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Introduction'and'layout'of'the'lectures'
We&study&the&flow&of&a&Newtonian&fluid&(i.e.&water)&within&circular&pipes&of&relevant&length&(pipeline),&

i.e.&several&thousand&of&time&the&value&of&the&pipe&diameter.&

Why?&

Water&service&or&in&particular&the&hydraulics&of&water&distribution&systems&is&generally&assumed&to&be&

reliable&and&utility&customers&expect&highTquality&service.&Therefore&design&and&operation&of&water&

systems&require&a&deep&understanding&of&the&flow&in&complex&systems&and&the&associated&energy&

losses.&

Pipelines&are&widely&and&typically&used&in&several&fields&of&engineering:&&&

- Generally&to&convoy&a&fluid&from&supply&to&storage&reservoirs;&

- Aqueducts;&

- Hydroélectrique&plants,&i.e.&penstokes,&etc.&;&

- OilTducts;&

- Etc.&

We&will&learn&the&basic&concepts&that&govern&the&hydraulics&of&pipelines&in&order&to&use&this&

knowledge&in&understanding&the&verification&and&design&problems&of&water&distribution&systems.&&

Layout&of&the&lectures&1&T&5&

- Lecture&1:&Review&of&fluid&mechanics&and&fundamental&variables&&

- Lecture&2:&Pipe&flow&hydraulics,&pipelines&and&altimetry&problems&

- Lecture&3:&Pipelines:&verification&problems&

- Lecture&4:&Systems&involving&pipelines:&design&problems&

- Lecture&5:&Pipe&networks&and&&

GLOSSARY&

L,&l&=&pipe&length& & &!=&mean&stream&velocity&& & µ"=&dynamic&viscosity&

d&=&pipe&diameter& & &Q&=&flow&rate& & & & Re&=&&Reynolds&number&

"k"=&pipe&roughness& & ρ&=&water&density& & & f"=&friction&factor&

&p&=&relative&fluid&pressure& γ&&=&specific&weight& & & C"=&Chezy&coefficient&

&z&=&geodetic&height& & R=&hydraulics&radius& & & β"=&Darcy&roughness&

&g&=&gravitational&acceleration& αc&=&Coriolis&averaging&coefficient&

Practically, all cases that are 
relevant to water engineering 
and management
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o In&a&circular&pipe&flowing&full,&the&flow&profile&of&laminar&flow&is&parabolic&in&shape&

with&the&maximum&flow&velocity&in&the&pipe&centre:&

o In&turbulent&flow&the&profile&is&‘flatter’&–&a&logarithmic&curve&–&with&the&velocity&

variation&much&more&significant&near&the&pipe&walls.&

o In&each&case&there&is&a&‘no&slip’&condition,&i.e.&the&fluid&adjacent&to&the&wall&moves&at&

the&same&velocity&as&the&wall,&which&for&pipes&in&civil&engineering&is&usually&zero.&

o The&reason&that&the&flow&profile&in&turbulent&flow&is&flatter&is&that&the&turbulent&

eddies&mix&longitudinal&momentum&more&effectively&across&the&flow&–&an&eddy&of&

slower&moving&fluid&near&the&wall&circulates&into&faster&moving&fluid&away&from&the&

wall,&dragging&the&faster&moving&fluid&back&a&bit,&and&tending&to&accelerate&itself.&&

o In&laminar&flow,&momentum&is&transferred&across&the&fluid&only&by&viscous&shearing&

between&the&laminae.&
o The&flow&profiles&sketched&are&for&pipes,&but&the&same&change&in&curvature&from&

laminar&to&turbulent&flow&also&occurs&in&other&flow&patterns&such&as&open&channels.&

&

&

Figure'2'

• Mean&velocity&
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• The&area&where&there&is&rapid&change&in&velocity&close&to&the&wall&is&called&the&boundary"
layer.&&

• If&we&use&the&concept&of&a&‘wall&shear&stress’&we&are&doing&so&as&a&convenient,&but&essentially&
incorrect,&approximation&to&reality&that&works&when&we&are&interested&in&the&mean&velocity&
and&the&flow&in&a&pipe&and&not&in&the&detail&of&the&flow&within&it.&

• Fortunately&this&is&generally&the&case&in&practical&civil&engineering&applications.&
• In&FM2,&you&obtained&the&HagenTPoisouille&law&as&an&analytical&solution&of&NavierTStokes&

equations&linking&the&energy&dissipation&per&unit&length,&j&(or&SF)&into&a&circular&pipe&of&
diameter&D,&to&flow&characteristics&and&physical&properties&

! = !"!!
!!! .&

This&relation&can&be&reworked&by&introducing&the&dissipation&along&a&distance&equal&to&the&
pipe&diameter,&D,&normalized&to&the&kinetic&term,&i.e.&
!"
!!!
!!

= !"!!
!!!

!
!!
!!
,&that&is&

&

! = !"
!!!
!
= !"

!",&

where&Re&is&the&celebrated&Reynolds&number&for&pipe&flow&and&!&is&the&friction&factor.&
Notice,&that&this&relationship&is&dimensionless,&so&it&describes&friction&losses&for&any&pipe&flow&
of&Newtonian&fluids&flowing&in&laminar&motion&conditions&

8 What'are'the'fundamentals'of'laminar'and'turbulent'flow?'
• Laminar&and&turbulent&flow&

o Laminar&flow&moves&in&smooth&layers&–&laminae.&Viscous&forces&predominate&and&
small&disturbances&are&damped&out.&

o Turbulent&flow&is&where&inertial&forces&(i.e.&the&motion)&becomes&more&significant&
and&small&disturbances&are&not&damped&out.&

o Turbulent&flow&looks&like&random,&3D&eddying&motions&superimposed&on&top&of&
laminar&flow.&&

o The&eddies&range&in&size&from&the&width&of&the&flow&domain&(e.g.&pipe&diameter)&
down&to&a&size&so&small&that&it&is&damped&out&by&viscosity.&

• Reynolds&number&
o This&is&the&nonTdimensional&number,&which&expresses&the&ratio&between&inertial&

forces&and&viscous&forces.&Large&Reynolds&number&>&more&significant&inertial&forces&>&
more&likely&to&be&turbulent&flow.&

o !" = !!!
! = !!

