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Objectives of Today’s Lecture

§ To introduce:

• Material nonlinearity

• Concept of ”plastic hinge”

• Element formulations for tracing material nonlinearity

• Constitutive formulations for concentrated plasticity models
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Damage sequence in structural members

Source: El Jisr and Lignos (2021)
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Damage sequence in structural members (2)

Source: Prof. Tim Ibell
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Damage sequence in structural members (3)

Source: Prof. David Ruggiero
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Incorporating material nonlinearities into frame analysis
§ From the previous lectures, the global stiffness matrix of a structure, 𝐊!, is given as follows,

𝐊! = 𝐓" 𝐋"𝐤̅𝐋 + (𝑞#
𝐳𝐳"

𝐿$
+
1
𝐿$%

𝐫𝐳" + 𝐳𝐫" (𝑞% + (𝑞& 𝐓

Material stiffness matrix Geometric stiffness matrix

Tangent stiffness matrix in the local reference system

Tangent stiffness matrix in the global reference system
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Element formulations for nonlinear material response

Source: NIST GSR 10-917-5
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Concentrated plasticity models

Image Source: NIST GSR 10-917-5Advantages
§ Fairly simple
§ Effective for interface effects
§ Computationally efficient

Disadvantages
§ Require the load-displacement relationship (as opposed to engineering stress-strain)
§ They generally don’t capture interactive effects
§ Member instabilities (see later on)
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Within a numerical model of a frame structure

Zero-length elements with 
idealized moment – rotation relation

Equivalent elastic beam-column element

𝐸𝐼𝑘! 𝑘"
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1 2𝑖 𝑗

𝐹#!, 𝜐#!

Μ$!, 𝜃!

𝐹#% , 𝜐%
𝑀$% , 𝜃%

𝐹#& , 𝜐&
𝑀$& , 𝜃&

𝐹#", 𝜐"
Μ$", 𝜃"

𝐹'!, 𝜐'!
𝐹'", 𝜐'"



10RESSLab
Resilient Steel Structures Laboratory Material nonlinearity – Concentrated plasticity models – Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

Elastic beam element with two rotational springs

Let’s assume the following: 𝑘! = 𝑛
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The equivalent element stiffness matrix becomes:
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‘Equivalent’ moment of inertia:

𝐼! =
𝑛 + 1
𝑛 𝐼

Stiffness coefficients:

𝑆"# = 𝑆#" =
6(1 + 𝑛)
2 + 3𝑛

𝑆"" = 𝑆## =
1 + 2𝑛
(1 + 𝑛) 𝑆"#

Elastic beam element with two rotational springs (2)
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Elastic beam element with two rotational springs (Option 2)

Let’s assume the following:

𝑘$ = 𝑎$𝐸𝐼!/𝐿 𝑘% = 𝑎%𝐸𝐼!/𝐿
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The “spring and beam” element stiffness matrix becomes:

𝑎 =
𝑎$𝑎%

𝑎$𝑎% + 4𝑎$ + 4𝑎% + 12
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Typical component behavior under monotonic loading

𝑓

𝑑

𝑓'

𝑓( = 𝑘𝑓)

𝑑) 𝑑' 𝑑( 𝑑*

𝑘"

𝑑+ 𝑑+'

𝑓) 𝑘-

Strength at ultimate
or capping strength

𝑘./
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Typical component behavior
-Example: Cantilever steel column

Source: Suzuki and Lignos (2021)
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Source: Suzuki and Lignos (2018)

𝑘!"!#"$
% =0,03 x 3EI/L

𝑘!"!#"$ =3EI/L
𝑘!"!#"$
& =-0,15 x 3EI/L

Typical component behavior (2)
-Example: Cantilever steel column
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Typical component behavior under cyclic loading
-First cycle envelope UCSD Steel 4
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Comparison of monotonic and first cycle envelopes

Source: Lignos and Hartloper (2020)
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𝑓

𝑑

𝑓'

𝑓$ = 𝑘𝑓(

𝑑( 𝑑' 𝑑$ 𝑑)

𝑘"

𝑑* 𝑑*'

𝑓( 𝑘-
𝑘./

Component behavior
-Some general remarks

Can be defined based
on mechanics

Empirically defined

Onset of strength degradation

Slope of strength degradation

Residual strength plateau

Level of residual strength
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Basic workflow 
Increment 𝑛

𝑖 = 1: set 𝜆),%+! = 𝜆),!, 𝐅-).
),%+! = 𝐅%)/),! − 𝐅('/),! , 𝐯),%+! = 𝐯),!

and 𝐊0/1-2/),%+! = 𝐊0/1-2/),!

