Problem Set 10
CIVIL-425: Continuum Mechanics and Applications

15 May 2025

Exercise 1: Constitutive laws

For the following strain-energy functions, write: a) the stress-strain relations in material form (i. e., in terms of the
second PK stress tensor S and the right Cauchy-Green deformation tensor C) and in spatial form (i. e., in terms
of the Cauchy stress tensor o and the left Cauchy-Green deformation tensor C); b) the material and spatial elastic
moduli Dryrr and Djjk, respectively; ¢) the relation between the Cauchy stress o and the stretch X in uniaxial
tension. If possible, plot the uniaxial stress against the logarithm of the stretch (i. e., the logarithmic strain). Is
the predicted stress-strain behavior sensible?

1. Ideal compressible fluid:
W =W(J)

2. Saint Venant-Kirchhoff solid:

1
W = 3 Xo (Bxk)® + QMEIJEIJ}

3. Neo-Hookean solid:

A
W = 2 log?(J) - julog(J) + gfl

4. Bonus: Compressible Mooney-Rivlin solid:

W = 2 log?(J) — ploa(J) + 5 [ (1 — ) + s (I — 3)]

In the above expressions, A, u, @1 and as are constants. Consider the case a1 = as = p

Solution
Recall that for a given square matrix A:
(A—l)/ _ A—lA/A—l
Jdet A 4
9A det AA
8Aij
0A

= 01051 .

Moreover if A is symmetric then

0A;; 1
BA;:Z = 5(&%5;'1 + 6itdjk) -

1. W=w(J)



ow oJ
OF;; ( )8FZ-J
:>0ij = J_lpiJFjJ = Oij = W/(J)éij :p(J)(SZJ
:>S]J = JO’ijFI;IF;jl = SIJ = JW’(J)C;}

Py =

=W'(J)JF;;

b)
6SIJ / " 8J —1 ! aC;Jl
D =2 =2 (W w — w
IJKL 9Crr (WI(J) + JW"()) 9Cws Cry +JW'(J) 9Cw 1
oJ J ., 9C7} 1, 4 P
But Cr. 2 KL 8C;I(JL =75 (CrxCrr +CrLCik)
Drjkr =J (W'(J)+ JW"(J)) C;;Crp — JW'(J) (C;C7t + Crr Cr)
If we define:

Dijkl = Jlei[FjJFk-KFlLD].]KL, so that L,o =D :d
Dijkl = (W/(J) + JWN(J)) 5ij5kl - W/(J) (5ik5jl + 5il5jk)

¢) The solid cannot sustain uniaxial stress states.
2. W=1 [)\0 (Bxx)® + Q,MEIJEIJ} Ery =5 (FirF;y —015)
a)
w
Sty = 57— = Exkdrs +2pEr; =

1
Tij = )\gi(tr(B) — 3)B1J + 2# (B?J — Blj)
oS
Drixr = 8EJ = X010k + 1 (0rxdsr + 0107 K)
KL
If we define:
Dljkl = FquJFkKFlLDIJKL, so that LUT =D:d
Dijkl = X\oB;jBii + p (BixBji + BiBjk)
¢) Uniaxial stress in X; direction:
S11 = (Ao +2p) E11 + MoFaz + Ao Es3

Sao = Mo E11 + (Ao +20) Eaa + AgEs3 =0
S33 = AoE11 + AoFaz + (Ao +2p) B33 =0

Ao
d By =F33=————F;1 =
an 22 33 2()\0+#) 11
3 2
Sii=—~———(Xo+-=-pu)E
H ()\o+u)(0+3ﬂ) H

1
But Ey; = 3 (A2 =1),Pi; = AS11 =

3 2 A s
Pho=——2o+zp]z (N -1
11 Do + 1) ( 0 3H) 2( )

The model predicts that the applied load goes to zero as a uniaxial specimen is compressed to zero length,
which is unreasonable. See Figure 1.

e
S
I

o[>~

log?(J) — plog(J) + 41



Sry=Xolog JC;} 4+ p (615 — Cr})
= Tij = /\0 log J(SU +u (Bij — 623)

Dryxr =MCr; Cp + (1= dolog J) (CrxCrp + Crp i)
Dijrr = Modijor + (1 — Ao log J) (dindji + dudjn)

C) Let F = dlag ()\1,)\2, Ag) = J= )\1)\% =
11 = Aolog A3 + p (Af — 1)
Too = T33 = /\010g)\1)\§ +u ()\% — 1) =0
On the incompressibility limit Ag — 0o, J — 1 can be treated explicitly:
T11 :P‘f‘ﬂ()‘? -1)
prp (A —1) = pn (A - X))
M1 = M (/\? — )\1_1)
P11 = )\1_17'11 =M (/\1 - )\1_2)

The model predicts the right limits as Ay — 0, \; — oco. See Fig. 1.
4. W =2plog*(J) — plog(J) + § (I = 3) + (I = 3)]

a)
Sty =Xlog JC;} + (615 — Cr}) + pu(I1drs — Cry)

= T = Ao lOg J(SU + u (Bij — (51]) + i [(tr(B)Bij — ij]

Dryxr = oCrj Cxp + (1= dolog J) (CrxCyf + Cr Cri) +
+ (20770 — (6rxdyr +91065K)]

Dijri = Modi;0r + (= Xolog J) (5ik5jl + 6i15jk) +

+ 1[2B;; By — (BixBji + By Bji)]

C) Let F = dlag ()\1,)\2, )\2) = J= )\1)\% =
T = Aolog MAZ + (A2 = 1)+ [(\2 + 2)2) A2 — A1)
Tog =T33 = Ao log M A3 4+ (A3 — 1) + u [(AT +2A3) A3 — A3] =0
On the incompressibility limit A\g — co,J — 1 :
mi=p (A = A7)+ [(AT 2271 (A =AY = (AT = AT7)]
Pro= AT =0 (M = A7)+ [(M+207%) (= AT?) = (AT = A7?)]

Model predicts the right limits as Ay — 0. The maximum in the load elongation curve is a geometrical
effect related to the reduction in cross-sectional area. See Fig. 1.
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Figure 1: Comparision of common hyperelastic constitutive laws