! &

o Re&<&2000&in"a"pipe">&laminar&flow;&Re&>&4000&in"a"pipe&>&turbulent&flow.&&
o Different&numerical&limits&for&different&flows.&
o Many&other&expressions&of&Re,&eg&grain&Reynolds&Number&used&in&sediment&

transport.&
• Flow&profiles&

o A&flow&profile&is&a&plot&of&flow&velocity&against&distance&across&a&flow,&e.g.&across&a&
pipe&diameter&or&the&depth&of&a&channel.&
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o For&almost&all&practical&civil&engineering&purposes,&we&are&interested&in&the&mean&
flow&velocity,&i.e.&the&integral&of&the&local&velocity&with&respect&to&the&distance&across&
the&pipe.&

o We&call&this&!&(occasionally&u,&Um&or&v&and&many&other&things.)&
o The&flow,&discharge&or&flow&discharge&Q=&!A&where&A&is&the&cross&sectional&area&(see&

also&section&5).&
o We&sometimes&use&the&term&cumecs&to&mean&m3/s.&

• Wall&shear&stress&
o The&wall&shear&stress&can&always&be&expressed&as&!! = !"#&

&
• Civil&engineering&flows&are&turbulent&

o In&all&practical&civil&engineering&applications&that&I&can&imagine,&flows&are&turbulent.&If&
your&calculations&indicate&laminar&flows,&you&are&almost&certainly&wrong.&

o You&cannot&tell&a&flow&is&laminar&or&turbulent&just&by&looking&at&it.&A&flow&can&look&
superficially&quite&smooth&but&still&be&turbulent.&Do&not&confuse&turbulence&with&
eddying,&a&more&specific&pattern&of&recirculation&that&occurs&when&flows&pass&an&
obstacle&such&as&a&step,&or&with&rough,&white&water.&Rough,&white&water&will&be&
turbulent,&but&not&all&turbulent&flows&look&like&this:&two&different&concepts.&

o The&fact&that&almost&all&flow&are&turbulent&allows&to&easily&assume&a&Coriolis&
averaging&coefficient,&αc,&equal&to&unity.&

9 Why'does'turbulent'flow'give'rise'to'more'friction'than'laminar?'
• It&will&be&apparent&from&the&previous&section&that&in&laminar&flow&the&boundary&layer&tends&

to&be&wider,&though&the&friction&within&it&is&still&less&as&there&are&no&turbulent&eddies&mixing&
momentum&across&it.&&

• In&both&laminar&and&turbulent&flow,&the&very&narrow&part&of&the&boundary&layer&very&close&to&
the&wall&is&always&laminar&–&a&laminar"subQlayer.&This&is&because&so&close&to&a&solid&boundary&
layer,&there&is&no&space&for&turbulent&eddies&to&exist&–&the&wall&supresses&them.&

10 Why'does'the'pipe'(or'channel)'roughness'matter?'
• However,&it&is&also&apparent&in&practice&that&friction&is&greater&in&a&‘rough’&pipe&such&as&one&

made&from&concrete,&than&it&is&in&a&smoother&pipe,&such&as&one&made&from&plastic&or&
(uncorroded)&steel.&Why?&If&the&fluid&against&the&wall&is&stationary&why&would&this&matter?&

• The&answer&is&that&the&laminar&subTlayer&is&so&thin&that&undulations&in&a&rough&wall&–&which&in&
practice&are&very&small&–&still&protrude&through&the&laminar&subTlayer&and&interfere&with&the&
boundary&layer&proper,&causing&increased&resistance&to&the&flow.&

• This&was&quantified&by&Nikuradse&(1894T1979)&who&made&pipes&artificially&rough&and&
conducted&careful&experiments&(see&diagram&on&Powerpoint&or&on&p102&of&Chadwick&et&al.)&

• We&thus&conclude&that&friction&is&affected&by:&
o The&motion&of&the&flow,&defining&the&level&of&turbulence&(and&quantified&by&Reynolds&

Number)&
o The&significance&of&the&pipe&wall&roughness&(relative&to&the&diameter&of&the&pipe).&

Flow rate is the product of 
mean flow velocity 
(occasionally u, Um or v and 
many other things) times the 
cross sectional area
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Lecture'2.'Pipe'flow'hydraulics'

1 How'do'we'define'hydraulic'Gradient'and'Energy'Gradient?! ! '
• We"need"two"further"concepts,"the"Hydraulic"Gradient"and"the"Energy"Gradient,"which"we"

can"apply"to"pipe"and"channel"systems."Here"we"will"always"assume"that"the"flow"is"

turbulent,"so"that"the"Coriolis"averaging"coefficient"can"be"assumed"to"be"equal"to"1."See"the"

figure"below."

• Hydraulic"gradient"is"the"plot"of"potential"energy,"i.e."
!
!" + ! = ℎ!"against"distance"along"the"

pipe"(horizontal"distance"usually,"which"for"realistic"small"pipe"gradients"will"be"much"the"

same"as"the"slope"distance)."This"quantity"is"usually"indicated"with"h."

• Energy"gradient"is"the"hydraulic"gradient"plus"the"velocity"head,"i.e."! = !!
!! +

!
!" + !"against"

distance."This"is"the"total"head"and"is"usually"indicated"with"H."

• We"sometimes"call"the"energy"gradient"the"friction"slope."You"may"see"it"notated"SF"or"j;""

• The"motion"of"a"fluid"implies"that"a"distributed"dissipation"j"per"unit"length"x,"

! = − !!
!" " " " " " "

occurs,"causing"for"steady"motion"in"pipes"of"constant"diameter"a"constant"decrease"of"both"

the"piezometric"and"total"head,"i.e."of"the"total"energy"of"the"fluid"(Figure"1). The"total"
energy"loss"ΔHd"over"a"length"l"due"to"distributed"dissipation"is"therefore"

ΔHd"="i"l."

• Clearly"for"steady"flow"in"a"pipe"of"constant"cross"section,"the"two"gradient"lines"will"be"

separated"by"a"constant"distance"given"by"
!!
!!"."However"if"the"pipe"section"changes,""!"will"

change"so"the"separation"of"the"two"lines"will"also"change."

