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2 Reviewof Quantum Mechanics forQuantum Computing

2.27 Measurements: Consider the state

w) : +t00)+ I tor) + + t,ol* f t, '1. Q.t7s)
Jl 3"/35

The first qubit is measured to be in the state l0). What's the state of the system after

this measurement? What's the probability thal a subsequent measurement of qubit 2

will be measured in the state ll )?

Many physical degrees of freedom can encode a qubit. The first one we'll study is spin.
There exist different approaches to quantum computing with spin states. These include
liquid-state nuclear magnetic resonance (NMR), solid-state NMR, electron spin resonance,
semiconductor quantum dots, and nitrogen-vacancy centers. This chapter looks at the earliest
of these approaches, liquid-state NMR. In this approach, the qubits are encoded using the
nuclear spins of atoms in a molecule. NMR quantum computers played an important role in
the early days of quantum computing.

Felix Bloch and Edward Purcell first observed NMR in 7946,longbefore the advent of
quantum computing. The two would win the Nobel Prize for this discovery in 1952. Since
its discovery, the applications of NMR have become broad and diverse. These applications
range from familiar medical ones, such as medical imaging, to lesser-known industrial ones,
such as natural resource exploration. By 1997 , the engineering and techniques of NMR
had become well honed, and many NMR spectrometers were commercially available. That
year, two groups proposed a protocol for quantum computing with NMR, one consisting of
David Cory, Mark Price, and Timothy Havel, and the other of Neil Gershenfeld and Isaac
Chuang. Also, in thatyear, an NMR spectrometer implemented a quantum algorithm. NMR
spectrometers would be the first to perform many other algorithms and protocols.

This chapter explores how a liquid-state NMR system can satisfy the DiVincenzo criteria.
Section 3.1 introduces the basic idea of spin and NMR spectroscopy. In Section 3.2 we
explain how a qubit can be encoded in the spin states of nuclei in molecules. Next, we
show how NMR control techniques are harnessed to perform quantum algorithms with the
molecules. This is done in two parts. First, we see in Section 3.3 that single-qubit gates

are implemented by applying external magnetic fields. We take this as an opportunity to
introduce recurring topics in the text: the rotating-wave approximation, the Rabi cycle,
and pulse shaping. Second, we see in Section 3.4 that two-qubit gates are implemented
by regulating the natural coupling between neighbouring nuclei in the molecule. Together,
these techniques give us universal quantum control. Section 3.5 introduces how the bulk
nuclear magnetization of the NMR sample is used to determine the state of the qubits.
This gives us all the elements needed to describe how the qubits are initialized, explained
in Section 3.6. Two types of noise are pertinent to NMR quantum computing and are
introduced in Section 3.7. This section also discusses the difÏerent interpretations ofwhat
"decoherence" means and introduces the fi and T2 times. We conclude in Section 3.8 with
a summary of the chapter, an overview of the strengths and weaknesses of liquid-state
NMR for quantum computing, and a discussion on the role of entanglement in quantum
computing.
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4B 3 NuclearMagnetic Resonance

3.1 NMR Background

Classical particles can have angular momentum describing the rotational element of dynam-

ics. It is defined as I : 7 x fi, where I is the distance of a particle from the origin andf its

momentum. This definition makes sense for extended objects or ones at a distance from the

origin. In quantum mechanics, a new form of angular momentum appears called spin. It is
an intrinsic angular momentum and a fundamental property of matter, like mass or charge.

Particles with spin can possess an intrinsic magnetic dipole moment, called the magnetic
moment, which determines how they interact with a magnetic field.

The measured values of spin are quantized. They come in positive half-integer multiples of
Planck's reduced constant h. The Stern-Gerlach experiment demonstrates the quantization

of spin. It was conceived by Otto Stern and implemented by Walther Gerlach. Otto Stern

was awarded the Nobel Prize for this work in 1943. This chapter focuses on sets of systems

with spin * @"athereon, we assume the h is implicit). Electrons, protons, and neutrons are

the prototypical examples of spin- j particles. The spin, s, of a spin- j system is quantized

such that t : I|,also known as spin-up (+ j) anA spin-down(- j).
Spin is represented in quantum mechanics by a Hermitian operator:

3 ,: s,; + ilyi + 3"2. (3.1)

It is a vector and thus can point in different directions in three dimensions. Spin operators

have components on the x,y- andz-axes. The spin operators' components are proportional
to the Pauli matrices:

s": I [? ll s,: I [9 ;i, and s,:: [l o,-l 
e2)" 2lt 0l ' 2Li 01" 210 -ll

An NMR experiment requires an NMR sample. Preparing an NMR sample consists of
diluting a sample of molecules in a solvent. This solution is placed in a small tube about the

size of a pencil and positioned inside the magnet.

