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CIVIL-425: Continuum Mechanics and Applications

17 April 2025

Problem 1: Finite element formulation

Consider a two-dimensional simplex element which, in its deformed configuration, occupies a triangular region
Q whose corners, or 'nodes’, are labelled 1,2 and 3 consecutively and counterclockwise. The element lies in the
x1 — a9 plane. Let x4, a = 1,2,3, be the coordinates of the nodes and x € Q a point in the element. Denote
r, =X, — X,a = 1,2,3. Define ’shape functions’ of the form:

Ni(x) = [es,ra,r3] /(24)
No(x) = [es,r3,r1] /(24)
N3(x) = [es, r1,1r2] /(24)
where A is the area of the element and e3 is the unit vector normal to the plane of the element.

1) Show that N1 + N2 + N3 =1.
Incremental displacements u(x) and accelerations i(x) over the element are defined by interpolation,

3
X) = ZuaN X
azl
X) = Zﬁa]\f b'e
a=1

where u, and ii,,a = 1,2, 3, are the nodal displacements and accelerations. The Cauchy stresses o are taken to be
constant over the element. The element is under the action of body forces b defined over €2, and boundary tractions
t applied over a part 9Q, of the boundary of the element.

ii) Using the principle of virtual work and restricting virtual displacements to be of the form (2), show that the
equation of linear momentum balance for the element reduces to:

Mii+ ABTo =f

where i = {1, 2, Uiz} is an array which collects all nodal accelerations, M is a 6 x 6 'mass’ matrix, o is redefined
as the array {o11,092,012}, B is a 3 x 6 matrix, and f is a 6-dimensional 'nodal force’ array. Compute the arrays
M, B and f in terms of the nodal coordinates, the mass density p, b and t.

Solution

D> \

fﬁlz iz

Note that N, (xp) = dap. Also,

Ni = (220 — %) (38 — 8) €ap3 = (T2aT38 — TaZsg — T2aLB) €ass
Ny = (230 — Ta) (T18 — 8) €aps = (T3aZ18 — TaZ1g — T3aLB) €ass
N3 = (210 — o) (228 — 28) €ap3 = (T1aT28 — TaT23 — T1aL8) €aB3

since z,geqp3 = 0. Hence, the shape functions N, are linear in x. The gradients of the shape functions follow
as:



Ny o = (238 — T28) €aps

No o = (218 — ®38) €ap3
N3 o = (228 — T18) €ap3

and they are constant. From virtual work:
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Inserting interpolation:
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which must hold for all 744. Arrange in matrix form. Define:
{W}T = (M1, M2, M21, M2, 131, M32)

{a}T = (ti11, ti12, ti21, tizo, diz1, ti32)

{o}" = (011,022, 012)

Then:
Sl
Tas 3 5 (aaNas + 1asNasa) = {n}" B {0}
a=1

where:
Likewise,

Nl 1 0 N2,1 0 N371 O

B = 0 N1 2 0 N272 0 N3,2

Ni2 Nii Nap Noi Nzo Nz

where:

X (Z naazva> (z N> a0 = (" M7 (i)

b=1

Define nodal forces:

Maabgz/pNaNb(saﬁdQ
Q

Q o0
and arrange into force array:

{f}T = {f117f127f217f223f317f32}

With these definitions, the virtual work expression becomes:

{m" (M{a} + AB™{o} — {f}) =0

Enforcing this constraint for all {n} gives:

M{i} + AB™{o} = {f}



bonus: Entropy and concentration equilibrium

Consider two perfectly miscible solid solutions placed in contact through an adiabatic but permeable boundary.
The combined system is otherwise isolated from the rest of the world. Suppose that the subsystems have N7 and
N intersticial locations, and, initially, n; and mo atoms, respectively. We proceed to compute the equilibrium
concentrations in the two subsystems.

i) Show that ¢{? = ¢5? = ¢? at equilibrium.

ii) Compute the internal entropy S;,: > 0 produced in going from the initial conditions to equilibrium and show
that ASin: > 0.

Solution: The total number of interstiticial location is N = N+ N5 and the total number of atoms N = N;+Ns.
The equilibrium condition is when the entropy is maximum. The total entropy is:

S=5+5;. (1)

For it to be maximum it must be a stationary point of either n; or ns.
Let us choose n; (even though this does not change the solution) and take the derivative:
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But S;/N; and S3/N; are identical functions of ¢; and cq, respectively. Hence, at equilibrium,

or

T=c=c" (4)
Since, in addition, ny +ns =n or c¢; Ny + co Ny = n, it follows that

o n o N1 e & N2
T Ni+N;, NN, ' TN+ N,

e Co = 1C1 + Qacy (5)
where ¢; and ¢y are the initial concentrations of solute systems. We may also compute the internal entropy

production
ASiny = 851+ 857 — (S) + Sa) (6)

resulting from mass transfer. To this end, write 7(c) = S/N. Since, at equilibrium, n{? = 75?7 = n(c*?), it follows
that

ASint = (N1 + Na)n(c®) — {Nﬂ?(cl) + N277(C2)} (7)
or
% =n(arc1 + ases) — [04177(01) + 0277(62)] (8)

But, 7 is a concave function of ¢, which implies that AS;,; > 0, in agreement with the second law.