• If"a"stand"pipe"were"inserted"into"the"pipe"system"(at"right"angles"to"the"flow"direction)"the"

water"would"rise"up"to"the"level"of"the"hydraulic"gradient."

• For"flow"in"pressurized"pipes"(such"as"most"water"mains"and"storm"water"sewers"in"storm"

conditions)"the"hydraulic"gradient"is"not"the"same"as"the"geometric"gradient."It"is"the"head"

difference"along"the"pipe"divided"by"the"pipe"length,"not"the"elevation"difference"divided"by"

the"length."
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12 How'do'we'quantify'friction'losses'in'fluid'flows'(for'practical'engineering'
purposes)?'
• This&section&is&fully&discussed&in&class&and&the&relevant&formulae&are&on&the&data&sheet.&

• For&pipe&flow&calculations&in&the&UK&we&use&the&Darcy&formula&with&friction&factor&!,&which&
we&quantify&from&the&Moody&Diagram,&Colebrook&White&equation&or&perhaps&more&helpfully&
the&Barr&formula&which&is&slightly&simpler&and&nearly&as&accurate.&

• Alternatively,&we&can&use&the&Hydraulics&Research&tables,&which&are&a&tabulation&of&the&

Moody&Diagram.&

• For&channel&flow&calculations,&and&pipe&flow&calculations&in&the&USA,&we&use&the&Manning&

formula.&

• The&other&formulae&discussed&in&class&are&for&interest,&information&and&historic&reasons,&but&
are&not&recommended&for&practical&use.&

13 How'do'we'think'in'terms'of'head+and'head+loss?'
• Like&all&moving&things,&fluid&flows&have&potential&energy&and&kinetic&energy.&&

• Kinetic&energy&is&related&to&their&motion&and&is&typically&quantified&as&velocity"head"
(assuming"!! = 1):&

!! =
!!
2!&

• Which&is&related&to&velocity&squared&as&you&would&expect&for&kinetic&energy,&but&expressed&in&

units&of&length&–&head.&

• Potential&energy&in&fluid&relates&to&two&things:&height&above&a&datum&(hence&potential&to&fall&

down&with&gravity&and&so&convert&potential&to&kinetic&energy),&and&pressure&–&potential&to&
expand&or&squirt&out&of&a&confining&container.&

• Pressure&head&can&be&expressed&as:&&

!! =
!
! =

!
!"&

• Where&ρ&is&the&fluid&density,&whilst&head&due&to&height&is&expressed&as&an&elevation&above&a&

datum,&z.&&

• In&the&case&of&an&open&channel&or&pipe&flowing&partially&full,&the&height&of&the&free&surface&is&
related&to&potential&energy,&which&is&obvious&if&you&imagine&opening&a&sluice&gate&to&drain&a&

lock&–&the&depth&gets&lower&as&water&is&accelerated,&exchanging&its&potential&energy&in&the&
form&of&depth&for&kinetic&energy&in&the&form&of&motion.&

• If&flow&does&some&work&which&dissipates&energy,&for&example&as&heat&or&noise,&then&there&is&

clearly&an&energy&loss&which&translates&as&a&head&loss.&An&example&of&head&loss&is&due&to&

friction&as&discussed&above,&and&in&this&case&the&head&loss&due&to&friction&is&generally&
dissipated&as&heat.&

• Civil&engineers&tend&to&use&head&rather&than&pressure&or&energy&for&convenience.&Historically&

pressures,&etc,&were&measured&by&length&in&a&manometer&or&standTpipe&so&head&is&natural&
measurement&–&but&it&accounts&for&the&same&basic&concept.&&
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12 How'do'we'quantify'friction'losses'in'fluid'flows'(for'practical'engineering'
purposes)?'
• This&section&is&fully&discussed&in&class&and&the&relevant&formulae&are&on&the&data&sheet.&

• For&pipe&flow&calculations&in&the&UK&we&use&the&Darcy&formula&with&friction&factor&!,&which&
we&quantify&from&the&Moody&Diagram,&Colebrook&White&equation&or&perhaps&more&helpfully&
the&Barr&formula&which&is&slightly&simpler&and&nearly&as&accurate.&

• Alternatively,&we&can&use&the&Hydraulics&Research&tables,&which&are&a&tabulation&of&the&

Moody&Diagram.&

• For&channel&flow&calculations,&and&pipe&flow&calculations&in&the&USA,&we&use&the&Manning&

formula.&

• The&other&formulae&discussed&in&class&are&for&interest,&information&and&historic&reasons,&but&
are&not&recommended&for&practical&use.&

13 How'do'we'think'in'terms'of'head+and'head+loss?'
• Like&all&moving&things,&fluid&flows&have&potential&energy&and&kinetic&energy.&&

• Kinetic&energy&is&related&to&their&motion&and&is&typically&quantified&as&velocity"head"
(assuming"!! = 1):&

!! =
!!
2!&

• Which&is&related&to&velocity&squared&as&you&would&expect&for&kinetic&energy,&but&expressed&in&

units&of&length&–&head.&

• Potential&energy&in&fluid&relates&to&two&things:&height&above&a&datum&(hence&potential&to&fall&

down&with&gravity&and&so&convert&potential&to&kinetic&energy),&and&pressure&–&potential&to&
expand&or&squirt&out&of&a&confining&container.&

• Pressure&head&can&be&expressed&as:&&

!! =
!
! =

!
!"&

• Where&ρ&is&the&fluid&density,&whilst&head&due&to&height&is&expressed&as&an&elevation&above&a&

datum,&z.&&

• In&the&case&of&an&open&channel&or&pipe&flowing&partially&full,&the&height&of&the&free&surface&is&
related&to&potential&energy,&which&is&obvious&if&you&imagine&opening&a&sluice&gate&to&drain&a&

lock&–&the&depth&gets&lower&as&water&is&accelerated,&exchanging&its&potential&energy&in&the&
form&of&depth&for&kinetic&energy&in&the&form&of&motion.&

• If&flow&does&some&work&which&dissipates&energy,&for&example&as&heat&or&noise,&then&there&is&

clearly&an&energy&loss&which&translates&as&a&head&loss.&An&example&of&head&loss&is&due&to&

friction&as&discussed&above,&and&in&this&case&the&head&loss&due&to&friction&is&generally&
dissipated&as&heat.&