Determine 𝛿𝐯1),%and 𝛿𝐯3),%à compute 𝛿𝜆),% and 𝛿𝐯),%à update 𝜆),% , 𝐯),% and 𝐅('/),%

For all elements: element state determination

Assemble the new structure tangent stiffness matrix 
𝐊0/1456478
),% and structure resisting force vector 𝐅%)/

),%

Compute the structure unbalanced force vector 𝐅-).
),% = 𝐅%)/

),% − 𝐅('/
),%

Has the procedure converged? No

𝑖 + 1

Set 𝐅)+#
+,- = 𝐅-).

),%,!

Yes

𝑛 + 1

Next increment
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Basic workflow (2)
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Assessment of existing structures
-Readily available load-deformation curves
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Some challenges with concentrated plasticity models

Source: Elkady and Lignos (2018) Source:Prof. Jack Moehle
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Illustration for steel beams

𝑀

𝑀𝑐

𝜃𝑦

𝑘𝑒

𝑘𝑠

𝑘𝑝𝑐

Local buckling

!

Tearing

𝑀𝑦

𝑀𝑟 = 𝑘𝑀𝑦

𝜃𝑐 𝜃𝑟 𝜃𝑢 𝜃

𝜃𝑝 𝜃𝑝𝑐
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Deterioration modes in steel members

UCSD Steel 4
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Source: Prof. Helmut Krawinkler
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Deterioration
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Deterioration

Unloading 
stiffness

deterioration
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Typical models to trace the hysteretic response

2-2 2: Background Concepts FEMA P440A 

displacements of moderate and long-period single-degree-of-freedom 
(SDOF) systems with elasto-plastic behavior were, on average, about the 
same as that of linear elastic systems with the same period of vibration and 
same damping ratio.  Their observations formed the basis of what is now 
known as the “equal displacement approximation.”  This widely-used 
approximation implies that the peak displacement of moderate and long-
period non-degrading systems is proportional to the ground motion intensity, 
meaning that if the ground motion intensity is doubled, the peak 
displacement will be on average, approximately twice as large.   

Displacement

Fo
rc
e

 
Figure 2-1 Elasto-plastic non-degrading piecewise linear hysteretic model. 

Veletsos and Newmark also observed that peak lateral displacement of short-
period SDOF systems with elasto-plastic behavior were, on average, larger 
than those of linear elastic systems, and increases in peak lateral 
displacements were larger than the increment in ground motion intensity.  
Thus, the equal displacement approximation was observed to be less 
applicable to short-period structures. 

Using many more ground motions, recent studies have corroborated some of 
the early observations by Veletsos, identified some of the limitations in the 
equal displacement approximation, and provided information on record-to-
record variability (Miranda, 1993, 2000; Ruiz-Garcia and Miranda, 2003; 
Chopra and Chintanapakdee, 2004).  These studies have shown that, in the 
short-period range, peak inelastic system displacements increase with respect 
to elastic system displacements as the period of vibration decreases and as 
the lateral strength decreases.  These observations formed the basis of the 
improved displacement modification coefficient C1, which accounts for the 
effects of inelastic behavior in the coefficient method of estimating peak 
displacements, as documented in FEMA 440 Improvement of Nonlinear 
Static Seismic Analysis Procedures (FEMA, 2005). 

FEMA P440A 2: Background Concepts 2-3 

2.1.2 Strength-Hardening Behavior 

Another commonly used non-degrading hysteretic model is a strength-
hardening model, which is similar to the elasto-plastic model, except that the 
post-yield stiffness is greater than zero (Figure 2-2).  Early applications of 
bilinear strength-hardening models include investigations by Caughey 
(1960a, 1960b) and Iwan (1961).  Positive post-yield stiffness is also referred 
to as “strain hardening” because many materials exhibit gains in strength 
(harden) when subjected to large strain levels after yield.  Strength hardening 
in components, connections, and systems after initial yield is also caused by 
eventual mobilization of a full member crossection, or sequential yielding of 
the remaining elements in a system.  This is typically the most important 
source of strength hardening observed in a structural system.  

