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=PFL  Review

= Static traffic assignment (TA)

* Predict aggregate traffic flows (link and path flows) on a given transportation
network and demand pattern

« Depending on the routing principle, lead to different type of equilibrium states
(UE and SO) with diverse system efficiency (PoA)

* The equilibrium states are transferable by changing the link cost function
(congestion pricing)

= Q: What are the key assumptions?
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=PFL  Review

= Assumptions and extensions of TA
« Traffic flows are assigned at one shot
= Dynamic traffic assignment (DTA) = not covered in this course

Travelers are rational and have perfect information about traffic conditions
= Stochastic traffic assignment (STA) = next lecture
= Day-to-day traffic assignment = not covered in this course

Travel demand is fixed ~N
= Elastic demand

Travelers are the same > = thislecture
= Heterogeneous users

Link flows are unbounded ~
= Side constraints
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=PFL Qutline

= Elastic demand
» Side constraints

= Heterogeneous users
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Elastic demand

= Recall the mode choice problem of daily commute
* When the highway gets congested, travelers would switch to train
» Driving demand is elastic with respect to the traffic condition

* Q: What would happen if a toll is charged on highway?

Total cost

Value of time



=PFL  Elastic demand

= Recall the mode choice problem of daily commute
* When the highway gets congested, travelers would switch to train
» Driving demand is elastic with respect to the total travel cost

>

Total cost
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=PFL  Elastic demand

= Let D,,(-) be the demand function of OD pair w € W. Given the min
travel cost u,,, the travel demand is

qw = Dy, (:uw)

« Bounded between 0 and max demand Q,,
* Non-increasing with u,,

Dy, (uw) t
Qw
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=PFL  Elastic demand

= Let D,,(-) be the demand function of OD pair w € W. Given the min
travel cost u,,, the travel demand is

qw = Dy, (:uw)

« Bounded between 0 and max demand Q,,
« Strictly decreasing with u,,, then the inverse exists u,, = D;;*(q,,)

Dy, (uw) t
Qw
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=PFL  Elastic demand

= Traffic equilibrium conditions
* A path flow f* € Q¢ such that vw € W,k € B,,,

feCek —pw) =0, ¢ =y

where
= ¢, cost of path k at f*
= (): set of feasible paths

= Q: How to integrate elastic demand into the equilibium conditions?

B CIVIL-477 Transportation network modeling & analysis



=PrL

B CIVIL-477 Transportation network modeling & analysis

Elastic demand

= Traffic equilibrium conditions with elastic demand
« A path flow f* € Q¢ such that vw € W,
= if g, > 0, then u, = D;;*(q,,) and Vk € P,

felae—uw) =0, o =y
= otherwise, u;, > D;,;,*(0) and f; = 0,vk € B,

where
= ¢, cost of path k at f*
» ()¢ set of feasible paths

= Q: Is there an equivalent optimization as the classic model?
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Elastic demand

= Traffic equilibrium conditions with elastic demand
« A path flow f* € Q¢ such that vw € W,
= if g, > 0, then u, = D;;*(q,,) and Vk € P,

felce =) =0,  cx = up

= otherwise, u;, > D;,;,*(0) and f; = 0,vk € B,

= Equivalent KKT conditions
()T (c* = ATp*) =0

ViL=c*—A"—ATp* =0

¢ —ATu* =0 AT >0, AT =0

M =q L= A =q"

f >0 f*>0

(@)D~ @)—p) =0 VoL =-D7Hq) —p" +p* =0
w—-D"(q) =0 =0, (pHTq*=0

qQ =0

11
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Elastic demand

= Equivalent optimization problem

nfqiln Z(f,q) = Z jxata(u) du — z jqwl)v;l(u) du
, 0 0

acA wew
s.t. AMf=q
Af =X
f,q=0

= Q: Can you prove it yields the same KKT conditions?
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Elastic demand

= Alternative formulation |

 Similar to link flow x, demand flow q is an intermediate variable that can be
represented as a linear combination of path flow f

Ykep Sakfk Ykepy [k
mfin Z(f) = ZJ t,(u) du — Z j D, (w) du
0 0

acA wEeEW
s.t. f>0

where

= P,,: set of paths connecting OD pairw € W

= P: set of all paths

= §,%: binary indicator of link-path relationship (elementin A)