• Civil&engineers&tend&to&use&head&rather&than&pressure&or&energy&for&convenience.&Historically&

pressures,&etc,&were&measured&by&length&in&a&manometer&or&standTpipe&so&head&is&natural&
measurement&–&but&it&accounts&for&the&same&basic&concept.&&
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• We&will&however&repeatedly&end&up&measuring&something&by&head&and&still&calling&it&energy,&

so&beware&of&this.&

14 How'does'this'relate'to'Bernoulli’s+Equation'(Section'5)'
• The&above&discussion&is&readily&related&to&Bernoulli’s&equation,&encountered&in&Second&Year.&

In&terms&of&head,&this&is:&

! = !!
2! +

!
!" + ! = !"#$%&#%&

• along&an&unbroken&streamline.&

• In&second&year,&a&condition&of&applying&Bernoulli&was&that&friction&losses&were&negligible&–&
which&is&reasonable&in&several&practical&circumstances.&However&we&can&add&in&a&term&for&

head&loss&and&write&the&following&version&of&Bernoulli&for&flow&along&a&streamline&linking&
points&1&and&2&where&there&is&energy&loss:&

!!!
2! + !!

!" + !! =
!!!
2! + !!

!" + !! + ℎ!&

Equation'1'

• hf=jl&is&the&head&loss&due&to&friction&between&the&two&sections&distant&l.&&
• This&equation&is&in&terms&of&head,&but&can&still&be&viewed&as&energy,&the&first&term&on&each&

side&being&kinetic&energy&and&the&second&and&third&different&forms&of&potential&energy.&

• Bernoulli&can&be&derived&directly&from&energy&principles&but&the&derivation&presented&in&

Second&Year&was&most&likely&arrived&at&by&integrating&an&equation&of&motion&along&a&
streamline.&

• Note&that&we&will&repeatedly&encounter&head&loss&as&a&positive&number&–&so&a&head&gain&(for&
example&from&a&pump)&would&be&a&negative&head&loss!&Beware&of&this&also.&

15 How'does'this'relate'to'the'Momentum'Equation'(2nd'Year)'
• And&finally,&while&on&the&subject&of&Second&Year,&we&must&remember&the&steady&state&

momentum&equation&which&we&will&use&several&times&this&year.&

• Key&here&are&two&facts:&

o Momentum&is&a&vector,&so&we&consider&x&and&y&(and&maybe&z)&directions&separately,&
applying&the&equation&separately&for&each&direction;&and&

o We&need&a&Control"Volume&defining&with&precision&the&section&of&flow&in&which&we&
are&interested,&and&we&apply&momentum&across&the&control&volume.&&

• You&must&always&sketch&the&Control&Volume&to&be&certain&of&doing&the&correct&calculation.&

• The&momentum&equation&for&steady&state&flow&is&then:&

!! + !! + !! = !"!!"# − !!!!"&

Equation'2'

hf = j Là
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• All&methods&of&practically&quantifying&friction&embody&these&principles,&giving&rise&to&various&
formulae&

&

Figure'3'

11 How'do'we'express'friction'losses'in'turbulent'flow?'
It&is&interesting&to&obtain&the&structure&of&the&wall&shear&stress,&!!&for&a&turbulent&flow&occurring&
within&rough&pipes.&We&do&this&by&means&of&dimensional&analysis:&

!! = !(!, !, !,!, !!),&

where&ks,&is&the&mean&height&of&the&wall&roughness&asperities.&By&choosing&!, !,!&as&
dimensionally&independent&variables,&one&obtains&

!!
!!! = !(!", !!! ).&

By&introducing&!! = !"#,&and&the&friction&factor,&!&one&proves&that&

! = ψ(!", !!! ).&

Now use dimensional analysis…
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11 How'do'we'express'friction'losses'in'turbulent'flow?'
It&is&interesting&to&obtain&the&structure&of&the&wall&shear&stress,&!!&for&a&turbulent&flow&occurring&
within&rough&pipes.&We&do&this&by&means&of&dimensional&analysis:&

!! = !(!, !, !,!, !!),&

where&ks,&is&the&mean&height&of&the&wall&roughness&asperities.&By&choosing&!, !,!&as&
dimensionally&independent&variables,&one&obtains&

!!
!!! = !(!", !!! ).&

By&introducing&!! = !"#,&and&the&friction&factor,&!&one&proves&that&

! = ψ(!", !!! ).&
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• The&area&where&there&is&rapid&change&in&velocity&close&to&the&wall&is&called&the&boundary"
layer.&&

• If&we&use&the&concept&of&a&‘wall&shear&stress’&we&are&doing&so&as&a&convenient,&but&essentially&
incorrect,&approximation&to&reality&that&works&when&we&are&interested&in&the&mean&velocity&
and&the&flow&in&a&pipe&and&not&in&the&detail&of&the&flow&within&it.&

• Fortunately&this&is&generally&the&case&in&practical&civil&engineering&applications.&
• In&FM2,&you&obtained&the&HagenTPoisouille&law&as&an&analytical&solution&of&NavierTStokes&

equations&linking&the&energy&dissipation&per&unit&length,&j&(or&SF)&into&a&circular&pipe&of&
diameter&D,&to&flow&characteristics&and&physical&properties&

! = !"!!
!!! .&

This&relation&can&be&reworked&by&introducing&the&dissipation&along&a&distance&equal&to&the&
pipe&diameter,&D,&normalized&to&the&kinetic&term,&i.e.&
!"
!!!
!!

= !"!!
!!!

!
!!
!!
,&that&is&

&

! = !"
!!!
!
= !"