Displacement
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e

 
Figure 2-2 Strength-hardening non-degrading piecewise linear hysteretic 

model. 

Although many studies have considered elasto-plastic and bilinear strength-
hardening behavior, it was not until recently that comprehensive statistical 
studies were conducted to systematically quantify differences in peak 
displacements using a wide range of periods of vibration, a wide range of 
post-elastic stiffnesses, and large numbers of ground motions.  Several recent 
studies have provided quantitative information on the average effects of 
positive post-yield stiffness on response, and on the variability in response 
for different ground motion records.  They are in agreement that, for 
moderate and long-period structures, the presence of a positive post-elastic 
stiffness leads to relatively small (less than 5%) reductions in peak 
displacement (Ruiz-Garcia and Miranda, 2003; Chopra and Chintanapakdee, 
2004).  The magnitude of the reduction varies based on the strength of the 
system and period of vibration.   

System strength is often characterized by a parameter, R, defined as the ratio 
between the strength that would be required to keep the system elastic for a 

Elastic Perfectly Plastic Model Simple Bilinear Model

ADVANTAGE: You only need 𝐾𝑒, 𝐹𝑦 (or 𝑀𝑦 ) and 𝛼

𝑭𝒚
𝑭𝒚

𝑲𝒆 𝑲𝒆

𝜶
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Models that capture cyclic deterioration

FEMA P440A 2: Background Concepts 2-7 

Krawinkler, 1998; Gupta and Kunnath, 1998; Medina 2002; Medina and 
Krawinkler, 2004; Ruiz-Garcia and Miranda, 2005).   

These and other studies have shown that moderate and long-period systems, 
with up to 50% reduction in hysteretic energy dissipation capacity due to 
pinching, experience peak displacements that are, on average, similar to 
those of structures with elasto-plastic or bilinear strength-hardening 
hysteretic behavior.  This observation is particularly interesting because it is 
contrary to the widespread notion that structures with elasto-plastic or 
bilinear behavior exhibit better performance than structures with pinching 
behavior because of the presence of additional hysteretic energy dissipation 
capacity.  

These same studies, however, have also shown that short-period structures 
with pinching behavior experience peak displacements that tend to be larger 
than those experienced by systems with elasto-plastic or bilinear strength-
hardening hysteretic behavior.  Differences in peak displacements increase as 
the period of vibration decreases and as the lateral strength decreases.   

2.1.5 Cyclic Strength Degradation   

Structural components and systems may experience reductions in strength 
generically referred to as strength degradation or strength deterioration 
(Figure 2-5).  One of the most common types of strength degradation is 
cyclic strength degradation in which a structural component or system 
experiences a reduction in lateral strength as a result of cyclic load reversals.   
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 (a) (b)  

Figure 2-5 Examples of cyclic strength degradation: (a) due to increasing inelastic 
displacement; and (b) due to repeated cyclic displacement 

In cyclic strength degradation, reductions in lateral strength occur after the 
loading has been reversed, or during subsequent loading cycles.  Cyclic 
reductions in lateral strength are a function of the level of peak displacement 
experienced in the system (Park, Reinhorn and Kunnath, 1987; Rahnama and 

Notice that they do not capture post-capping strength deterioration
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 (Source: Lignos and Krawinkler 2011)

𝐸( = 𝜆 $ 𝜃) $ 𝑀*

-Reference energy dissipation capacity

𝑀+ = (1 − 𝛽+) $ 𝑀+,-

𝐾+ = (1 − 𝛽+) $ 𝐾+,-

𝛽+ =
𝐸+

𝐸( − ∑+.-
+,-𝐸/

0

-Rule for modeling deterioration

Models that capture cyclic deterioration
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Calibration with available experimental data

(Source: Lignos et al. 2019)