13
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Elastic demand

= Alternative formulation Il
* A VI formulation also exists

Find (x*,q") € Q4 X Q4 such that

(t(x*),x—x*) = (D"Y(q*),q — q*) = 0,

where
= (O, = {x|Af = x, Af = q,f = 0}: feasible set of link flows
* 04 = {q|0 < q < Q}: feasible set of OD demand

VX € (g, q€Q,

14
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Elastic demand

= Alternative formulation Il
* Instead of solving the realized demand q, solving the residual demand

€= Q —q,
where Q is the max demand flow

mm Z(f, e) —zj t,(u) du — z fQW o D (w) du

acA weWw
s.t. AMf+e=0Q
Af =X
fe>0

= Q: How to present the second integral in a different way?

15



=PFL  Elastic demand .

= Alternative formulation Il
* Instead of solving the realized demand q, solving the residual demand
e=Q—q,

where Q is the max demand flow
D' (qw)
A

QW —ew
j D, (w) du
0

(@ "’
= Dyt du—| DyH(Qw-wd(-w
0 ew
Qw Ew
- Jr D (u) du — Jr tw(u) du
0 0

where t,,(w) = D;*(Q,, — w)
= strictly increasing when Dy, is strictly decreasing

0
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Elastic demand

= Alternative formulation Il
* Instead of solving the realized demand q, solving the residual demand

€= Q —q,
where Q is the max demand flow

nfl,ien Z(f,e) = z foxata(u) du — Z (JOQWDVT,l(u) du — joewfw(u) du)

acA WEW
s.t. Mf+e=0Q constant, thus safely dropped
Af =x

f,e>0



=PrL

B CIVIL-477 Transportation network modeling & analysis

Elastic demand

= Alternative formulation Il
* Instead of solving the realized demand q, solving the residual demand

€= Q —q,
where Q is the max demand flow

rrfljen Z(f,e) = Z foxata(u) du + Z Joewfw(u) du

aeA wWEW
s.t. AMf+e=0Q
Af = x
f,e=>0

= Q: What is the physical meaning of £,,?
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Elastic demand

= Alternative formulation Il
* Instead of solving the realized demand q, solving the residual demand

€= Q —q,
where Q is the max demand flow

rrfljen Z(f,e) = Z foxata(u) du + Z Joewfw(u) du

aeA wWEW
s.t. AMf+e=0Q
Af = x
f,e=>0

« Equivalent to create a “virtual” link between each OD pair and link cost £,
= reduce to classic TA with extended link and path sets and link cost functions
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Elastic demand

= Alternative formulation Ili

Ir)l(in z(X) = Z jxata(u) du + z wafw(u) du
0 0

a€cA WEW
s.t. X€ Q= {x|Af =x,Af =Q,f >0}

where
= f: extended definition of path flow
= A, A: extended definitions of link-path and OD-path matrices

= Q: Is this optimization problem convex? Is the solution unique?
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Elastic demand

= Alternative formulation Ili

mm z(X) —ZJ t,(u) du + z J

a€cA WEW
s.t. X€ Q= {x|Af =x,Af =Q,f >0}

* Feasible set Q, is convex
« Hessian matrix Hy = V2Z(x) is definite positive
» diagonal matrix with all positive elements

0% d oD, (q,,)
—— p-1 _ W w7
oxZ —Z(x) = WDW (Qu ) ™ >0
62 2
Z(x) = Z(x) =0

t,(u) du

21



=PFL  Elastic demand g

= Solution method

« Given the similarity of link-based formulation (Alt. 1l1), same solution
algorithms for standard traffic assignment (e.g., FW, PG) can be utilized

* PG can be more easily implemented with path-based formulation (Alt. I) as
there is no more demand conservation constraint

* Revised FW algorithm with demand update
= Update direction (y, p)
» Solve shortest-path between each OD w € W and get min path cost u,,,w € W
« Compute p,, = D;;*(u,,),w € W to get targe demand p
» Perform all-or-nothing assignment with demand p to get target link flow y
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Side constraints

= Recall the link cost function (e.g., BPR)

* Link flow only has a lower bound 0 that
corresponds to the free-flow travel time

t(x) = t, l1 +0.15 (5)4]