The other requirement for an NMR experiment is a spectrometer. One of the main
components of a spectrometer is a magnet, typically a superconducting one, depicted in
Fig. 3.1. The primary role of this magnet is to provide a strong and constant magnetic
field to the sample. The magnet is a few feet in diameter and height, with the exact size
depending on the magnet's strength. NMR quantum computing uses a magnetic field of
about 100,000 gauss or 10 tesla. For reference, the magnetic field of the Earth is about
0.5 gauss. A circular coil of superconducting wire made of niobium-titanium alloy produces

the spectrometer's magnetic field. This wire carries a current of about 100 amps, roughly the
current ofan entire household ifall electrical devices are on at once. For the wires to become

superconducting, they are immersed in a vessel filled with liquid helium. The helium is at a
temperature ofa few degrees kelvin. This helium vessel is surrounded by another container
filled with liquid nitrogen. This second container reduces the heat exchange between the
helium and the room. The magnetic field produced by the cooled wires is stable and has a
highly homogeneous part. This homogeneous part is about 1 cm wide, a few centimetres
tall, and located at the magnet's center. This is where the sample is placed.
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NMR spectrometet. The NMR spectrometer has four distinct components: the superconducting magnet, the NMR

console and corresponding electronics, the probe which sends or receives radiation to or from the sample, and a classical

computer. The superconducting magnet is immersed in a vessel filled with liquid helium. The helium is held at a few

degrees kelvin to keep the magnet at superconducting temperatures. This helium vessel is sunounded by another

container filled with liquid nitrogen. This second container reduces the heat exchanged between the helium and the

room. The sample is placed at the center ofthe magnet and inside the probe.

Around where the sample is placed are two sets of coils. One set is known as the
shimming coils. These coils are used to improve the fieldh homogeneity, utilizing a process

called shimming. In the old days, shimming was done by adding and removing small
magnets called shims, hence the name. Today shimming is done by adjusting the current in
the shimming coils. The second set of coils are the radio-frequency (RF) coils, which have
a very different function. They are used to control and observe the nuclei.

An NMR spectrometer also requires a classical computer and an NMR console. These

requirements are not unique to NMR quantum computing. Every quantum computer requires
a classical computer for control and post-processing. The classical computer is the interface
between the experimentalist and the quantum computer. The NMR console contains all
the control and read-out electronics. Every quantum computer requires these kinds of
electronics. Since these components exist for all quantum computers in some fashion, we
won't mention them again in the following chapters.

3.2 Qubit

This section explains how we can encode a qubit in the distinct nuclear spins within
a molecule. First, we present the Hamiltonian of a spin- j nucleus in a magnetic field

il



50 3 NuclearMagneticResonance

(Section 3.2.1). We use the eigenstates of this Hamiltonian to encode the qubit. Next, we

find that the states of the qubits are not stationary. The magnetic field from the spectrometer

induces a torque on the spins that causes the nuclei to precess in the magnetic field. This

precession is what allows us to distinguish different nuclei and thus encode different qubits

(Section 3.2.2).Finally,the nuclei are not floating in a solution by themselves; they are part

of a molecule. We will mention what makes a good molecule for NMR quantum computing

(Section 3.2.3).

3.2.1 Hamiltonian 0f a Spin-1/2 Nucleus

We first consider the Hamiltonian of a nuclear spin in a magnetic field. Since the spin

provides amagnelic dipole moment, a nucleus with spin will interact with a magnetic field.

The Hamiltonian of a nucleus with spin interacting with a magnetic field É is

u : -à.É, (3.3)

where fi : yS and 7 is the gyromagnetic ratio. It is characteristic of each nucleus: For

hydrogen nuclei (protons) ya : 2n . 42.58 MHzIT and for carbon-l3 nuclei 7r:6 :
2r .l0.7lMHzlT.

