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▪ How to model a membrane stage?

▪ How to design multi-stage processes?

▪ Results at variable membrane permeance and selectivity

▪ Results at variable feed concentration and flow rate

▪ Results at variable feed and permeate pressure

▪ Results at variable membrane areas

▪ Modelling the non-ideal phenomena

Agenda 2

already presented in the Part 3 
of the previous lecture



Part 1



Variable CO2 permeance
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𝐽𝐶𝑂2 𝑥 = 𝑵𝐶𝑂2 𝑃𝑓𝑒𝑒𝑑 𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝐶𝑂2,𝑝𝑒𝑟𝑚 𝑥

𝛼𝐶𝑂2−𝑁2 = ൗ𝑵𝐶𝑂2
𝑵𝑁2



Variable membrane selectivity
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𝐽𝐶𝑂2 𝑥 = 𝑵𝐶𝑂2 𝑃𝑓𝑒𝑒𝑑 𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝐶𝑂2,𝑝𝑒𝑟𝑚 𝑥

𝛼𝐶𝑂2−𝑁2 = ൗ𝑵𝐶𝑂2
𝑵𝑁2



Variable feed concentration
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𝐽𝐶𝑂2 𝑥 = 𝑵𝐶𝑂2 𝑃𝑓𝑒𝑒𝑑 𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝐶𝑂2,𝑝𝑒𝑟𝑚 𝑥

𝑅𝑒𝑐𝑜𝑣𝑒𝑟𝑦 =
𝑄𝑃,𝑜𝑢𝑡𝑋𝐶𝑂2,𝑝,𝑜𝑢𝑡

𝑄𝑓𝑒𝑒𝑑,𝑖𝑛𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑,𝑖𝑛



Variable feed flow rate
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𝐽𝐶𝑂2 𝑥 = 𝑵𝐶𝑂2 𝑃𝑓𝑒𝑒𝑑 𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝐶𝑂2,𝑝𝑒𝑟𝑚 𝑥



Variable feed flow rate
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𝑅𝑒𝑐𝑜𝑣𝑒𝑟𝑦 =
𝑄𝑃,𝑜𝑢𝑡𝑋𝐶𝑂2,𝑝,𝑜𝑢𝑡

𝑄𝑓𝑒𝑒𝑑,𝑖𝑛𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑,𝑖𝑛

𝐽𝐶𝑂2 𝑥 = 𝑵𝐶𝑂2 𝑃𝑓𝑒𝑒𝑑 𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝐶𝑂2,𝑝𝑒𝑟𝑚 𝑥



Variable feed pressure (1st stage)
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𝐽𝐶𝑂2 𝑥 = 𝑵𝐶𝑂2 𝑃𝑓𝑒𝑒𝑑 𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝐶𝑂2,𝑝𝑒𝑟𝑚 𝑥

𝐽𝑁2 𝑥 = 𝑵𝑁2 𝑃𝑓𝑒𝑒𝑑 𝑋𝑁2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝑁2,𝑝𝑒𝑟𝑚 𝑥



Variable feed pressure (1st stage)
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Double stage

Total recovery limited by 
2nd stage flux determined 
by first stage purity

= first stage of the double stage



Variable permeate pressure (1st stage)
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𝐽𝐶𝑂2 𝑥 = 𝑵𝐶𝑂2 𝑃𝑓𝑒𝑒𝑑 𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝐶𝑂2,𝑝𝑒𝑟𝑚 𝑥

𝐽𝑁2 𝑥 = 𝑵𝑁2 𝑃𝑓𝑒𝑒𝑑 𝑋𝑁2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝑁2,𝑝𝑒𝑟𝑚 𝑥



Variable membrane area (1st stage)
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𝑄𝑝,𝑜𝑢𝑡 = ෍
𝑥=0