S

where
* ty: free-flow travel time (hr)
 s: saturation flow, or “capacity” (veh/hr)

« Roads do have physical capacities
« Jointly capacity constraints also exist
» e.g., intersections

link travel ti

me

[o}]

24
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Side constraints

= Capacitated traffic assignment (CAP)
 Consider independent link capacity C = {C,}vaea
mfin Z(f)
s.t. Aff=q

Af < C
f>0

= Q: What are the KKT conditions of this problem?
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Side constraints

= Capacitated traffic assignment (CAP)
 Consider independent link capacity C = {C,}vaea

= Lagrangian LA p V) =Z() —ATf — ul'(Af — @) + vI(Af — ©)

= KKT conditions

VeiL=c*— A —ATp*+ATv* =0
A >0, A)Tf* =0

A* = q

f*>0

vi>0 (WHT(AfF-C) =0
Af < C

= Q: How to interpret dual variable v*?
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Side constraints ’
= Capacitated traffic assignment (CAP)
 Consider independent link capacity C = {C,}vaea
= Lagrangian  L(f,A, pn,v) = Z(f) — ATf — nT (Af — q) + vI'(Af — ©)
= KKT conditions
« Consider v, as queueing delay atlink a € A
 Define € = ¢ + ATv as general path costs
Vfﬁz(_:*—)\,*—ATu*= ....... ()& — ATp") = 0
: * T g% _ : N 3 T 4y *
....... Az0, ) f =0 c=Ap
A =q equilibrium conditions based on ¢
SN § e U
§v* >0, (v*)T(Af* -0 =0 &> queue only emerges if flow reaches capacity
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Side constraints

= Solution method

« Although the solution properties remain the same as the addition constraints
are also linear, solving the problem becomes more challenging

» e.g., all-or-nothing assignment in FW may not ensure a feasible target link flow
mfin Z(f)
s.t. AMf=q
Af < C
f=0

« Main idea: relax constraints and introduce penalty
= Barrier method
= Lagrange Multiplier method



=PFL Slde constraints ’

= Barrier method

« Add a barrier function to each link cost function such that link cost approaches
to infinity when link flow exceeds capacity

* The solution algorithms for standard TA problem can be utilized to solve the
relaxed problem and the solution converges to (CAP)asy — 0

A

t(x) = t(x) +yb(x,C)

where
= p(-): barrier function
= y: weighting parameter
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Side constraints

= Lagrange Multiplier method

» Solve the relaxed problem with fixed queuing delay v and update v based on
constraint deviations

e At iteration n,
» Solve relaxed TA with v

x"t1 = arg max L(x,vY) =z(x) + (V)T (x - C)
X

X
« unique solution exists as L(x,v") is strictly convex
= Update queueing delay based on x™*?!

yntl — 77[Xn+1 _ C]_,.

* increase v, if xI*! > C, by the product of parameter n > 0 and exceed flow x2*! — C,
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Heterogeneous users

= Recall standard TA assumes homogenous users with
« Same contribution to traffic congestion (e.g., car vs truck)
« Same travel preference (e.g., VOT)
« Same routing principle (e.g., selfish vs selfless)

32
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Heterogeneous users

= Multiple vehicle type

« Assume trucks (r) occupy twice road space as cars (v) and thus have
doubled impacts on the link travel time

4
t(x,, x) =tg|1+ 0.15 <xv -I-SZxr>
« Asymmetric marginal impact
) 0.6t0 %y + 22, \°
a_xvt(xv' Xy) = S ( S >
9 1.2t0 (%, + 22\
a—x?ﬂt(xv, Xy) = . ( . )

= Q: Is there an equivalent optimization as the standard TA?

33
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Heterogeneous users

= Multiple vehicle type

« Assume trucks (r) occupy twice road space as cars (v) and thus have
doubled impacts on the link travel time

Xy, + Zxr>4

t(x,, x) =to |1+ 0.15( .