First, leth look at the Hamiltonian when a spin- j nucleus interacts with a strong constant

magnetic field along lhe z-axts, BsZ, originating from the magnet of the spectrometer. The

nuclei we consider are not isolated but part of a molecule. They will be surrounded by an

electronic cloud that will partially shield the nuclei from the magnetic field by a factor

of (1 - ôcs). ôcs is known as the chemical shift. Thus, the magnetic field felt by the

nucleus is É : (1 - 6sùBs2 and the Hamiltonian of the spin-l nucleus used to encode the

qubit is

U,: -*.u - ;cs)yBoo,: -Yu,, (3.4)

where a4, :: (1 - 6cùyBo is an angular frequency known as the Larmor precession

frequency of the nucleus. This Hamiltonian induces a rotation of the magnetic moment

aronnd the z-axis. The energy difference between the two eigenstates of the Hamiltonian,

i.e. the two spin states, is hro7,.

We encode the qubit in the two energy eigenstates of Eq. (3.4). These are the spin-

up state l0) with energy -Ito4l2 andthe spin-down state ll) with energy h'c.oLl2'The

magnetic field has thus separated the energy of the spin-up and spin-down state of the

spin- j sample. The energy levels Lha1l2 are known as the Zeeman levels, âa.4 is known

as Zeeman splitting, and îIris known as the Zeeman Hamiltonian. Many different spin- j
nuclei have been used to encode qubits in this way, such as tH, t3C, l5N, lgF, and 31P.

Note that we use l3C instead of the more common 12C isotope since 12C is not a spin- j
nucleus.

As we will show in Section 3.3, nuclei with different Larmor frequencies will allow us

to have a multi-qubit system if the difference in frequencies is suffrciently large. Equation

(3.4) shows that increasing the field Be can increase that difference.

-1r
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3.2.2 Larmor Precession

In addition to distinguishing the energy of the two qubit states, the magnetic field applies

a torque to the nucleus, causing it to precess around the direction of the field -8. We can

see that the evolution is a precession by looking at the expectation ofthe spin operators.

Consider a spin- j nucleus initially pointing along some arbitrary axis. Its state can be

written as (Eq. (2.61))

rû(0)) :."'(i) p) + eiô''"(!) rtr (3 5)

Since the system's Hamiltonian is time-independent, the system will evolve according

to the unitary evolution Ùç1 : exp(ia4à,t12). After some time I the state lrl(0)) will
evolve to

t^t'@):iÏï'"')"çi)r,ani,o,ôzt/2"iQ,,"(!)r,r

- ,ia1t/2."-(i) r0) + e-i-tr/2"'t ,-(!) rtl , (3.6)

where in the second line we used Eq. (2.45). The expectation value of the spin component

pointing in the x-direction is

/^ \

(sr) : (/(1)ls.lrlg))

(\0le-i'Lt/2 cos($) + (tleiaLtt2e-'o rin(9))(l0X1l + l1X0l)

(eiarttz cos(t) l0) 1 
"-ia1t 

12ero sin(!) I t ) )

(ei(-ort+ù cos(!) sin(t) toto) a s i(-aLt+ô)cos(f 
) sin(!) tt ttl )

sin(0) cos(-a.r7,t + ô).

Thus the spin- j component along the x-axis oscillates. By performing a similar calculation,

we find the expectation value of the spin pointing in the y- and z-directions to be

ia\ fi t^t h

\.r/ - ,sin{O) 
sin(-al * Ql and (t,) : ; cos(O). (3.8)

This means that the y-component experiences the same oscillation as the x-component but

wilh a r 12 phase difference, and the z-component does not change with time. Thus, we can

see that the spin-j system is precessing around the z-axis. The axis ofprecession was fixed

by the constant background magnetic field's direction provided by the lalge magnet of the

spectrometer.

fL

2

x
h,:-
2
fi
2

(3.1)
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ri*l-#irsl:!+$*&*{Sê

A spin-] with a positive magnetic moment will precess around the negative direction of
an applied magnetic field as can be observed flom Eqs. (3.7) and (3.8). This is a result we
will use later.

