symmetrical variant
the columns are of equal heights but
have different depth. h;. The conven-
tional stiffness proportional allocation

Total—\
® 1.0 =
~§ Conventional Uac=4.40
- 0.8 ;
§ ,uAa=3.60
» 0.6 —
8 po=3.84
=2.67

% ez 2 ©] (O ﬁ:we
g £ ] T Y
e =

0.0 Ay1+Ay oo —T— < Ay3 Ay~ Ays Has=1.50

. 1 2 3 4 5 6

Normalized lateral displacements

Fig. 6: Force-displacement modelling of the element shown in Fig. 5
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Fig. 7: A structure supported on columns
with different depths
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of shear strength would follow the
principles described in connection
with the model element shown in
Fig. 2(a). Details of this are not given
here.

The relative depths of columns (1). (2)
and (3) are 1.0, 2.0 and 1.5, respective-
ly. Correspondingly the relative yield
displacements, being inversely propor-
tional to the depth of the sections (eq.
(4)). are A, = 1.000, Ay, = 0.500 and
A5 = 0.667, respectively. The conven-
tional assignment of (shear) strengths,
in proportion to hj, would result in
these 3 columns having to resist 4.7%,
37.4% and 15.8% of the total base
shear, Vg. respectively. The lateral
force-displacement response of the 3-
component element so designed. is
shown by the dashed line in Fig 8.

Making use of the designer’s freedom
in choosing any arbitrary assignment
of component strengths, it is decided
to make column base shear strengths
proportional to the square of the sec-
tion depths. This technique leads to a
well balanced design, whereby the ra-
tio of the vertical reinforcement is ap-
proximately the same in all columns.

As the full lines in Fig 8 show, the
strengths of the three types of columns
would then correspond to 8.2%, 32.6%
and 18.4% respectively, of the total
base shear, V. The bi-linear idealiza-
tion for each column component so de-
signed is also shown in Fig. 8. It is seen
that the difference between the overall
responses, based on the conventional
and arbitrary assignment of compo-
nent strengths, is negligible. It should
be noted that the yield displacements
of the columns are the same in both
cases. Assuming again that the dis-
placement capacity of the columns is 6.
the element displacement capacity is
controlled by that of columns (2) and
(4), i.e., pajAyi=6 X 0.5 = 3.0 displace-
ment units. Therefore. the displace-
ment ductility demand on the five-col-
umn element should be limited to s,
= 6.0/0.572 = 5.2. The full displace-
ment ductility capacity of the columns
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Fig. 8: Force-displacement modelling of the structure shown in Fig. 7

having yield displacements larger that
0.500 displacement units, cannot be
utilized.

Conclusions

1. The recognition of the criteria of
performance-based seismic design
necessitates more attention to be
given to realistic estimates of lateral
force-induced structural deforma-
tions.

2. Improved techniques for the esti-
mation of yield displacements are
postulated. The latter depend only
on material properties, such as lim-
iting strains, and the geometry of
components of elements of the
structure. For design purposes gen-
erally yield displacements may be
considered to be independent of
the strength assigned to compo-
nents or elements.

3. Because the sequence of the onset
of yielding of components of a plas-
tic mechanism is independent of
their strength, within rational limits,
strengths may be assigned to com-
ponents in any way that suits the
designer’s intentions.

4. Re-defined stiffness, relating freely
chosen strengths to strength-inde-
pendent yield displacements, en-
ables a more realistic assessment of
the stiffness of elements or of a sys-
tem to be made.

n

. Clearly defined yield displacements
of components enable displacement
and displacement ductility demands
on the system to related to the dis-
placement ductility capacity of the
critical components.
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