𝐿

𝐽 𝑥 𝑑𝐴

𝑋𝐶𝑂2,𝑝,𝑜𝑢𝑡 =
σ𝑥=0

𝐿 𝐽𝐶𝑂2 𝑥 𝑑𝐴
𝑄𝑝,𝑜𝑢𝑡

𝐽𝐶𝑂2 𝑥 = 𝑵𝐶𝑂2 𝑃𝑓𝑒𝑒𝑑 𝑋𝐶𝑂2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝐶𝑂2,𝑝𝑒𝑟𝑚 𝑥

𝐽𝑁2 𝑥 = 𝑵𝑁2 𝑃𝑓𝑒𝑒𝑑 𝑋𝑁2,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝑁2,𝑝𝑒𝑟𝑚 𝑥

along the length

along the length

Total recovery limited by 
2nd stage flux determined 
by first stage purity



Part 2



Non-ideal phenomena
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Membrane

Feed J(x) J(x)

x axis

dx

x x+dx

J(x)

𝐽𝑖 𝑥 =
ഥ𝑁𝑖 𝑝𝑖,𝑓𝑒𝑒𝑑 𝑥 − 𝑝𝑖,𝑝𝑒𝑟𝑚 𝑥

𝛿
= 𝑵𝑖 𝑃𝑓𝑒𝑒𝑑 𝑋𝑖,𝑓𝑒𝑒𝑑 𝑥 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝑖,𝑝𝑒𝑟𝑚 𝑥

Pressure drops → decrease of Pfeed along the x axis 

Concentration polarization → decrease of Xi,feed 
along the y axis 

y axis



Pressure drops depend on the velocity v and on the friction factor ⨍

𝑑𝑃𝑓𝑒𝑒𝑑

𝑑𝑥
= −𝑓

𝜌

2 𝑑ℎ𝑦𝑑𝑟
𝑣2

𝑓 =  
64
𝑅𝑒 

Common limit on pressure drops for channel design: 1.5 psi/m (0.1 bar/m)

Non-ideal phenomena
Pressure drops in the feed channel

N
AM

E 
EV

E
N

T 
/ N

AM
E

 P
R

ES
E

N
TA

TI
O

N

15

friction factor for laminar flow (Re < 2300)



Non-ideal phenomena
Concentration polarization

16

More permeable component

Less permeable component

𝐽𝑖,𝑏𝑢𝑙𝑘→𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 = 𝐽𝑖,𝑡𝑟𝑎𝑛𝑠𝑚𝑒𝑚𝑏𝑟𝑎𝑛𝑒

𝑋𝑖
𝑓,𝑏𝑢𝑙𝑘

𝑋𝑖
𝑓,𝑚

𝑋𝑖
𝑝

𝑋𝑖
𝑝 > 𝑋𝑖

𝑓,𝑏𝑢𝑙𝑘

𝑋𝑖
𝑓,𝑏𝑢𝑙𝑘

𝑋𝑖
𝑓,𝑚

𝑋𝑖
𝑝

𝑋𝑖
𝑝 < 𝑋𝑖

𝑓,𝑏𝑢𝑙𝑘

For a binary mixture:

mass transfer 
coefficient 𝑘

𝑘 =
𝐷
𝛿𝐵

𝑋1
𝑝 − 𝑋1

𝑓,𝑚

𝑋1
𝑝 − 𝑋1

𝑓,𝑏 = 𝑒𝑥𝑝
𝐽1 + 𝐽2

𝑘

y axis

𝛿B

𝐽𝑖,𝑡𝑟𝑎𝑛𝑠𝑚𝑒𝑚𝑏𝑟𝑎𝑛𝑒 = 𝑵𝑖 𝑃𝑓𝑒𝑒𝑑𝑋𝑖
𝑓,𝑚 − 𝑃𝑝𝑒𝑟𝑚 𝑋𝑖,𝑝𝑒𝑟𝑚

velocity 𝛿𝐵



Concentration polarization
Mass transfer coefficient
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permeance 𝑋𝐶𝑂2
𝑓,𝑚 of the 

permeable 
component
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Concentration polarization index = ൘𝑋𝐶𝑂2
𝑓,𝑚

𝑋𝐶𝑂2
𝑓,𝑏𝑢𝑙𝑘
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