Trigonometric identities

sin(a & b) = sin(a) cos(b) £ cos(a) sin(b)
cos(a £ b) = cos(a) cos(b) F sin(a) sin(b)

cos(a — b) — cos(a + b)

sin(a) sin(b) =

2
) _sin(a +b) +sin(a — b)
sin(a) cos(b) = 5
_ cos(a —b) + cos(a +b)
cos(a) cos(b) = 5

Laplace transform

e Definition of the Laplace transform:

F(s) = L[f(t)] = / " f(t)etar,

e Linearity:
Llaf(®t) +bg(t)] = aL[f(t)] + 0L [g(t)]

e Laplace transform of ¢™ f(¢):

LI () = (1) F(s)

o First shift theorem:

Lleft)] = F(s+b)

e Change of scale:
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e Laplace transform of a derivative:
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e Laplace transform of an integral:

E[/Otf(u)du] _F)
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e Laplace transform of T:
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e Second shift theorem:

LI[h(t—to)f(t —to)] = e 9 F(s),

where h(t) is the Heaviside function defined as

h(t) = {0’ t<0

1, t>0

e Several Laplace transforms:

1
E[l] = S’
S
E[COSt] = 1_'_782,
. 1
C[Slnt} = m

Inverse Laplace transform

e Definition of the inverse Laplace transform:

LTHF(s)] = f(t)
e Linearity:
L7 [aF(s) +bG(s)] = aL™  [F(s)] +bL71 [G(s)]

e Initial value theorem:

If £(0) and the limit exist, then

f(0) = lim sF(s).
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e Final value theorem:

If the limits exist, then

lim f(t) = glir(l) sF(s).
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e Dirac delta function:

/ (8™ ($)de = (—1)" £™(0),

o] =
e Several inverse Laplace transforms:

1 a
L7l Ze Vs | =erfe | —= |,
Le ] erc<2\/f>

E_l [e—a s} — a e—az/(4t).
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Definition of Fourier series

For a piecewise continuous function f(x) which is peri-
odic with a period of 27, the Fourier series is defined
as

f(z) ~ % + Z[an cos(nx) + by, sin(nz)],

ap = 1 /7T f(x) cos(nx)dz,

by, = 1 /7T f(z)sin(nzx)dx.



Convolution
fra( / (gt — )
L[fxg )= 1L[g(t)]

Complex numbers

e =—1,

' = cos(¢) + isin(e)
Complex Fourier series
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Kronecker formula

If p(x) is a polynomial of degree m and f(x) is a con-
tinuous function, then:

/p(x)f(x)dx =pF—p' Fotp' F3—-- ~—&-(—1)mp(m)}7'm+17
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where F] = dx and F, 41 = )dx for n € N.

Hyperbolic functions

: 1 T —x

sinhx = 3 (e —e )

1 xT —x

coshx = 3 (e +e )
sinhz = —isin(ix)

cosh x = cos(iz)
sinh(z + y) = sinh x cosh y + cosh x sinh y
cosh(z + y) = cosh z cosh y + sinh z sinh y

1 = cosh? x — sinh? x

Sturm-Liouville problem for ODE
X"z)+ AX(z) =0 with 0 < z < 7

0) = X'(n), the solutions are:

)
Xo(x) = Ag = const for A = 0 and
X, (A\) = A,, cos(nz) for A =n? neN.
(2) If X(0) = X (), the solutions are:
X, (\) = By sin(nz) for A\=n? n e N.

Fourier transform

/ f(t)e “tdt

£0) = o /_ Flw)e ! du

g(t) =

ol1) = f(at). 0 € R\ (0} = G(w) = 777 (

d" f(t)
dgn

g(t) = n €Ny = Gw) =

Convolution and convolution theorem:

/ f(x)g (t — )
)G (w)
w) = /000 f(t) cos (wt) dt
:g/ooch ) cos (wt) dw
/ f(t)sin (wt) d

f(t) = 7T/O Fy(w) sin (wt) dw.

Flfxgl(w) =

ft+a), a € R= Gw) = ™" F(w)
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