Introduction to Transport Phenomena: Solutions Module 1

Solution Exercise 1.1

We start by writing the Bernoulli’s equation between point 1 and point 2

1 1
p1+pgh + EPU12:P2+Pgh2+

We have P, hy, hy; we have to find a way to extract the velocities from the data we have.
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Inlet area: 4; = %(O.Zm)2 = 0.0314m?

3
m
QV &0351;

Outlet velocity: ¥, = — = ———=— = 4.456—
A, 0.00785m s

Outlet area: 4, = %(o.m)2 = 0.00785m?

10* Pa
N/cm?2

- - N _
Inlet pressure in Pa: p; = 39.24sz = 39.24

=39.24 % 10* Pa

Input all the numbers to Bernoulli equation and solve the equation for the outlet pressure:

1
p2 =p1 +pg(hy —hy) + Ep(vf —v2) = 4.027bar
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Solution Exercise 1.2

time = 2= [1]
m

a) If we assume a constant average velocity, we can write:

m = pA, v,
Since A; > A,,
We may apply Torricelli’s theorem,

v, =+/2ghp

As for the mass to be drained: mass = pAihg

pAihy _  Aihg

PAV; V2gho.A

Substituting in [1] t=

dy =1Im =

= 13.3min [2]
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b) If we consider that the level of water drops over time, we need to consider 4 as a function of £
h(t). The total mass of liquid to be drained does not change, instead the velocity becomes
function of time

dh A,

vy, = —EA—Z = ,/Zgh(t)

The “minus” sign is there because the height of the liquid is decreasing over time.
As a result of this time dependence, we will integrate [2]
Integration limits for time (t): 0 to t (draining time)

Integration limits for height (h): ho to 0.

ftdt B Ay Odh
0 \29.4, ho\/ﬁ
Aq

= L x2/h
t Nz x 2,/h,

t = 26.6 min
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Solution Exercise 1.3

Power output = Qp gH,

However, because we are given that the mechanical efficiency is 80%, we have to consider that the power
input that we need to operate the pump will be given by

H
Power input = <P 9%p x 100
80
We write the Bernoulli’s equation in head terms:
P v P V2
Lty + A Hy=—=+hy+ ==
Py 29 29
Velocities:
_ g __ 015 m
1= 7 0325 2123
_Q 015 _478m
UZ_A2_022E_ s
4
3 3
where Q = 91. =0.15 %
min S

Heights:



We take h; = 0 (reference), thus h, = 1.22m

Pressures:
P, = pgtm — 2.63 * 10* Pa
P, = pgym + 0.7 x 10° Pa

We can then calculate Hp

m\?2 m\2
P,— P,  (v3—v}) 9.63+10tPa  (478%) —(212%)
H, = (hy — hy) + +— =122+ —— + - — 12m
Py 9 103m—93* 9.81522 249810

We substitute in:

12m 10359 . 981 ™ 4 0.15
pgH m s s

p 4
100 = =22x1 = 22kW
30 x 100 08 * 10%W k

Power input =
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Solution Exercise 1.4

11.1m

hy =

dn, = 1.33cm

1 2

p = 3.14m

dy = 2.66cm —| |

o "® 1

Applying Bernoulli’s equation between point 0 and 1:
1 1
Po+pghy+ Spvi + Poump =Py +pghy + Spvi (1]
Considering that the diameter before and after the pump is the same,
We get:

h

PO + Ppump = P1
We apply the Bernoulli’s equation between point 1 and point 2:

1 1
Py +pghy + EPV12+Ppump:P2 +pgh; + Epvzz [2]

Pressures:
P0:P2 =Patm=1atm

Heights:
h’l = 0, h.z = h.p =3.14m

Velocities:
A . . A, d?
From the continuity equation A, v; = A,v,, we can write that v; = LV =5
1 14

We can now apply the Bernoulli’s equation between point 2 and point 3

1 1
P, +pgh,+ Spvi=Ps+pghs+ Spvi [3]
Pressures:
P2 :P3 =Patm=1atm

Heights:

Velocities:
v3 = 0! On top of the water jet the velocity is zero (TO REMEMBER)

Thus we can calculate
m
= |[2ghs = 14757 —
%) / gny S

. d . :
Knowing v, we can calculate v; = d—’;vz and insert the value in [2]
14



1, d,\*
Ppump = P hp +5pv7 | 1 a, =132.7kPa

Solution Exercise 1.5

We apply Bernoulli’s between point 1 and point 2, with hy = 0and h, = h =
12m

1 1
P, +5pv12=P2+ pgh+zpv§ 12m

a) If the water is not flowing, it means v = 0 in both terms, thus

Py =P, + pgh
Implying that P; > P,
However, we know both gauges read the same pressure. Hence, this hypothesis

of stagnant water can be rejected. WATER IS FLOWING.

b) We go back to the Bernoulli’s equation between point 1 and point 2, with
hy=0andh, =h=12m

L 1
Py +Epv1 =P, + pgh+zpv2

Because the diameter of the pipe is constant, for the continuity equation, v, =
v,, SO we obtain again
Py =P, + pgh

Once again implying that the pressure in the bottom gauge should be higher.
But we know that in fact P1 = P..

