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Exercise #2: Moment curvature analysis & Plastic Collapse Mechanisms 
 
Problem 1 
 
The beam profile shown in Figure 1 is a HEB 500 and it is subjected to flexure. It is 
fabricated from a S355 steel (fy=355MPa). The simplified stress-strain relation of this 
material is Figure 1. Compute the following: 
 

1. The yield resistance, My (first yield) 
2. The flexural resistance once the two flanges of the cross-section are fully plastified 
3. The plastic flexural resistance of the cross-section, Mpl 
4. Using the three points above draw (in scale if possible) the moment curvature diagram 

of the steel beam. Assume in your calculations that E=200GPa 
 

 
Figure 1.  Cross-section and simplified stress-strain curve 
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Problem 2 
 
The moment resisting frame shown in Figure 2 has an infinitely rigid and strong beam. The 
steel columns are made of HEB500 and S355 steel. The moment resisting frame experiences 
an earthquake that causes an inertia force F as shown in the figure. Compute the following: 
 

1. The required force, F1 that the frame can sustain such that the first plastic hinge can 
form in one of the two columns. 

2. What is the corresponding lateral deflection δ1 that corresponds to F1? 
3. What would be the incremental load F2 to develop a full plastic collapse mechanism 

in the moment resisting frame? 
4. What would be the corresponding deflection of the frame once a full collapse 

mechanism is developed? 
 

 
Figure 2.  Moment resisting frame subjected to inertia force F 
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ANNEX 
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Problem 1 - Solution 
 

𝜀! =
𝑓!
𝛦 =

355
200000 = 0.001775 

 
1. The yield strength, My at first yield for the cross-section can be computed as follows with 

reference to the figure below: 
 
𝑀! = 𝑊"#𝑓! = 4290𝑥10$𝑚𝑚$𝑥355𝑁/𝑚𝑚%~1523𝑘𝑁 −𝑚 
 
The corresponding curvature is as follows: 
 

𝜑! =
𝜀!
ℎ
2
=
0.001775
500/2 = 7.1𝑥10&' 

 
2. Referring to the figure below, the flexural strength of the beam once both flanges fully 

plastified is computed as follows: 
 
Resultant force on the flange: 
 
𝐹( = 𝑓! ∙ 𝑡) ∙ 𝑏 = 355𝑁/𝑚𝑚%𝑥28𝑚𝑚𝑥300𝑚𝑚 = 2982𝑘𝑁 
 
Resultant force on the web: 
 

𝐹% =
1
2 ∙ 𝑓! ∙ 𝑡* ∙

ℎ%
2 =

1
2 ∙ 355𝑁/𝑚𝑚

%𝑥14.5𝑚𝑚𝑥444/2𝑚𝑚 = 571.4𝑘𝑁 
 
The corresponding flexural strength (without considering the radius cut) can be computed as 
follows: 
 

𝑀)#+,-"!" = >2 ∙
ℎ − 𝑡)
2 ∙ 𝐹(? + 2 ∙ A2 ∙

ℎ%
2 ∙ 3B ∙ 𝐹% = 1576𝑘𝑁 −𝑚 

 
The corresponding curvature at this point is as follows: 
 

𝜑! =
𝜀!
ℎ%
2
=
0.001775
222 = 7.9955𝑥10&' 

 
3. The corresponding flexural strength when the full cross-section is plastified is as follows: 
 
𝑀.# = 𝑊.#! ∙ 𝑓! = 4820𝑥10$𝑚𝑚$𝑥	355𝑁/𝑚𝑚% = 1711𝑘𝑁 −𝑚 
 
The curvature in this case becomes infinite 
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The moment curvature relationship in this case can be plotted as follows 

 
 
  

Curvature φ
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Problem 2 - Solution 
 
1. The horizontal beam is considered as rigid therefore in order to compute the moment 
diagram in the steel moment frame we first need to see how much shear goes in each column: 
Column 1 (10,000mm) 
 
Lateral Stiffness: 
 𝐾( =

(%/0#
1$%

= (%2%332(34%2(3&

(3333%
= 2.5728𝑘𝑁/𝑚𝑚 

 
 
Column 2 (6,000mm) 
 
Lateral Stiffness: 
 𝐾% =

(%/0#
1$%

= (%2%332(34%2(3&

'333%
= 11.9111𝑘𝑁/𝑚𝑚 

 
Therefore the shorter column is stiffer than the longer one as expected considering that they 
both have the same moment of inertia. 
 
In this case, V2 = K2/(K1+K2) x F = 11.9111/(11.9111 + 2.5728) F = 0.822F 
And V1 = K1/(K1+K2) x F = 2.5728/(11.9111 + 2.5728) F = 0.178F 
 
Moment in Column 1: 
 
M1 = V1 x L1/2 = 0.178F x 10,000/2 = 0.890F kN-m 
 
Moment in Column 2: 
 
M2 = V2 x L2/2 = 0.822F x 6,000/2 = 2.466F kN-m 
 
 
As expected the moment in column 2 (Shorter of the two) is much larger than the moment in 
column 1 (longer of the two); therefore, this is the one to be plastified first: 
 

𝑀.# = 𝑊.#! ∙ 𝑓! = 4820𝑥10$𝑚𝑚$𝑥	355𝑁/𝑚𝑚% = 1711𝑘𝑁 −𝑚 
 
Therefore, M2 = Mpl = 1711 è2.466F = 1711 à F = 1711/2.466 = 693.8kN 
 
At this point, the corresponding moment in column 1 is M1 = 0.890F = 617.5kN-m 
 = 0.36Mpl 
 
Therefore the moment diagram once the first plastic hinge forms is shown in the figure 
below. 
 
2. The lateral displacement of the steel moment frame once the first plastic hinge forms can 
be computed as follows: 
 
δ1=F1/Ktot = 693.8/(11.911 + 2.5728) = 693.8/14.4839 = 47.90mm 
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3. The incremental load that is needed to develop a second plastic hinge in column 1 can be 
computed as follows: 
 

 
 
additional moment in column 1 due to F1: 
 
M1 = F2 x L1/2 = 5000F1 = 5F2 KN-m 
 
In order for the plastic hinge to develop M1 + 617.5 = Mpl è5F2 = 1711-617.5  
 
Therefore, F2 = 218.7kN  
 
The corresponding additional displacement at this point will be: 
 
δ2 = F2/K1 = 218.7/2.5728 = 85.12mm (Note that K2 = 0 because we have a plastic hinge in 
column 2) 
 
The total displacement at this point is δ = δ1 + δ2 ~ 133.0mm 
 
Therefore, the corresponding force – displacement diagram is as follows: 
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