Numerical methods in chemistry. Solutions to exercises 6

Problem 1
Using the separation of variables technique, we first find particular solutions. The ansatz
Pz, t) = X(2)T(t)
gives equations for X (z) and T'(¢) as
) _ X"(x)

= K = >\
T(t) X(x)
where A is the separation constant. This constant must be negative as I will show you at the end. Therefore,
we can write A = —a?. The solution of the equation T"(t) = —a?T'(t) is

T(t) =Toe™®t,  t>0.

A general solution of the equation X" (z) = *TO‘ZX(x) for X (x) is

X(x) = Acos (%x) + Bsin (\;%x) T € [0, g] .
The second boundary condition, ¢(0,t) = 0, implies X (0) = 0. Therefore,
0=X(0) = X(z)[z=0 = A.

The boundary condition ¢ (%, t) = (0 implies X (%) = (. Therefore,

0=X (%) = X(2)]p—= = Bsin (\?ED

Because B # 0 (otherwise the inhomogeneous boundary condition would never be satisfied), we obtain

in(-=2)=0e -2 eN
sin| —=— ) = ——=n7 n .
VK4 Ve 4 ’
We can solve the equation on the right side and obtain
oy = 4nv/k.
For each n € N, there is a particular solution
On(x,t) = by, sin (4nzx) 67(4”)2“, by, = ToB,,.

Particular solutions will not satisfy the inhomogeneous boundary condition, but an infinite sum of them will
(and the sum will still satisfy the homogeneous boundary conditions). Therefore, the general solution is

¢(.’£, t) = Z Bn sin (4TL(E) 6*(41’1)2/115'
n=1

To obtain the coefficients b,,, we use the inhomogeneous boundary condition (here the initial condition), leading
to

(% _ x) = ¢(x,0) = ¢(x,t)|4=0 = i b,, sin (4nz) .

n=1



We express f(z) =z (% - x) as a Fourier sine series f(z) =Y 7" b, sin (%Zz) in the interval 0 < z < L =

S|

in order to satisfy the boundary conditions automatically. Combining the concept of Fourier sine series wit
the concept of a Fourier series on a general interval, we can compute the b,,’s using the expression

9 (L
b, = Z/o T (% — x) sin (%x) dz.

The length L of the interval is equal to % in our specific case. The b,,’s then read

™

b, = ;/Ozx(% —a:) sin (4nz)dz
_ % { [_cos(fnnac) (ZCU—QSQ)KI +/OI cosilnnx) (g —237) dm}
S G
- % {_QCC()Z%?I)K - 47r1n3 [1 = cos(nm)] = {;T(%lol)gn;ikzk— 1.

Hence, the Fourier sine series is given by
fl@) = ~ i b a2k - 1)1
w2k - 1)°

and ¢(x,t) satisfies the inhomogeneous boundary condition when by, = by,. The final solution is therefore given
by

_ i = # —42(2k—1)2kt _: .
oz, t) = o ; ok = 1)36 sin [4(2k — 1)z] .

Proof that the separation constant has to be negative: Assume the separation constant is positive, i.e.,

) _ X"(x) _ o

=K

Using the boundary condition X (0) = 0, we obtain
0= X(O) = X(.’E)|I:O =1+ Co.

Therefore, co = —c; and

Using the boundary condition X (%) = 0, we obtain

0=X (%) — X(2)]aez = 2eisinh (\?ED .

Because sinh(z) = 0 only for # = 0 (on the real domain), ¢; has to be 0. Therefore,
X(xz)=0

and the solution would never satisfy the inhomogeneous boundary condition.

In the case of a? = 0, X (x) is the linear function X (x) = c;z + co. From the boundary conditions X (0) = 0
and X (%) = 0 it follows X (z) = 0. This results in the trivial solution ¢(z,t) = 0 which does not satisfy the
inhomogeneous boundary condition.



Problem 2

Taking the Laplace transform ®(z, s) of ¢(x,t) and using the boundary condition ¢(z,0) = 0 gives the ODE

2
% — 5®(z, s) — ¢, 0)
% = Sq)(x, 3)

The general solution of this ODE for ®(x, s) reads (you have solved exactly this ODE in Homework 2):
d(x,s) = Ae™V*" 4 BeV",

From the third boundary condition
]i_>m ¢(x,t) =0 (1)

it follows that lim,_, ®(z,s) = 0 and hence [from Eq. (I)] that B = 0. Thus, ®(z, s) reduces to
®(z,s) = Ae V5", (2)
1
By taking the Laplace transform of the second boundary condition, ¢(0,t) = 1, we get (0, s) = —, and therefore
s

1
[from Eq. ] that A = ”

Finally, ®(x, s) can be written as

and is inverted thanks to the hint to



ni= (% Lecture =)
FIx_, t ] = X/ (2. Sqgrt[Pi t"3]) » EXp[-x"2/ (41)] ;

nz1= Plot3D[F[x, €], {X, -0.001, 1}, {t, -0.001, 0.3},
PlotRange -» {0, 3}, AxesLabel -» {x, t, "f(x,t)"}]

outz]= f(xb) 2

nEi= (*+ Problem 1 )
nterms = 10;
Fix_, t.] =
1
— um[— Exp[-16 (2k - 1)?t] Sin[4 (2k - 1) x], {k, 1, nterms}]
2k - 1)3

2 Pi
1 ) 1 ) 1 )
ouppe — e 8t Sin[4x] + — et Sin[12x] + — 40t Sin[20x] +
27 27 125
1

1 e 1936t §in[44x]
—— et Sin28x] + — e 1?%t Sin[36x] + +
343 729 1331

@204t gin[52x] e300t gin[(60x] e*24t Sin[68x] e8! Sin[76X] )

+ + +
2197 3375 4913 6859

ns= Plot3D[F[x, t], {X, O, Pi/4}, {t, 0, 0.2}, AxesLabel -» {x, t, "f(X,t)"}]

0.10
outsl= f(x)



nel= (* Problem 2 )

= Erfc[x/2./Sqrt[t]] ;

fix_, t]

-0.001, 1}, AxesLabel - {x, t, "fF(x,t)"}]

-0.001, 13, {t,

t] ’ {X1

Plot3D[T[X,
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