3.2.3 Molecules Used

The nuclei are not isolated systems, but exist within the structure of a molecule. A molecule
that contains n spin-l nuclei can be used as an n-qubit quantum computer, so long as the
spin-] have different precession frequencies. As we will see, if two spin-| nuclei have the
same precession frequencies, controlling or measuring them independently is impossible.
Consider again the expression for the precession frequenc! a1 :: 0 - 6çùyBs. Nuclei can
have different precession frequencies for two reasons. One is that the nuclei are ofdifferent
species, such as lH and l3C. In that case, they have different y,andtheir frequencies in a
field of many teslas will be separated by many megahertz, such as chloroform inFig.3.2a.
However, nuclei of the same species can also have different precession frequencies if they
have different chemical shifts, ôs5. Consider, for example, the 13C-labelled trichloroethylene
in Fig. 3.2b. One carbon is bound to two Cl while the other is bound to one Cl and a 1H. The
magnetic field felt by each l3C is slightly influenced by the electrons of its neighbouring
atoms. This different chemical environment cause the two l3C to have different chemical
shifts and thus precess at different frequencies. As a result, trichloroethylene is a three-qubit
sample.

One of the challenges in NMR quantum information processing is finding suitable
molecules. We need to find nuclei with sufficiently large chemical shift differences. To
control one nucleus' state without affecting the others on a timescale of -l ms, we need

-1 kHz range between the qubit frequencies. Fortunately, many catalogues tabulate the
chemical shifts for many molecules.

- 
rH - 498 MHz

13C - 125 MHz

(a) Chloroform (b) Trichtoroethylene

':,.-. ::':''i"' , Molecularstructuteofchloroformandtrichloroethylene.(a) Chloroformand(b) trichloroethylene.Chloroform

is a two-qubit sample, where the two-qubits are13C (black) and thelH (white). Ihe chlorine nuclei (grey) interact very

weakly with the hydrogen and carbon nuclei, so they're neglected. The magnetic moments 0f hydrogen and carbon

nuclei have different precession frequencies a.r1 since they have different gyromagnetic ratios 7. Trichloroethylene is a

three-qubit sample. The three qubits are the two 13C 
and the one 

1 
H. The two 13( 

have different precesion frequencies

due to their chemical shifts. The approximate precession frequencies ofthe 13C and I H nuclei given above are for a

spectrometer with an 1 1.7 T magnet.
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3.3 Single-Qubit Gates

Now that we have qubits, we need to learn how to control them. We can implement single-
qubit gates with radio-frequency (RF) pulses (Section 3.3.1). Describing these pulses
provides anatûral opportunity to introduce two important concepts drawn on many times
throughout this text: the rotating-wave approximation (section3.3.2) and the Rabi cycle.
With these concepts, we see in Section 3.3.3 how a generic single-qubit gate is achieved
with RF pulses. The quality of these RF pulses can be improved with techniques that we
inhoduce in Section 3.3.4 and, refer back to in future chapters.

3.3.1 Radio-Frequency Pulses

In Section 3.2.2we saw the effect that a constant magnetic field has on a spin- j nucleus.
It applies a torque to the nuclear spin that causes it to precess at the Larmor frequency
around the direction of the applied field. We will take advantage of the nuclei having
different Larmor frequencies to address nuclei individually. By an RF pulse, here we
mean an electromagnetic field that is turned on for a fixed period of time and then turned
off. Applying an RF pulse generated by a coil pointing in, for example, the x-axis in the
laboratory frame of reference at the Larmor frequency of a particular nucleus will result in
changing its spin state. This rotation is depicted in Fig. 3.3.

Adding the magnetic field of an RF pulse complicates our system's Hamiltonian and,
thus, its time evolution. The magnetic field now has two components. One is the constant
magnetic field (in the Z-direction) that we previously studied, and the other is the applied RF
pulse. We assume that the RF pulse is being applied along the.x-axis with frequency and
strength a;ry and Bry, respectively. Then the overall magnetic field is

B(t) : (t - 3à802 * B,y cos(a,yt)î. (3.9)

l0)
z

Singte-qubit
rotation

RË pulse

æ
l+)-'>

lr)

ffiKiiirii*ié{ Single-qubit rotation in the rotating fiame of reference. An incident RF pulse is applied along rhe desired axis

of rotation in the rotating frame of reference. ln this figure, that direction is the x-axis, Ihe RF pulse applies torque to the

nucleus'spin, rotating the spin around the negative 0fthe applied axis. This changes the state 0fthe qubit. The degree

ofthis rotation can be controlled by adjusting the power and/or duration 0fthe RF pulse.

t-)



54 3 Nudear Magnetic Resonance

Due to the added fiel4 the nucleus is no longer simply precessing about the z-axis.
Determining its evolution is more complicated since we now have a time-dependent
Hamiltonian,

n1t1: -A A: -\& - h;,ncos(a,y)ô", (3.10)

where arp ;: yBryl2 is the Rabi frequency, whose significance we discuss later. To
make matters worse, the Hamiltonian doesn't commute with itself at different times,

1U6,nçt711 0. This is the complicated third type of solution to the Schrôdinger equation
that we encountered in Chapter 2 and said we would solve using approximate methods.