Test data
1st  Cycle Envelope
Monotonic BackboneCo
lu

m
n 

En
d 

M
om

en
t, 

M

M

Mmax
Mmax*
My*

θp θpc

θpc*θp*

a

b

Mr
Mr

*

First-Cycle
 Envelope

Monotonic
BackboneASCE 41

Chord Rotation, θ θθ*ult θult

Monotonic
Response

Cyclic
Response

-0.05 0 0.05
-2000

-1000

0

1000

2000

Test Data
IMK model

Chord Rotation, θ [rads]
0 0.05 0.1

-4000

-2000

0

2000

4000

Test Data
IMK model

Chord Rotation, θ [rads]

Co
lu

m
n 

En
d 

M
om

en
t, 

M
 [k

N
-m

]

Co
lu

m
n 

En
d 

M
om

en
t, 

M
 [k

N
-m

]

(a) (b)

(c) (d)

Test data
1st  Cycle Envelope
Monotonic BackboneCo

lu
m

n 
En

d 
M

om
en

t, 
M

M

Mmax
Mmax*
My*

θp θpc

θpc*θp*

a

b

Mr
Mr

*

First-Cycle
 Envelope

Monotonic
BackboneASCE 41

Chord Rotation, θ θθ*ult θult

Monotonic
Response

Cyclic
Response

-0.05 0 0.05
-2000

-1000

0

1000

2000

Test Data
IMK model

Chord Rotation, θ [rads]
0 0.05 0.1

-4000

-2000

0

2000

4000

Test Data
IMK model

Chord Rotation, θ [rads]

Co
lu

m
n 

En
d 

M
om

en
t, 

M
 [k

N
-m

]

Co
lu

m
n 

En
d 

M
om

en
t, 

M
 [k

N
-m

]

(a) (b)

(c) (d)



29RESSLab
Resilient Steel Structures Laboratory Material nonlinearity – Concentrated plasticity models – Nonlinear Analysis of Structures - Prof. Dimitrios Lignos, RESSLab EPFL

§ Trends between geometric & material parameters on input model parameters
• Dimensionless slenderness parameters:

§ flange local buckling, 𝜆1 = 𝑏1 /2𝑡1
§ web local buckling, 𝜆𝑤 = ℎ/𝑡𝑤

§ lateral torsional buckling, 𝜆𝑡 = 𝐿𝑏 / 𝑖𝑧 𝑖2 =
32
4

§ Shear span ratio, 𝐿5/ℎ
§ Yield stress, 𝑓𝑦

Section C-C

Calibration with available experimental data (2)
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Empirical relations for steel beams 

𝐾𝑒

𝑀$
∗

𝑀𝑢

𝑀𝑟

𝜃𝑢𝜃𝑝𝑐𝜃𝑝

Source: Lignos and Krawinkler (2011)

Non-composite steel beams (other than RBS)

𝑀𝑟 = 0.4𝑀(
∗

𝑀(
∗ = 1.17𝑀*4 = 1.17 = 𝛾$! = 𝑊*4,( = 𝑓𝑦

𝑀) = 1.11𝑀(
∗ (𝐶𝑂𝑉 = 0.1)

Plastic deformation parameters (for monotonic loading)

𝜃) = 0.20𝑟𝑎𝑑

(𝜎4+ = 0.32)

(𝜎4+ = 0.25)

𝜃* = 0.0865
ℎ
𝑡5

06.&89 𝑏
2𝑡:

06.-;6 𝐿<
𝑑

6.&;6 𝑑
533

06.=%- 𝑓(
355

06.%&6

𝜃*' = 5.63
ℎ
𝑡5

06.989 𝑏
2𝑡:

06.>66 𝑑
533

06.%>6 𝑓(
355

06.;&6

(𝛾1= = 1.25	𝑓𝑜𝑟	𝑆355)

Range of applicability
20 ≤ ⁄ℎ 𝑡- ≤ 55

4 ≤ 𝑏./2𝑡. ≤ 8

2.5 ≤ 𝐿//𝑑 ≤ 7

102𝑚𝑚 ≤ 𝑑 ≤ 914𝑚𝑚

240𝑀𝑃𝑎 ≤ 𝑓0 ≤ 450𝑀𝑃𝑎
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Some remarks on multivariate-regression models
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= 24.5

