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Selected solutions to diffEQs with one independent variable: 𝜑𝜑(x)
Most common solutions :

𝑑𝑑2𝜑𝜑
𝑑𝑑𝑥𝑥2

+ 𝑎𝑎2𝜑𝜑 = 0 𝜑𝜑(𝑥𝑥) = ℂ1 cos𝑎𝑎 𝑥𝑥 + ℂ2 sin 𝑎𝑎 𝑥𝑥

𝑑𝑑𝜑𝜑
𝑑𝑑𝑑𝑑

=
𝑓𝑓(𝑥𝑥)
𝑔𝑔(𝜑𝜑)

�𝑔𝑔 𝜑𝜑 𝑑𝑑𝜑𝜑 = �𝑓𝑓 𝑥𝑥 𝑑𝑑𝑥𝑥 + ℂ1

𝑑𝑑𝜑𝜑
𝑑𝑑𝑑𝑑

+ 𝑓𝑓(𝑥𝑥)𝜑𝜑 = 𝑔𝑔(𝑥𝑥) 𝜑𝜑(𝑥𝑥) = 𝑒𝑒− ∫ 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 �𝑒𝑒∫ 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 𝑔𝑔 𝑥𝑥 𝑑𝑑𝑑𝑑 + ℂ1

𝑑𝑑2𝜑𝜑
𝑑𝑑𝑥𝑥2

− 𝑎𝑎2𝜑𝜑 = 0
𝜑𝜑(𝑥𝑥) = ℂ1 cosh𝑎𝑎 𝑥𝑥 + ℂ2 sinh𝑎𝑎 𝑥𝑥

𝜑𝜑(𝑥𝑥) = ℂ3𝑒𝑒+𝑎𝑎𝑎𝑎 + ℂ4𝑒𝑒−𝑎𝑎𝑎𝑎
or

1
𝑥𝑥2

𝑑𝑑
𝑑𝑑𝑑𝑑 𝑥𝑥2

𝑑𝑑𝜑𝜑
𝑑𝑑𝑑𝑑

+ 𝑎𝑎2𝜑𝜑 = 0 𝜑𝜑(𝑥𝑥) =
ℂ1
𝑥𝑥

cos𝑎𝑎 𝑥𝑥 +
ℂ2
𝑥𝑥

sin 𝑎𝑎 𝑥𝑥

𝑥𝑥2
𝑑𝑑2𝜑𝜑
𝑑𝑑𝑥𝑥2 + 𝑎𝑎𝑎𝑎

𝑑𝑑𝜑𝜑
𝑑𝑑𝑑𝑑 + 𝑏𝑏𝜑𝜑 = 0 𝜑𝜑(𝑥𝑥) = ℂ1𝑥𝑥𝑚𝑚1 + ℂ2𝑥𝑥𝑚𝑚2

Where 𝑚𝑚1 and 𝑚𝑚2 are the 
roots of
𝑚𝑚2 + 𝑎𝑎 − 1 𝑚𝑚 + 𝑏𝑏 = 0

𝑑𝑑2𝜑𝜑
𝑑𝑑𝑥𝑥2 + 2𝑥𝑥

𝑑𝑑𝜑𝜑
𝑑𝑑𝑑𝑑 = 0 𝜑𝜑 𝑥𝑥 = ℂ1 �

0

𝑥𝑥
𝑒𝑒−𝑥𝑥′2𝑑𝑑𝑥𝑥′ + ℂ2 = ℂ1

𝜋𝜋
2 erf 𝑥𝑥 + ℂ2

1
𝑥𝑥2

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑥𝑥2
𝑑𝑑𝜑𝜑
𝑑𝑑𝑑𝑑 − 𝑎𝑎2𝜑𝜑 = 0 𝜑𝜑(𝑥𝑥) =

ℂ1
𝑥𝑥 cosh𝑎𝑎 𝑥𝑥 +

ℂ2
𝑥𝑥 sinh𝑎𝑎 𝑥𝑥

𝑥𝑥2
𝑑𝑑2𝜑𝜑
𝑑𝑑𝑥𝑥2 + 𝑥𝑥

𝑑𝑑𝜑𝜑
𝑑𝑑𝑑𝑑 + (𝑥𝑥2 − 𝑎𝑎2)𝜑𝜑 = 0 𝜑𝜑(𝑥𝑥) = ℂ1J𝑎𝑎(𝑥𝑥) + ℂ2Y𝑎𝑎(𝑥𝑥) Where J𝑎𝑎(𝑥𝑥) and Y𝑎𝑎(𝑥𝑥) are 

Bessel functions
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