!",&

where&Re&is&the&celebrated&Reynolds&number&for&pipe&flow&and&!&is&the&friction&factor.&
Notice,&that&this&relationship&is&dimensionless,&so&it&describes&friction&losses&for&any&pipe&flow&
of&Newtonian&fluids&flowing&in&laminar&motion&conditions&

8 What'are'the'fundamentals'of'laminar'and'turbulent'flow?'
• Laminar&and&turbulent&flow&

o Laminar&flow&moves&in&smooth&layers&–&laminae.&Viscous&forces&predominate&and&
small&disturbances&are&damped&out.&

o Turbulent&flow&is&where&inertial&forces&(i.e.&the&motion)&becomes&more&significant&
and&small&disturbances&are&not&damped&out.&

o Turbulent&flow&looks&like&random,&3D&eddying&motions&superimposed&on&top&of&
laminar&flow.&&

o The&eddies&range&in&size&from&the&width&of&the&flow&domain&(e.g.&pipe&diameter)&
down&to&a&size&so&small&that&it&is&damped&out&by&viscosity.&

• Reynolds&number&
o This&is&the&nonTdimensional&number,&which&expresses&the&ratio&between&inertial&

forces&and&viscous&forces.&Large&Reynolds&number&>&more&significant&inertial&forces&>&
more&likely&to&be&turbulent&flow.&

o !" = !!!
! = !!

! &

o Re&<&2000&in"a"pipe">&laminar&flow;&Re&>&4000&in"a"pipe&>&turbulent&flow.&&
o Different&numerical&limits&for&different&flows.&
o Many&other&expressions&of&Re,&eg&grain&Reynolds&Number&used&in&sediment&

transport.&
• Flow&profiles&

o A&flow&profile&is&a&plot&of&flow&velocity&against&distance&across&a&flow,&e.g.&across&a&
pipe&diameter&or&the&depth&of&a&channel.&

Fluid&Flow&Fundamentals&Handout&
Date:&20&September&2017&

CIVE09035&Water&Engineering,&Transport&and&
Treatment&(Civil)&

&

9&
&

• All&methods&of&practically&quantifying&friction&embody&these&principles,&giving&rise&to&various&
formulae&

&

Figure'3'

11 How'do'we'express'friction'losses'in'turbulent'flow?'
It&is&interesting&to&obtain&the&structure&of&the&wall&shear&stress,&!!&for&a&turbulent&flow&occurring&
within&rough&pipes.&We&do&this&by&means&of&dimensional&analysis:&

!! = !(!, !, !,!, !!),&

where&ks,&is&the&mean&height&of&the&wall&roughness&asperities.&By&choosing&!, !,!&as&
dimensionally&independent&variables,&one&obtains&

!!
!!! = !(!", !!! ).&

By&introducing&!! = !"#,&and&the&friction&factor,&!&one&proves&that&

! = ψ(!", !!! ).&
Introduce the friction factor f (or 𝜆)

This refers the amount of distributed 
dissipation over one pipe diameter 
reach length to the kinetic term. It is 
therefore a dimensionless quantity
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6 Hydraulic'Radius'
• We&have&been&largely&discussing&circular&pipes&so&far,&at&least&implicitly.&These&are&easy&to&

size&by&diameter.&However&not&all&conduits&are&circular,&and&channels&are&obviously&not&
circular.&We&thus&have&a&different&and&more&general&measure,&the&Hydraulic&Radius&R.&This&is&
defined&by:&

! = !
!.&

• Where&A&is&the&crossTsectional&area&of&the&flow&and&P&is&the&wetted&perimeter,&i.e.&the&length&
of&the&interface&between&solid&boundary&and&flowing&fluid&(so&for&a&channel&this&includes&the&
banks&and&the&bed,&but&not&the&waterTair&interface&at&the&surface).&

• It&will&be&apparent&that&for&a&circular&pipe&flowing&full:&

! = !
! =

!!!
!
!" = !

!.&

• Whilst&for&a&rectangular&channel&of&depth&h&and&breadth&b:&

! = !
! =

!!
!"!!.&

7 What'gives'rise'to'friction'in'a'flow?'
• It&is&readily&apparent&in&practical&situations&that&flow&of&a&fluid&gives&rise&to&frictional&

resistance.&
• For&example,&we&need&to&impart&power&to&pump&flow&along,&even&on&the&level,&because&of&

friction.&
• We&can&conceptualize&friction&as&arising&from&shear&stress&against&pipe&(or&channel)&walls,&as&

shown&in&the&figure.&

&

Figure'1'

• However,&this&gives&rise&to&a&conundrum:&we&have&already&remembered,&in&the&previous&
section,&that&there&is&a&‘no&slip’&condition&at&the&walls&–&the&fluid&is&not&moving,&so&friction&can&
be&doing&no&work&at&the&walls.&

• In&fact&the&friction&arises&from&resistance&within&the&fluid&as&successive&layers&further&away&
from&the&wall&slide&slightly&faster&over&the&preceding&layer,&until&the&area&of&constant&velocity&
at&the&centre&of&the&flow&(or&near&the&surface,&if&in&a&channel).&

Hydraulic Radius
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o For&almost&all&practical&civil&engineering&purposes,&we&are&interested&in&the&mean&
flow&velocity,&i.e.&the&integral&of&the&local&velocity&with&respect&to&the&distance&across&
the&pipe.&

o We&call&this&!&(occasionally&u,&Um&or&v&and&many&other&things.)&
o The&flow,&discharge&or&flow&discharge&Q=&!A&where&A&is&the&cross&sectional&area&(see&

also&section&5).&
o We&sometimes&use&the&term&cumecs&to&mean&m3/s.&

• Wall&shear&stress&
o The&wall&shear&stress&can&always&be&expressed&as&!! = !"#&

&
• Civil&engineering&flows&are&turbulent&

o In&all&practical&civil&engineering&applications&that&I&can&imagine,&flows&are&turbulent.&If&
your&calculations&indicate&laminar&flows,&you&are&almost&certainly&wrong.&

o You&cannot&tell&a&flow&is&laminar&or&turbulent&just&by&looking&at&it.&A&flow&can&look&
superficially&quite&smooth&but&still&be&turbulent.&Do&not&confuse&turbulence&with&
eddying,&a&more&specific&pattern&of&recirculation&that&occurs&when&flows&pass&an&
obstacle&such&as&a&step,&or&with&rough,&white&water.&Rough,&white&water&will&be&
turbulent,&but&not&all&turbulent&flows&look&like&this:&two&different&concepts.&

o The&fact&that&almost&all&flow&are&turbulent&allows&to&easily&assume&a&Coriolis&
averaging&coefficient,&αc,&equal&to&unity.&