ℎ
𝑡5
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Databases and model availability
-Publicly available from: resslabtools.epfl.ch
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Empirical equations for steel columns

(Source: Lignos et al. 2019)

(or 𝑁1 ) (or 𝑁1 )

Image adopted from RESSLab-hub: https://resslab-hub.epfl.ch/

https://resslab-hub.epfl.ch/
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Empirical equations for steel columns (2)

Range of applicability

𝑀0
∗ = M

1.15𝑊34,0𝛾67𝑓0 1 − ⁄𝑁1 2𝑁34,8 , 	 𝑖𝑓 ⁄𝑁1 𝑁34,8 ≤ 0.20

1.15𝑊34,0𝛾67𝑓0
9
8 1 − ⁄𝑁1 𝑁34,8 , 𝑖𝑓 ⁄𝑁1 𝑁34,8 > 0.20

𝑀9 = 𝛼𝑀0
∗ 𝛼 = 12.5

ℎ
𝑡>

,?." 𝐿.
𝑖$

,?.A
1 −

𝑁B
𝑁3C,(

?.A

, 1.0 ≤ α ≤ 1.3 (𝐶𝑂𝑉 = 0.10)

𝑀6 = 0.5 − 0.4
𝑁1
𝑁34,8

𝑀0
∗ ≥ 0 (𝐶𝑂𝑉 = 0.27)

𝜃3 = 294
ℎ
𝑡-

:;.= 𝐿>
𝑖?

:@.=
1 −

𝑁1
𝑁34,8

;.A

≤ 0.20 (𝐶𝑂𝑉 = 0.39)

𝜃3B = 90
ℎ
𝑡-

:@.C 𝐿>
𝑖?

:@.C
1 −

𝑁1
𝑁34,8

D.E

≤ 0.30 (𝐶𝑂𝑉 = 0.26)

𝜃9 = 0.15	(𝐶𝑂𝑉 = 0.46)

3.71 ≤ ⁄ℎ 𝑡- ≤ 57.5

38.4 ≤ ⁄𝐿> 𝑖? ≤ 120

0 ≤ 𝑁1/𝑁34,8 ≤ 0.75

Source: Lignos et al. (2019)

𝐾𝑒

𝑀$
∗

𝑀)

𝑀𝑟

𝜃𝑢𝜃𝑝𝑐𝜃𝑝

Plastic deformation parameters (for monotonic loading)
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The RESSLab-Hub (https://resslab-hub.epfl.ch/ )

(Source: Lignos et al. 2019)

https://resslab-hub.epfl.ch/
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Nonlinear behavior of reinforced concrete members

!
Source: Krawinkler et al. (1978)
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F+y

F-y

F

δ

δ1

F1 δ2

F2

δ1

δ2

tension Crack Opening

No tension Crack closure

tension Crack Opening

Nonlinear behavior of reinforced concrete members (2)
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2-6 2: Background Concepts FEMA P440A 

2.1.4 Pinching Behavior 

Structural components and connections may exhibit a hysteretic phenomenon 
called pinching when subjected to reverse cyclic loading (Figure 2-4).  
Pinching behavior is characterized by large reductions in stiffness during 
reloading after unloading, along with stiffness recovery when displacement is 
imposed in the opposite direction.  
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(a)                (b)  

Figure 2-4 Examples of hysteretic models with: (a) moderate pinching 
behavior; and (b) severe pinching behavior. 

Pinching behavior is particularly common in reinforced concrete 
components, wood components, certain types of masonry components, and 
some connections in steel structures.  In reinforced concrete, pinching is 
typically produced by opening of cracks when displacement is imposed in 
one direction.  Partial stiffness recovery occurs when cracks are closed 
during displacements imposed in the other direction.  In wood structures 
pinching is primarily caused by opening and closing of gaps in framing 
elements due to nail pullout.  Pinching also occurs as a result of opening and 
closing of flexural cracks in reinforced masonry, opening and closing of gaps 
between masonry infill and the surrounding structural frame, and opening 
and closing of gaps between plates in steel end-plate connections.  The level 
of pinching depends on the characteristics of the structure (e.g., material 
properties, geometry, level of ductile detailing, and connections), as well as 
the loading history (e.g., intensity in each cycle, number of cycles, and 
sequence of loading cycles). 