3.3.2 Rotating-Wave Approximation and Rabi Oscillations

We can approximate the effect of the time-dependent Hamiltonian in Eq. (3.10) using the
rotating-wave approximation (RWA). We introduce it here and use it again in Chapters 5

and 6. To understand it, we will rewrite the time-dependent part of the Hamiltonian in terms
of two components:

Êaçty : u4(*r(ro6t)î + sin(a6t)i,), (3.11)

where Êa(r) can be thought of as positive and negative rotating fields around the z-axis.
Intuitively, we would expect the negative rotation term to have a larger effect since it's in
phase with the rotation resulting from the constant field. To see this, we will move to a

rotating frame of reference rotating at angular frequency ar1 . The operator that transforms
the laboratory frame into this rotating frame is Î1,@6t) : exp(-i@rftà"12) The state of
the nucleus in the rotating frame is then

l',lr'(t)l: R,(a,yt)ll/(t)) . (3.12)

We can now calculate the Hamiltonian in this reference frame. We can find the Schrôdinger
equation in the rotating frame by taking the time derivative of lrlr'(t)) and using the
Schrôdinger equation for llt(t)),

d d r^ \
ih 

dtll\'G)l - ,hi 
\R,(a,yr)lrb@l)

/d^ \ ^ d: ilt' 
\*R'(ut,1t) ) lrlt(t)) + ihR,1a,yt\ * ltlr(t))

/ d^ \^: 
(iâo-R,(a.',It) t R,(o+It)Ho)n,64t1r lty'{ù) (3.13)

: ît'G)lrt'@). (3.14)

È' çt1 is the effective Hamiltonian in the rotating frame of reference. The first term of ît' çt\
evaluates to

m&'9-'rù U,(a,rt)I : in(-ifa,) *n(-tTta") *o(iff,r,) ^ïu' . ,r.rl

i: ?sti. rr::.,rr s) :t!rj:::
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The second termof iIt(t) evaluates to

Ît,k,;t0n4)ît"@,ft)i - "-ia4t&'/21-Y, 
"l

L 2,-hnncos(to4t)ôr)"iu'1tàz/2
hnr. 

^= -;U, - h<r.ra cos(ar,tùlô,cos(a,yt) + ôrsin(roryt)l

= -\a" - \a. - Yrr"cos(2a,y) + àrsin(2o4t)1,

(3. l 6)

where, as a reminder, a p :: y B,y f 2. The Hamilto nian ît' çt\ is then:

r_, h(at. - a.trr) ^ han ^ hnnH'(t\: - 
-'*u ' 'L A, - - --ô, - -;lôxcos(2a,1t) + ôrsin(2a,1t)1. G.ll.)2 ' 2^ 2

The first term of the Hamiltonian corresponds to the remnant field of the magnet in the
rotating frame. The second comes from the term i- (r), rotating with the Larmor precession,

and the last two terms come from counter-rotating B1(f).
The RWA is valid whet ary is near @1 and for ary )) otp. For noq we'll set @rf : @L.

Later, we'Il see what happens when ar4 has a small deviation from a1. Thus, the Hamiltonian
is

È'çty: -\a, - Trncos(2r,t,yt) + ôrsin(2r,t6t)1. (3.18)

The evolution consists of one time-independent term (tfre Ê-(l) term) and two other
terms that are rapidly oscillating (the B1(r) term). The RWA consists of dropping the

fast-oscillating terms. While an entirely rigorous proof to justif,z this approximation is
beyond the scope of this book, we can give an intuitive motivation by considering the form
of the time-evolution operator, which is the exponential of the integral I U1qat. On the

timescales of t )) | / rtrf, we see that the contribution of the fast-oscillating terms are strictly
bounded, e.C. I I cos(2a,1t)dtl < 1, while the contribution of the static term continues

to grow linearly with time, eventually overwhelming the oscillating terms. The RWA is
depicted conceptually in Fig. 3.4. We also explore it numerically in the exercises.