9 Why'does'turbulent'flow'give'rise'to'more'friction'than'laminar?'
• It&will&be&apparent&from&the&previous&section&that&in&laminar&flow&the&boundary&layer&tends&

to&be&wider,&though&the&friction&within&it&is&still&less&as&there&are&no&turbulent&eddies&mixing&
momentum&across&it.&&

• In&both&laminar&and&turbulent&flow,&the&very&narrow&part&of&the&boundary&layer&very&close&to&
the&wall&is&always&laminar&–&a&laminar"subQlayer.&This&is&because&so&close&to&a&solid&boundary&
layer,&there&is&no&space&for&turbulent&eddies&to&exist&–&the&wall&supresses&them.&

10 Why'does'the'pipe'(or'channel)'roughness'matter?'
• However,&it&is&also&apparent&in&practice&that&friction&is&greater&in&a&‘rough’&pipe&such&as&one&

made&from&concrete,&than&it&is&in&a&smoother&pipe,&such&as&one&made&from&plastic&or&
(uncorroded)&steel.&Why?&If&the&fluid&against&the&wall&is&stationary&why&would&this&matter?&

• The&answer&is&that&the&laminar&subTlayer&is&so&thin&that&undulations&in&a&rough&wall&–&which&in&
practice&are&very&small&–&still&protrude&through&the&laminar&subTlayer&and&interfere&with&the&
boundary&layer&proper,&causing&increased&resistance&to&the&flow.&

• This&was&quantified&by&Nikuradse&(1894T1979)&who&made&pipes&artificially&rough&and&
conducted&careful&experiments&(see&diagram&on&Powerpoint&or&on&p102&of&Chadwick&et&al.)&

• We&thus&conclude&that&friction&is&affected&by:&
o The&motion&of&the&flow,&defining&the&level&of&turbulence&(and&quantified&by&Reynolds&

Number)&
o The&significance&of&the&pipe&wall&roughness&(relative&to&the&diameter&of&the&pipe).&

Where j is the dissipation per unit length



Moody diagram

ks is equivalent 
to 𝜀; 𝜆 is 
equivalent to f

frictional losses
Moody diagram: graphical representation of the Colebrook equation 

Derived experimentally using sand-roughened pipes. For commercial pipes, an equivalent sand roughness 
ks is provided.    



Formulae for friction factor l (or f )

• Colebrook-White equation:

• Moody equation: 𝜆 = 0.0055 1 + !""""#!
$

+ %""

&#

⁄$ %

±5% accuracy for Re 4000 to 107 & ks/D < 0.01

• Barr formula: %
(
= −2𝑙𝑜𝑔 #!

).+$
+ ,.%!"-

&#&.()

1% accuracy for Re > 105

• Darcy-Weisbach formula for hf: ℎ. =
(/0*

!1$

2"
"

Blasius"formula"for"Re"≤"105":"! = !.!"#$
!"! ""

Nikuradse"formula"for"105"≤"Re"≤"108":"! = 0.0032 + !.!!"
!"!.!"#"

Colebrook"&"White" " !! = −2!!"# !
!.!"! +

!.!"
!" ! "

! = 0.0055 1 + 20000!!
! + 10

!

!!

! !
"

1
!
= −2!"# !!

3.7! +
5.1206
!!!.!"

"

ℎ! = !!"

ℎ! =
!!!!
2!" "

ℎ!" = ! !
!

2!"

! = −2 2!"!!!"# !!
!.!! +

!.!"!
! !!"!!

 with"! = !
!"(kinematic"viscosity)"

"

! = !
!!

! !!
!
!!!!!!!!!!!!!!!!!!!!!!!! = !

!
!! !

!! !
!
!
!" " 2

1
3
2

sR
n
AQ = " " ! = !

! !
! !!

!
!"

ℎ! = !′ !
!

!!.!! !"

ℎ! = ! ! !!
!! !""" !!"# ! = 0.00164 + !.!!!!"#

! " " !!"#$ ! = 2!!"# ! "

R=A/P" " q=Q/B"

• Typical"Minor"Loss"Coefficients"k"or"ξ:""
Sharp"entrance"k,!!"="0.34;0.5;"
Full"pipe"entrance"k,!!"="1""
Exit"k,"!"="1.0;""
Screen"k,"!"=1.5"
Section"change"!, ! = 1 − !!

!!

!
""

"
"

Pump)power)

! = 1
! !"#$"

Explicit (simplified) 
formulae for l

à

The Darcy-Weissbach comes directly from 
the definition of the friction factor, which is 
often the unknown



Typical value for the equivalent roughness (new pipes)
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• Has the advantage of simplicity 

but less accurate than using l.
• Note that the friction factor C is 

completely different from l – a 
different concept.



Formulae for the dissipation per unit length, j

• These are practical formulas only valid in the fully turbulent regime 
(rough turbulent flow region)

2"
"

"

Figure'1'

2 Distributed'vs'localized'friction'losses'
• In"the"case"of"fully"developed"turbulent"motion"within"rough"pipes"(i.e."f=f(k/d))"the"Coriolis"

coefficient"αc"can"be"assumed"equal"to"1"and"several"practice"formulas"are"useful"to"
approximate"the"distributed"friction"losses"i "
DARCY#WEISBACH"

β"="β’"""""" "=>"m="5.33" "

" " ! = ! !!
!!"""""where"if" """"""#" " " " " " "

" " " " " " β"="βi"(d)"" =>"m"="5"

CHEZY"

" " " " " ! = !"
!!!!!

" " " Bazin""

"" " "! = C !!!""where"" " ! = !""
!!!!

!
" " " Kutter""""""""""""

" " " " " " ! = !!"!!/!" " " GauclerTStrikler"

These"practical"formulas"are"useful"because"they"are"explicit"and"therefore"of"easier"use"
compared"to"implicit"ones"like"the"Collebrook"&"White"one,"etc."

• Local"losses"due"to"bends,"restrictions,"expansions,"etc"appear"in"both"lines"as"vertical"drops."
As"such"localized"energies"losses"ΔHl"can"be"expressed"as"a"fraction"ξ"of"the"kinetic"energy"of"

the"fluid"in"the"reach"downstream"the"variation"in"the"pipe"geometry"ΔHl"=!! !!
!