Several studies have shown that, for moderate and long-period systems, 
pinching alone or in combination with stiffness degradation has only a small 
affect on peak displacement demands, as long as the post-yield stiffness 
remains positive (Otani, 1981; Nassar and Krawinkler 1991; Rahnama and 
Krawinkler, 1993; Shi and Foutch, 1997; Foutch and Shi, 1998; Gupta and 

Less pinching (flexure-dominant) More pinching (shear-dominant)

Nonlinear behavior of reinforced concrete members (3)
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Source: Lignos and Krawinkler (2012)

Nonlinear behavior of reinforced concrete members (4)
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Key Parameters:
§ Strength
§ Initial stiffness
§ Post-yield stiffness
§ Plastic rotation capacity
§ Post-capping slope
§ Cyclic deterioration

Calibration process:
§ 250+ columns
§ Flexure & flexure-shear dominant
§ Calibrated to expected values

Key assumption:
§ Bond slip is incorporated in the beam-

column model parameters

Nonlinear behavior of reinforced concrete members (5)
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PEER/ATC-72-1 3: Modeling of Frame Components 3-33 

Kstf, calibrated to a force at some fraction of the yield point.  The yield 
stiffness, Ky, should be used in analyses where the component deformations 
are likely to exceed the yield rotation, as is common in MCE level 
assessments.  The larger stiffness, Kstf, should be used in analyses where the 
component deformations are likely to be below the yield rotation, as is 
expected in service level assessments.  For this purpose, values of Kstf 
corresponding to 0.4 times the yield point are suggested.   
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Figure 3-21 Definitions of secant elastic stiffness (Haselton et al., 2008). 

Haselton et al. (2008) proposed the following equations for median estimates 
of Ky and Kstf, based on calibration to tests of reinforced concrete columns: 

Ky:  
� 
 � 
�� � �� � � �� 	 �� �	 �

0.07 0.59 0.07y s

g g c

EI LP
EI A f H

  where  0.2 0.6y

g

EI

EI
� �   (3-12) 

Kstf:  
� 
 � 
� � � �� � � �� 	 �� �	 �

0.02 0.98 0.09stf s

g g c

EI LP
EI A f H

  where  0.35 0.8stf

g

EI

EI
� �  (3-13) 

In these equations, EIg is the flexural stiffness of the gross section, P is the 
member axial (compression) load, Ag is the gross column area, cf � is the 
concrete compressive stress, Ls is the shear span from the point of maximum 
moment to the inflection point (typically one-half of the member length), and 
H is the member depth.  For median value estimates, material properties used 
to calculate the stiffness parameters should be based on expected values.  
Variations in stiffness tend to follow a lognormal distribution with a variation 
of �ln = 0.28 for Ky and �ln = 0.33 for Kstf.  Note that these stiffness values 

Source: Haselton et al. (2008)

𝐾#:
𝐸2𝐼#
𝐸2𝐼D

= −0.07 + 0.59
𝑁

𝐴D𝑓2′
+ 0.07

𝐿0
ℎ , 0.2 ≤

𝐸2𝐼#
𝐸2𝐼D

≤ 0.6

𝐾0/E,A?:
𝐸2𝐼0/E,A?
𝐸2𝐼D

= −0.02 + 0.98
𝑁

𝐴D𝑓2′
+ 0.09

𝐿0
ℎ , 0.35 ≤

𝐸2𝐼#
𝐸2𝐼D

≤ 0.8

Pre-cracked stiffness (initial stiffness):

Post-cracked stiffness (secant stiffness to yield):

𝐸2𝐼D:

𝐴D:

𝑓2F:

𝐿0:

ℎ:

Flexural stiffness of the gross cross section

Gross cross-sectional area

Concrete compressive strength

Shear span from point of maximum moment to the inflection point
Depth of the cross section

(𝜎4F= 0.37)

(𝜎4F= 0.42)

𝐸2: Elastic concrete modulus

Nonlinear behavior of reinforced concrete members (6)
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Source: Haselton et al. (2008)