When a-r1 : @rf , then the Hamiltonian in the rotating frame reduces to

tt'çt1= -\a"' (3.1e)

This Hamiltonian is what we set out to implement, a rotation of the qubit's state around the

x-axis, but note that it is the x-axis in the rotating frame. We will therefore need to track this

rotating frame as we quanfum compute.

The continual application of this RF field will result in oscillations between the qubit
states l0) and ll), known as Rabi oscillations. This cycling behaviour is called the Rabi
cycle and the inverse of its duration is the Rabi frequency, which depends on the amplitude

of the oscillating field. In the above example this was ap: yBy112.

The Hamiltonian in Eq. (3.19) corresponds to a rotation around the x-axis for the qubit
which has @rf : ail this is called on-resonance. However, the pulse from Eq. (3.11)
irradiates all the nuclei of the quantum computer. So what happens to the nuclei that are

off-resonance, i.e. when the detuning A, : @rf - at * 0? In that case the Hamiltonian

ffiEffiffi
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ffiffi

æ æ

.!$,#"';$iêriffi The rotating-wave approximation (RWA), The trajectory 0n the sphere! surface depicts the evolution 0f the state.

The trajectory on the left shows that the system's Hamiltonian has two terms. One term causes the system t0 orbit the

sphere, and the other causes sinusoidal oscillations that are orthogonal to this orbit. As a-li gets larger than @r, the

second term oscillates faster and faster, and it can, on average, be ignored, This is the RWA depicted by the trajectory on

rhe right.

1".0

0.0

0246810
Time

r': ::ili.'.' . : .',',i:.Ï Rabi oscillations. When the field's frequency ar4 is on+esonance with the two-level systems al, the state (oherently

oscillates between its ground and excited state. The larger the detuning between the field and systems frequency, the

smaller the amplitude of the oscillations.

would be U'1t1 : -)a, - \a, This is no longer a rotation around the x-axis alone.
It would be a rotation around the axis fr a ani + Â2. Thus, if the nucleus begins in the
state l0), it will oscillate around some axis between the r- and z-axes and, in each cycle,
never reach the state l1) (see Fig. 3.5). This is why the curves in Fig. 3.5 with 

^ 
f 0 never

reach a probability of 1 of being in the excited state. As the detuning increases, the axis of
rotation is further tilted toward the z-axis, and the maximum probability of reaching the
excited states decreases even further. For lal )) lropl, i.e. a large detuning, the rotation is
approximately around the z-axis and has no eflect on the nuclei. Thus, to target a specific
qubit, we need to be on-resonance.
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57 3.3 Single-Qubit Gates

3.3.3 Universal Single-Qubit Control

We have just seen how to implement gates of the form e*p(-i$tôr), i.e. arbitrary
rotations around the x-axis. By applying the RF field for atime t : #, we implement a
single-qubit ô, gate up to some global phase. Pulses of this duration are làown as z-pulses.
For a rotation by n /2 around the r-axis in the Bloch sphere, we would apply the RF field for
half that time.

The next question is how to obtain a universal set of gates. one way to do so is by
being able to rotate the qubit's state around at least one other axis. This can be achieved by
modiÛuing the phase of the RF pulse. The RF pulse considered in the previous subsection
assumed that the magnitude of the RF field was at its maximum aI t : Q. Repeating the
above derivation for a more general RF pulse that has some phase @, i.e.

Èçt1 : BsZ + B,1cos(a,yt - ô)i, (3.20)

we find thaI, after the RWA approximation and for (DL : (Drf , the final Hamiltonian in the
rotating frame is

hno
H' : - ;" (cos(@)ô" * sin(@)ôr). (3.21)

Thus, by changing the phase of the RF pulse to ô : T,we obtain a ôr-component. Using
this Hamiltonian, we can generate a universal set of gates for a single qubit.

As an example, we can implement rotations around the z-axis. By using three pulses with
phases $,0, r 12 and 0, we get:

îr,çgyft,çe1h.,G) :+[t - ;a,] [""'(g)u - isin(g)a,]]lt *,u,]
:cos(f)î - isin($)â,

:fr,@). (3.22)

This series of rotations is depicted in Fig. 3.6. However, there is a better way to implement
z-rotations.