!!;"""

Similarly,"energy"inputs"such"as"pumping"appear"as"vertical"rises."

n = 1/cGS Manning     

In the rough-turbulence regime the 
Re does not play a role anymore, 
whence it does not appear in the 
formulae



Localized losses

Local losses: ℎ#$ = 𝐾 %!

&' (bends, entrances, exits, changing sections, etc)

K is often indicated as 𝜉 in the European literature

For “hydraulically long” 
pipes, then localized losses 
may be negligible with 
respect to distributed 
losses. This happens when 
a length unit is L >> 1000 d 
(see ahead)



head losses in transitions and fittings

= =

==

=

=

=



Pipe flow hydraulics



Energy vs hydrualic grade lines

3"
"

• "

Figure'3'

3 Various'(short)'pipeline'configurations'
• This"is"a"reprise"of"the"second"year"pipe"flow"example"for"revision"purposes."See"notes"in"

class."As"an"example,"let"us"consider"the"graphic"representation"of"the"energetic"content"of"
the"stream"in"steady"pipe"flow;"

• They"key"point"is"balancing"head"available"to"drive"the"flow,"either"from"elevation"up"a"
hillside"or"from"a"pump,"with"the"friction"losses"which"increase"as"the"flow"goes"faster."

• "

Figure'4'

Energy"balance"eqaution" ∆! = 0.5 !!
!

!! + !!
! !!
!!!.!!

!! + ! !!
!

!! + !
! !!
!!!.!!

!! + !!!
!!"

"
SIPHON"FLOW"

L1,"D1,"β’"
L2,"D2,"β’"

ΔY"

zA"

pA/γ"

u21/2g"

z=0"

Hydrostatic level

E.G.L

H.G.L



Exemplary (didactic) cases
Exercise 2 

Draw the Energy grade line and the Hydraulic grade line for the following configurations: 

 

Use the following cases 
to train yourself in 
drawing the EGL and 
HGL



 

air 

Exercise 2 

Draw the Energy grade line and the Hydraulic grade line for the following configurations: 

 



 

air 
 

air 



Gravity flow mains

Gravity flow mains 
are the basic plants 
in hydraulic 
engineering and as 
such are of key 
intrest to water 
engineers and 
managers 



energy and hydraulic grade lines

Example of energy grade line EGL and hydraulic grade line HGL for two reservoirs connected through 
a pipe.

Figure 4.2.12 (p. 69)

Careful in drawing HGL and EGL when pipes are verQcal!!



Design vs diagnostic (verification) problems 

4"
"

This"is"another"interesting"scheme"very"often"used"in"irrigation"plants"

"
"

4 Verification'vs'design'problems'
• Notice,"that"by"using"the"continuity"equation"for"the"pipe,"! = ! !!!

! = !"#$%,"the"energy"
balance"equation"can"be"rewritten"in"terms"of"flow"rate,"Q"thus"allowing"for"calculating"the"
flow"rate"once"the"geometry"of"the"pipe"system"(lengths,"diameters,"restrictions,"etc),"the"
pipe"roughness"and"the"available"energy"are"known"(verification"problem)."Similarly,"if"the"
flow"rate"is"known,"one"can"compute"the"diameter"to"convey"it"with"the"assigned"available"
energy"(design"problem)."We"can"summarize"the"two"problems"as"

"
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Hydraulically long pipes

7"
"

! = !!
!!
!!
,"we"obtains"the"following"relations"for"C"

!! = !!!∗
! " and" "!! = !!

! ," """"""""""

which"lead"to"the"result"

" " " " " " !∗ = !
!." " " " " """""""""(13)"

Considering"a"common"value"for"the"friction"factor,"f=0.02,"we"have"that"along"a"reach"of"length"

L*"≈"50"d""the"stream"dissipates"an"energy"equal"to"the"kinetic"term"
!!
!!."

"

Definition:"A"pipe"is"called"‘hydraulically"long’,"regardless"the"presence"of"a"weak"discontinuity"in"

the"geometry"which"induces"a"localized"head"loss,"if"the"total"pipe"length"is"at"least"L">"20"L*","i.e."
L">"1000d."

"

Example'

Let"us"now"calculate"which"should"be"the"effective"length"of"a"pipe"in"order"to"consider"it"as"
hydraulically"long.""

We"suppose"to"accept"an"approximation"of"the"exact"solution"of"about"4%,"i.e""0.04."

The"equivalent"length"L"thanks"to"which"we"would"neglect"the"velocity"head,"in"order"to"solve"
the"problem"with"the"chosen"approximation,"can"be"expressed"as"a"number"n"of"time"the"pipe"
diameter"d,"i.e."L=nd"."

Therefore"we"have"that"

!!
!! ≤ 0.04!! !!

!!! = 0.04!!! !!
!!!,"

and,"as"a"consequence"

! = !
!.!"!."

Assuming"now"a"friction"factor"f=0.025,"the"result"is"therefore"n=1000."This"means"that"for"this"
system"if"one"neglects"the"velocity"head"in"the"calculation,"the"result"will"have"an"approximation"

of"the"4%"only"if"the"pipe"length"is"about"1000"times"the"pipe"diameter."Of"course"the"length"of"
the"pipe"should"be"longer"as"more"as"higher"is"the"number"and"kind"of"the"localized"head"losses."

"

6"
"

"

"

"

"

" " " " " " " " """Relative"Piezometric" " ""Δz
" " " " " "

" "

" " """""pipeline"

"

"

Figure"6."Sketch"of"a"pipeline"connecting"two"reservoirs."For"steady"flow"the"energy"dissipation"is"
represented"by"the"slope"of"the"piezometric"line."

We"are"interested"in"quantifying"the"ratio"between"the"length"of"the"pipe,"L"and"the"diameter,"d,"
such"that"the"kinetic"term"can"be"neglected"in"the"calculation"compared"to"distributed"friction"
losses."In"other"words,"energies"losses"due"to"localized"dissipation"in"presence"of"geometrical"
discontinuity"as"long"as"the"kinetic"term"(which"is"usually"relatively"small,"i.e."few"m/s)"can"be"
neglected"(if"compared"to"distributed"dissipation)"if"the"pipe"is"‘sufficiently"long’."In"this"case"
both"the"lines"of"the"total"and"piezometric"heads"will"coincide,"and"it"is"useful"to"work"only"
considering"the"piezometric"head"of"the"stream"(Figure"6).""

