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Exercise 1, Principal directions and stretches

Consider a local deformation gradient F and the corresponding left and right Cauchy-Green deformation tensors
B = FF” and C = FTF, respectively. Let the spectral decomposition of the right Cauchy-Green deformation

tensor be:
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here ¢, and N,,a = 1,2, 3, are the eigenvalues and eigenvectors of C, i. e.

(C—coI)'N,=0, [NyJ=1, a=123

Let Ao = \/Cq be the principal stretches; F = VR = RU the polar decompositions of F, the R € SO(3),U =
UT = /C,V =VT = V/B; and set n, = RN,.
i) Prove the identities:
i.1) n, = \;'FN,,.

We have U = 22:1 AN, ® N,,. Hence

3
FN, = (RUN, =R | Y AsN5 @ N | No = ARN, = Aang,
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where we used the identity (a ® b)c = (a® c)b, and the fact N, ® Ng = dqp, since ||[N;|| = 1.
i2) F =3 Aun,®N,.
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i3)R=Y,n,®N,.
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Exercise 3, Linearization

Linearize the following kinematic relations with respect to a small displacement u field superposed on the spatial
configuration:



ii) The volumetric-deviatoric decomposition of the deformation gradients is:
F = FVOleeV Fvol = Jl/SI Fdev = J71/3F

where J is the Jacobian of the deformation and I is the identity tensor.
Keeping only the linear terms in ||Vu|| and using the Taylor’s expansion for he volumetric part we obtain:

J =1+ tr(Vu) + O(||Vul[?)
JY3 (1 + tr(Vu) /3 ~ 1+ %tr(vu)
Fvol =1 + %tr(VU)L
Analogously for the deviatoric part:
J =1+ tr(Vu) + O(||Vu[*)
JY3 ~1 - %tr(Vu)

Fde’u :J*1/3F ~ (1 — ;tr(Vu)> (I + Vu) —

I+Vu- étr(Vu)I — %tr(Vu)Vu ~I+Vu- étr(Vu)I