𝜃3 = 0.13 1 + 0.55𝑎G4 0.13 H 0.02 + 40𝜌GI @.AE 0.57 @.@;.*+

𝜃3(F/K:G0778K6LB) =
max 0.01,

𝜌N𝑓0
𝑓BN

max 0.01,
𝜌𝑓0
𝑓BN

𝜃3

𝜃3B = 0.76 0.031 H 0.02 + 40𝜌G4 ;.@D ≤ 0.10

𝑀9 = 1.25 0.89 H(0.91)@.@;.*+𝑀0
∗ ~ 1.13𝑀0

∗

𝑀0
∗

(𝜎4+ = 0.12)

(𝜎4+ = 0.69)

(𝜎4+ = 0.86)

Calculated based on standard moment curvature analysis (Panagiotakos and 
Fardis 2001) or  SIA 262 for concrete cross sections (𝑀𝑅𝑑)

Plastic rotation for symmetric cross-sections (& symmetric reinforcement)

Plastic rotation for symmetric cross-sections ( asymmetric reinforcement)

Post-capping plastic rotation

𝜌N =
𝐴GB
𝑏𝑑

𝜌 =
𝐴GK
𝑏𝑑

Nonlinear behavior of reinforced concrete members (7)
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𝑎-3 Bond-slip indicator between steel and concrete (accounts for ~ 1/3 of plastic rotation)
𝑎-3 = 1
𝑎-3 = 0

If bond-slip is possible
If bond-slip is prevented

𝑣 =
𝑁
𝑓/4𝐴5

Axial load ratio

𝜌-6 =
𝐴-6
𝑠𝑏

Area ratio of transverse reinforcement (with area 𝐴?@) in the plastic hinge region that transverse 
reinforcement is spaced at distance s

Nonlinear behavior of reinforced concrete members (8)
-Definitions
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Source: Haselton et al. (2008)

PEER/ATC-72-1 3: Modeling of Frame Components 3-37 

(bond slip included), sn = 12.7 (longitudinal bar buckling), and � = 0.02 
(longitudinal reinforcement ratio).   

Table 3-3 Empirical Plastic Rotation Values, �p and �pc, for 
a Representative Column Section (Haselton et 
al., 2008) 

� = P / Ag cf 
  �sh �p �pc 

0.1 0.002 0.031 0.052 

0.006 0.047 0.100 

0.020 0.077 0.100 

0.6 0.002 0.012 0.009 

0.006 0.019 0.024 

0.020 0.031 0.077 

For columns with low axial load ( 0.1 c gf A
 ), the pre-capping rotation ranges 
from �p = 0.031 radians for a column with minimal confinement, up to �p = 
0.077 radians for a column with heavy confinement.  For columns with 
higher axial loads ( 0.6 c gf A
 ) above the balance point, the pre-capping 
rotation is reduced to less than half of the corresponding values at lower axial 
loads, ranging from �p = 0.012 to 0.031 radians.  In both cases, bond slip 
(incorporated through the �sl parameter) accounts for about one-third of the 
total pre-capping rotation.  

Similar to the trends for pre-capping rotation, post-capping rotation drops off 
dramatically for axial loads above the balance point and low confinement 
ratios.  Values for post-capping rotation range from �pc = 0.10 for a column 
with low axial load and high confinement, down to �pc = 0.009 for a column 
with high axial load and low confinement.  

3.4.2.5 Cyclic Deterioration 

The parameter governing cyclic deterioration is the reference hysteretic 
energy dissipation capacity, Et, which is defined as ��My or ��p My as part of 
Equation 2-1.  Following the calibration done for other backbone parameters 
using test data for reinforced concrete columns, Haselton et al. (2010) 
proposed the following equation for the mean energy dissipation capacity 
parameter �: 

 
v)03.0)(30(��  (3-17) 

where � is the axial load ratio.  This equation was calibrated to the median 
response from column tests, with a reported dispersion of 	ln =0.60.  For a 
typical column with seismic detailing, typical values of the parameter ��are 

𝑣 = 𝑁/𝑓0f𝐴g

Nonlinear behavior of reinforced concrete members (9)
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Zero length elements for shear-dominant elements
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Interactive effects (e.g., axial load-bending interaction)

(or 𝑁1 ) (or 𝑁1 )
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