What are we missing? FRICTION LOSSES
P, =P, + pgh+ AP
The condition P; = P;requires that
—pgh = AP

Remember that friction opposes the movement of a fluid, friction having the
opposite sign of gravity means that the fluid is flowing downwards



Solution 1.6

We apply the Bernoulli’s equation between point 1 and 2, including friction:
pv? pv? 1 f
p1+5-+ pghy = Py + 5=+ pghy + 2 piyg4 T L

Applying continuity equation at point 1 and 2, A;v; = A, v,
Since A; = A,, v = v,
172 2 ff

p pv L
P1+ =+ pghy = po+ ==+ pghy + 5 pvavgd oL

The pressure drop can be expressed as:

1 i
P1— P2 =5 PVirgd L+ pg(hy — hy).

In this equation, everything is known except the term f;. To get this value from Moody’s chart, we need to
know if the flow is turbulent or laminar.

To know this, we need the Re number.
The flowrate through the pipe is given as Q
Q 4Q m

Vapg = — = = 6.
wg = A, D2 s

_ ,DUang _ vang
u v

Re =1.3%10°

From the Reynolds number it follows that we are in the turbulent regime (Re>2000)
The pipe is from cast-iron and the roughness factor € ~ 0.5 * 10™3m. Therefore% = 0.0025.

From the Moody diagram we get:
fr = 0.0065
The height h; can be calculated from:
h; = Lsina = 86.8m

hz - h1 = _868m
This gives a pressure drop of:



pg(h, —hy) = —=765.5 kPa

1
Epvgvgélj;—fL = 1183.15 kPa

pP1— P2 =417.65 kPa



Solution 1.7

(1) p =parm 20m

(3)

\

(3’)pump

a) To calculate the pressure p3 at the pump outlet we apply the Bernoulli’s equation between point
(3) and point (2)

Please note that (3) is after the pump inlet and (3’) is before the pump inlet.
3
1 2 1 2 1 2 4ff :
ps + pghs + Epvavg =p; +pgh, + Epvavg + Epvavg FZLL' + Z KLj
i=1 j=1

1 [4fi< 2
P3 — P2 = 5 PVavg FzLi'*' K. j | +pg(hy — h3)
i=1 =1

J

We have

2
L; =20m+ 30m = 50m
i=1

3
ZKLJ- =03+2+0.05+0.3=2.65

Jj=1

ff can be estimated from the Moody diagram, taking coefficient of kinematic viscosity as % = 0.9 %

107%m?/s :

4Q m
vaug :W: 53?
VypaD
e =PYvs” _ 4174105

u

We are in turbulent regime, € = 0.015 * 10~ 3m for the stainless steel and therefore % = 0.00075.

Then from the diagram:
fr = 0.0053

This gives:



0.0053
0.02

1
Ps =Pz =5 * 1000+ 5.3% » (4 * %50 + 2.65) +1000 * 9.81 * 20

P3 — P2 =9.8%10°Pa

Since the outlet is at atmospheric pressure:

p, = 1.013 % 10°Pa

And therefore:

p3; =1.08+10°Pa

b)

We are given that the mechanical efficiency of the pump is 65 %, thus the power input that we need
to operate the pump will be given by

Qp gH,
0.65

Power input =

We have two ways to answer this question

(1)
p gH, = AR, = (p3 — p3)
which corresponds to the pressure drop that the pump has to compensate to keep the water flowing.
We just calculated ps , we need p3

We apply Bernoulli’s between (1) and (3’)

1 1
1 ) 1 ) 1 ) 4-ff
p1 +pghy + Epvavg =psg + pgh3’ + Epvavg + Epvavg FZ L; + KLj
i=1 =1

]
1 af 1 1
/i
p1— D3’ =§pv§vg*(—D E L+ E Ki.j) + pg(hy — hy)
i=1 j=1

Worst case scenario, the tank is empty, and the water level corresponds to the bottom of the tank:
h3, - h1 =1m
In this case:

1
Li =1m
i=1



1
z K.; =03
=1

1 5 0.02
pl—p3r=§*1000*5.3 *(4* 0.0

1
> * 1+ 0.3) + 1000 % 9.81 * (—1)

p1 — P53’ =9291Pa

And with p; = 1latm = 1.013 * 10°Pa

p3, = 9.2 x10*Pa

ps — Py = 9.88 x 10°Pa

H, 0x( ) Tooe—+9.88+10°

. Qp g (3= o)

Power input = B Z 5 "3 (1000:60) = 2432W
0.65 0.65 0.65

(2)

The second approach to solve this problem is to apply the Bernoulli’s equation between point 1 and
point 2 and include all the pressure drop due to all the pipe elements. This gives very similar results.

3
1 1, 1, [af o
p1t pghl + Epvavg + ngpump =px+ Pghz + Epvavg + Epvavg FZ Li + KLj
i=1 =1

J

1 4%0.0053
10° 4+ 103 % 9.8 % 1 4 103 * 9.8 * Hpyymp = 10° + 103 % 9.8 % 20 + 5*10°% % 5.3 (W (51) +

03+ 0.3+ 2+ 0.05+ 0.3))

100
_ QP ng_ m*1000*9.8*100.7

Power input = = 2531w
0.65 0.65




