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22 May 2025

Exercise. Bingham fluid flow between two parallel plates.

Question 1: Momentum Balance Under steady-state assumption momentum balance is

∇ · σ = 0

or
−∇p+∇ · s = 0

The expanded form in two dimensions is

−∂p

∂x
+

∂sxx
∂x

+
∂sxy
∂y

= 0

−∂p

∂y
+

∂sxy
∂x

+
∂syy
∂y

= 0

where sxx = 0 and syy = 0 because u̇ = (u̇x(y), 0). Assuming that
∂p

∂y
is very small in a narrow channel w << L,

we obtain

−∂p

∂x
+

∂sxy
∂y

= 0

∂sxy
∂x

= 0

Question 2: Shear Stress Profile Integrating momentum balance we obtain

sxy =
dp

dx
y

This linear profile indicates a maximum and minimum at the plates, depending on the sign of
dp

dx
.

Question 3: Velocity Profile The fluid starts to flow if
√
J2(s) > σY . Deviatoric part of stress tensor is such

that tr(s) = 0, therefore
√
J2(s) = |sxy|. The flow condition becomes

|sxy| > σY

In pure shear, plastic strain rate can be written as

ϵ̇p =

[
0 γ̇
γ̇ 0

]

where γ̇ =
dux

dy
.

For |y| ≤ yc where yc is where |sxy(yc)| = σY ( => yc = ± σY

|dp/dx|
), the fluid behaves as rigid and γ̇ =

du̇x

dy
= 0,

which leads to u̇x = A = const.
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On the other hand, when |y| > yc, we have

γ̇ =
du̇x

dy
=

|sxy| − σY

η

sxy
|sxy|

recalling that sxy =
dp

dx
y, we obtain

γ̇ =
du̇x

dy
=

∣∣∣∣dpdx
∣∣∣∣ |y| − σY

η
sign(y)

First, assume, that y > yc, then

γ̇ =
du̇x

dy
=

∣∣∣∣dpdx
∣∣∣∣ y − σY

η

integrating and taking into account u̇x(y = +h) = 0 we obtain

u̇x(y) =
1

η

(
1

2

∣∣∣∣dpdx
∣∣∣∣ (y2 − h2) + σY (h− y)

)
Analogously for y < −yc

γ̇ =
du̇x

dy
=

dp

dx
y + σY

η

integrating and taking into account u̇x(y = −h) = 0 we obtain

u̇x(y) =
1

η

(
1

2

∣∣∣∣dpdx
∣∣∣∣ (y2 − h2) + σY (y + h)

)
Now we can compute constant velocity at y = ±yc

u̇x(y) =
1

η

(
1

2

∣∣∣∣dpdx
∣∣∣∣ (y2c − h2) + σY (h− yc)

)
We can summarise our solution

u̇x(y) =
1

η

(
1

2

∣∣∣∣dpdx
∣∣∣∣ (y2 − h2) + σY (h− y)

)
for y > yc

u̇x(y) =
1

η

(
1

2

∣∣∣∣dpdx
∣∣∣∣ (y2c − h2) + σY (h− yc)

)
for − yc ≤ y ≤ yc

u̇x(y) =
1

η

(
1

2

∣∣∣∣dpdx
∣∣∣∣ (y2 − h2) + σY (y + h)

)
for y < −yc
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