* Presumed equivalent problem

Xv,a Xr.a
min Z(f,,f,) = z J ta(u, %, q) du + J ta(xpqu) du
0 0

1
£y £
acA
s.t. A(f, +f) =x
Af, = q,
Af, = q,

f,,f, >0
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Heterogeneous users

= Multiple vehicle type

« Assume trucks (r) occupy twice road space as cars (v) and thus have
doubled impacts on the link travel time

4
X, + 2x
1+0.15< v - ’")]

t(xv: xr) = T

* Presumed equivalent problem

Ve L=VgZ—A,—A'p; =0

A, >0, (A)Tf: =0  equivalent to multi-class traffic equilibrium if
— A * AT o —

A .
A 20, - Og) =0 Vi, Z(£, ) = ¢

My =qy, A =qy
f;, £ >0 = Q: Does these equalities hold?
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Heterogeneous users

= Multiple vehicle type

« Assume trucks (r) occupy twice road space as cars (v) and thus have
doubled impacts on the link travel time

Xy, + Zx,ﬂ>4

t(x,, x) =to |1+ 0.15( .

* Presumed equivalent problem

0Z(f,  f 0 (XkSakfvk Xra §
(f,, f.) _ z j ta(u, xr,a) du + j ta(xv,a,u) du
afv,k =y afv,k 0 0 afv,k

ra 0Ot ,
= Z Sakta(xv,a; xr,a) + j 6ak a(xv,a u) du

0x
a€cA 0 v.a
Xra ata(xv,a, u)
= Ck + z 5ak ax du
0 v,a

a€Ai

36
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Heterogeneous users

= Multiple vehicle type

« Assume trucks (r) occupy twice road space as cars (v) and thus have
doubled impacts on the link travel time

x, + 2%\
t(x,, x) =to |1+ 0.15( 7 . r)
* There is no equivalent optimization problem, but the equivalent VI problem

always exits
» Path-based
Find feasible path flows (f}, f;*) such that

(c(fs £5),f, — £3) + (c(f3, £5),f, — ;) =0,  Vf, € Q¢ f, € Qp

» Link-based
Find feasible link flows (x}, x;) such that

(t(x5,X7), X, — X5) + (t(X5, X3), X, — X5) = 0, VX, € Oy , Xy € Oy

37
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Heterogeneous users

= General result
» Consider K classes of users, each with link flows x;, and link costs t;(x),

where x = (X, ...,Xg) € RE™, m = |A|.

38

« Multi-class traffic equilibrium has an equivalent optimization problem iff the

Vt(x) =

Jacobian matrix of link costs Vt(x) is symmetric

(0t,(x)  0t1(%)
axl,l ax]_’z
0t1,(x) 0t ,(%)
axl’l ax]_'z
oty (x)  0ty1(x)
axl’l axl,z
ad tk,m (x) 0 tke,m (x)

| 5951,1 a951,2

dty 4 (x)
ax2,1

dty 5 (x)
5x2,1

0ty 1(X)
axZ,l

d tke,m (x)
0x3 1

0t 1(X) ]

axk,m

dty (%)
Bxk,m

dty1(X)
axk'm

d tiem (x)
0xX

0t:(x)  0t;(x)
an B axi ’
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Heterogeneous users

= General result

» Consider K classes of users, each with link flows x;, and link costs t;(x),
where x = (X, ...,Xg) € RE™, m = |A|.

« Multi-class traffic equilibrium has an equivalent optimization problem iff the
Jacobian matrix of link costs Vt(x) is symmetric

» Quiz 1. What is the Jacobian in the car-truck example?

39
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Heterogeneous users

= General result

» Consider K classes of users, each with link flows x;, and link costs t;(x),
where x = (X, ...,Xg) € RE™, m = |A|.

« Multi-class traffic equilibrium has an equivalent optimization problem iff the
Jacobian matrix of link costs Vt(x) is symmetric

= Quiz 2: If cars and trucks have equal contribution to traffic, does the symmetry
condition hold?

X, + x\*
t(x,,x,) = t, [1+0.15( 7 S T) ]

40
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Heterogeneous users

= General result

» Consider K classes of users, each with link flows x;, and link costs t;(x),
where x = (X, ...,Xg) € RE™, m = |A|.

« Multi-class traffic equilibrium has an equivalent optimization problem iff the
Jacobian matrix of link costs Vt(x) is symmetric

= Quiz 3: If cars and trucks have different impacts on traffic and also experience

different travel times such that
4
X, + 2x
1+aw(l——l>]
S

4
X, + 2x
1+ 0.15<%> ]

t,(x,, x.) =t

t.(x,,x,.) = 2t,

a1
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Heterogeneous users

= General result

» Consider K classes of users, each with link flows x;, and link costs t;(x),
where x = (X, ...,Xg) € RE™, m = |A|.