For"pipeline"systems,"the"kinetic"and"energy"losses"that"have"order"of"magnitude"!
!

!!"can"be"

neglected"by"accepting"an"approximate"solution,"i.e."involving"a"small"error."The"equation"of"
motion"for"the"flow"within"the"pipelines"of"Figure"6"is"therefore"

" " " " " " Δz"="j"L."" " " " """""""""""""(9)"

We"show"now"which"is"the"condition"that"allows"to"define"a"pipe"as"hydraulically"long."

Let"us"compare"a"localized"dissipation"of"magnitude"!
!

!!""to"an"equivalent"distributed"one"over"a"

generic"length"L*,""i.e.""

!!
!! = !!∗." " " " " """"""""""

Supposing"to"express"the"distributed"energies"losses"by"means"of"the"Chezy"formula,"we"have"

! = !!
!!!," " " " " """""""""

and"considering"that"for"circular"pipes"R=d/4,"and"using"the"definition"of"the"friction"factor""

L,"d""

R1"

R2"

Absolute"Piezometric""

A"

A’"

B’"

B"
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Figure"6."Sketch"of"a"pipeline"connecting"two"reservoirs."For"steady"flow"the"energy"dissipation"is"
represented"by"the"slope"of"the"piezometric"line."

We"are"interested"in"quantifying"the"ratio"between"the"length"of"the"pipe,"L"and"the"diameter,"d,"
such"that"the"kinetic"term"can"be"neglected"in"the"calculation"compared"to"distributed"friction"
losses."In"other"words,"energies"losses"due"to"localized"dissipation"in"presence"of"geometrical"
discontinuity"as"long"as"the"kinetic"term"(which"is"usually"relatively"small,"i.e."few"m/s)"can"be"
neglected"(if"compared"to"distributed"dissipation)"if"the"pipe"is"‘sufficiently"long’."In"this"case"
both"the"lines"of"the"total"and"piezometric"heads"will"coincide,"and"it"is"useful"to"work"only"
considering"the"piezometric"head"of"the"stream"(Figure"6).""

For"pipeline"systems,"the"kinetic"and"energy"losses"that"have"order"of"magnitude"!
!

!!"can"be"

neglected"by"accepting"an"approximate"solution,"i.e."involving"a"small"error."The"equation"of"
motion"for"the"flow"within"the"pipelines"of"Figure"6"is"therefore"
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We"show"now"which"is"the"condition"that"allows"to"define"a"pipe"as"hydraulically"long."

Let"us"compare"a"localized"dissipation"of"magnitude"!
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!!""to"an"equivalent"distributed"one"over"a"

generic"length"L*,""i.e.""
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Supposing"to"express"the"distributed"energies"losses"by"means"of"the"Chezy"formula,"we"have"
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!!
,"we"obtains"the"following"relations"for"C"

!! = !!!∗
! " and" "!! = !!

! ," """"""""""

which"lead"to"the"result"

" " " " " " !∗ = !
!." " " " " """""""""(13)"

Considering"a"common"value"for"the"friction"factor,"f=0.02,"we"have"that"along"a"reach"of"length"

L*"≈"50"d""the"stream"dissipates"an"energy"equal"to"the"kinetic"term"
!!
!!."

"

Definition:"A"pipe"is"called"‘hydraulically"long’,"regardless"the"presence"of"a"weak"discontinuity"in"

the"geometry"which"induces"a"localized"head"loss,"if"the"total"pipe"length"is"at"least"L">"20"L*","i.e."
L">"1000d."

"

Example'

Let"us"now"calculate"which"should"be"the"effective"length"of"a"pipe"in"order"to"consider"it"as"
hydraulically"long.""

We"suppose"to"accept"an"approximation"of"the"exact"solution"of"about"4%,"i.e""0.04."

The"equivalent"length"L"thanks"to"which"we"would"neglect"the"velocity"head,"in"order"to"solve"
the"problem"with"the"chosen"approximation,"can"be"expressed"as"a"number"n"of"time"the"pipe"
diameter"d,"i.e."L=nd"."

Therefore"we"have"that"

!!
!! ≤ 0.04!! !!

!!! = 0.04!!! !!
!!!,"

and,"as"a"consequence"

! = !
!.!"!."

Assuming"now"a"friction"factor"f=0.025,"the"result"is"therefore"n=1000."This"means"that"for"this"
system"if"one"neglects"the"velocity"head"in"the"calculation,"the"result"will"have"an"approximation"

of"the"4%"only"if"the"pipe"length"is"about"1000"times"the"pipe"diameter."Of"course"the"length"of"
the"pipe"should"be"longer"as"more"as"higher"is"the"number"and"kind"of"the"localized"head"losses."
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Hydraulic management: pipeline diagnostic
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4.'EXAMPLES'

1.'Supply'and'storage'reservoirs''

This" is"the"classic"and"simplest"case"of"verification"problem"for"two"reservoirs"
(Fig"4.1):""

Figure"4.1"

Aim:"calculate"the"flow"rate"Q"once"the"geometric"characteristics"such"Δz,"L,"D,"
β’"are"known."

Using the Darcy’s law, the equation of motion is  

" " " " " !z = ! ' Q
2

D5.33 L """""""""""""

and"then"the"flow"rate"is"

Q =
!zD5.33

! 'L
""

Notes:"the"pipe"reach"is"subjected"to"a"positive"pressure"in"that"the"
piezometric"height"in"each"section"is"given"by"the"difference"between"the"
piezometric"head"h"and"the"geodetic"height"z"of"the"pipe"centreline.'

Δz"
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Aim:"calculate"the"flow"rate"Q"once"the"geometric"characteristics"such"Δz,"L,"D,"
β’"are"known."

Using the Darcy’s law, the equation of motion is  
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!zD5.33
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Notes:"the"pipe"reach"is"subjected"to"a"positive"pressure"in"that"the"
piezometric"height"in"each"section"is"given"by"the"difference"between"the"
piezometric"head"h"and"the"geodetic"height"z"of"the"pipe"centreline.'

Δz"

NOTE: here the diameter D 
appears with the exponent 
5.33 because 𝛽′ does not 
depend on diameter


