Molecular quantum dynamics: Solutions 6

Problem 1: Properties of the Wigner function

Wigner function py (g, p) of a wavefunction v (q) is

pw(q,p) == % _Z Y (q — g) Y (q + g) ePs/hs.

We will use the following properties:

(1) [e®i/"dg = 27hd(p)
(2) [daf(z,y)d(x) = f(0,y)
(3) ¥(p) = (plv) = (2wh) V2 [ w(q)e~'®/"dg
(4) [dplp)(p| =1
(5) (qlp) = (2mh)~1/2eiaw/h
(6) d(aq) = 15;6(q)
(7) [dzf(z)d(y —x) = f(y)
(a)
/PW(qap)dp— %/ds(q— f|¢><¢‘q+f>/dpeip8/h
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(b)
/Pw(q p)dq = %Lh/dq/ds<w|q+g><q— §|¢> ips/h
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Now, we can either integrate first over s or integrate first over ¢g—both approaches give the
correct result. If we integrate first over ¢, we have

/pw(q,p)dq ds/dpl/dp (p2) exp {; (—% - % +p>] 6(p2 — p1)

L /ds/dplw 1)U (p1) exp [%S(p—pl)]
0 / Ap b (p)d(p1)6 (p — p1) = [H(p)]?

If we integrate first over s:

/PW(quQ— %/dQ/dpl/dmw P1)(p2)d ( —%—%)exp {%Q(m—pl)}

= Wﬁ dQ/dp1¢ pl)w@p p1) exp [h (210—2171)}
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i / dpyd* (pr)(2p — p1)3(2p — 2p1)

CLD ()b (2p — p) = ()

Alternative solution to (b)

/pw(q p)d / /dqul/) g — 5/2)0" (q + 5/2)e/
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can be solved by changing the variables to = ¢ — s/2 and y = g + s/2. Noting that

we obtain

- 7 7 dadsip(g — /200" (g + 5/2)em = / / oy () ()0~

_ 1 I —ipx/h 1 7 * ipy/h
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= [d(p)]*.