« Multi-class traffic equilibrium has an equivalent optimization problem iff the
Jacobian matrix of link costs Vt(x) is symmetric

= Quiz 3: If cars and trucks have different impacts on traffic and also experience

different travel times such that
4
X, + 2x
1+ 0.15 (%) ]

4
X, + 2x
1+ 0.15 <%>

0t,(xy, %) 0t (xp, %) 1.2t (%, + 2, ’
0x, B dx, s S

t,(x,, x.) =t

t.(x,,x,.) = 2t,

= Q: What is the objective function?
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Heterogeneous users

= General result

» Consider K classes of users, each with link flows x;, and link costs t;(x),
where x = (X, ...,Xg) € RE™, m = |A|.

» Multi-class traffic equilibrium has an equivalent optimization problem iff the
Jacobian matrix of link costs Vt(x) is symmetric

» Recall the candidate objective in the car-truck example

Z(f, f.) = ZJ va(u xra) du+j i r,a(xv}a,u) du

acA
aZ(fv; fr) 2 5 fxra atr,a(xv,a: u) du
ak
0f vk L Oxva symmetric condition
Xra dt, (X, ., U
—Ck+zgakj vaa(xv,a )du
a€cA na

=cp + z Sak (tv,a(xv,a; xr,a) - tv,a(xv,a» O))

acA



=PrL

B CIVIL-477 Transportation network modeling & analysis

Heterogeneous users

= General result

» Consider K classes of users, each with link flows x;, and link costs t;(x),
where x = (X, ...,Xg) € RE™, m = |A|.

» Multi-class traffic equilibrium has an equivalent optimization problem iff the
Jacobian matrix of link costs Vt(x) is symmetric

» Recall the candidate objective in the car-truck example

Z(f, f.) = ZJ va(u xra) du+j i r,a(xv}a,u) du

acA

oZ(f,, f
( —= T) z 6aktv a(xv ar
aka Tea

= Q: How to construct an objective function that get rids of factor 2 and
the second term?
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Heterogeneous users

= General result

» Consider K classes of users, each with link flows x;, and link costs t;(x),
where x = (X, ...,Xg) € RE™, m = |A|.

« Multi-class traffic equilibrium has an equivalent optimization problem iff the
Jacobian matrix of link costs Vt(x) is symmetric

1 K Xk,a Xk,a
min z(x) = % Z Z [f trea(WX_ o) du + (K — 1) f tra(u,0) du]
X 0 0

acA k=1
S.t. Xk € ka, Vk

where x_j, 4 is flows of user classes other than k on link a
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Heterogeneous users

= General result

» Consider K classes of users, each with link flows x;, and link costs t;(x),
where x = (X, ...,Xg) € RE™, m = |A|.

« Multi-class traffic equilibrium has an equivalent optimization problem iff the
Jacobian matrix of link costs Vt(x) is symmetric

1 K Xk,a Xk,a
min z(x) = % Z Z [f trea(WX_ o) du + (K — 1) f tra(u,0) du]
X 0 0

acA k=1
S.t. Xk € ka, Vk

* No matter whether symmetry condition holds, the equivalent VI problem

always exists
Find feasible link flows x* such that

K
Z(tk(x*),xk —x3) =0, VX) € Qy,, Vk
k=1

46
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Heterogeneous users

= Solution method

« Symmetric: Due to the similar formulation, same solution algorithms for
standard traffic assignment (e.g., FW, PG) can be utilized

only diagonal elements in

« Asymmetric: Revised FW algorithm with diagonalization Vt(x) are considered

» Line search «
« With target link flow y and current link flow x, solve step size a such that

K
Z Z tk,a(“Yk,a +(1 - a)xk,aix—k,a)(yk,a - xk,a) =0

acA k=1

* |t corresponds to a relaxed objective function without link interactions

K aykat(1-)xgq
minE Ef tka(u,x_ka)du
a ’ ’
0

a€A k=1 should have changed with

but kept constant

a7
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