Note that a z-rotation is equivalent to a change of reference frame. Remember that the
gates are in the rotating frame of the qubit, so a z-rotation, let us say of n f 2, changes the
r-axis to they-axis, they-axis to the negative x-axis, and so on. Thus, instead ofdoing the
rotation physically, we can redefine the rotating frame. This changes the labels of future
rotations, i.e. the phase ofthe pulse. z-rotations are thenjust a question ofbook-keeping
which rotating frame the qubit is in. An example of how to do this is to note thal a z-rotation
after a pulse in the xy-plane is equivalent to changing its phase and preceding it by the
z-rctation:

h,çe1k,1gy : k,çeyk,qq1ft"ç-esh.,g) : kn(i)k,@), (3.23)

where ù : cos(g)Î + sin(d)!. We can then move all the z-rotati.ons to the beginning of the
computation (presuming the two-qubit gates also commute with the z-rotations). Assuming
that we start in the initial state l0), the z-rotations gate doesn't affect the initial state, so we

m
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(a) lnitial state

a

(b) zr-rotation
around æ-axis

(c) d-rotation
around gr-axis

(d) zr-rotation
around æ-axis

g z
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.; 

" ' Rotation around the z-axis done with a combination of x- and y-axis rotations. (a) The reference frame 0f a

state which we would like to rotate by 0 around the z-axis. This is achieved by a series ofx- and y-axis rotations. First (b)

a -r l2-rotation is done around thex-axis. Then k) a d-rotation is done around they-axis. Finally, (d) a n/2-rotation

is done around the x-axis. The final state is the initial state rotated by 0 around the z-axis.

can ignore those gates. In this approach, the algorithm being implemented is rcorganized

before it is implemented to avoid having to do any z-rotations.

3.3.4 Techniques to Reduce Pulse Errors

Finally, we conclude our discussion on single-qubit control by considering some techniques

used to reduce the error in pulses. These techniques are now used in many quantum

computing implementations. We will introduce them here and refer back to them in the

subsequent chapters.

So far we have assumed that we can do perfect pulses. In practice, imperfections such as

miscalibrations and field inhomogeneities introduce errors. Composite pulses improve the

accuracy of pulses by sending multiple pulses that vary in their power, phase, and direction.

We'lI illustrate the effect of composite pulses with the following example. Assume you have

calibrated your spectrometer so that a pulse of a fixed duration and power implements a

T-pulse. However, the calibration might be off by some €. If you attempt to implement a

z-pulse along they-axis starting from the l0) state using two f -pulses, you'll implement a

rotation of krln * 2e). To mitigate this error, you can insert a k,1n + 2e) pulse between

the two T-pulses. Ife is negative, "under-shooting" the correctpulse duration, akrQr +2e)
would cause you to have now "over-shot." lf e is positive, "over-shooting" the correct pulse

duration, un h.r7n * 2e) would cause you to have now "under-shot." Thus, a krlo + Zrl
reverses the sign of the error. You can then apply the next kr($ * e ), the two errors will
partially cancel out, and you will now have completed a pulse that is closer to being u h.r1r\.
There will still be an error left due to the error in h""çtr * 2e),but it will be of order e 

2. We

will explore this further in the exercises. The particular composite pulse we have described

works only if we start in the state l0). However, a universal pulse that works on all states can

be achieved using five pulses.

Up to now we have assumed that gates are implemented by turning RF pulses on and off
instantaneously. However, the physical pulse generator can only approximate this behaviour.
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These idealized instantaneous pulses are sometimes called square pulses. We can improve
the precision with which we apply pulses with pulse shaping. we use computational
techniques to find more complex pulses to emulate the desired rotation with power and
phase that changes smoothly - called shaped pulses. These pulses make it possible to target
a single qubit even when the difference between the Larmor precession frequencies of that
qubit and others is small, e.g. when there is a small difference in chemical shifts. Thus,
shaped pulses can be engineered to mitigate crosstalk, an effect in which a signal transmitted
to one qubit has an undesired effect on other qubits. Moreover, shaped pulses can also make
rotations more robust against decoherence or miscalibration. The pulse-shaping technique
has been used in NMR for some time and is now used in many other quantum computing
implementations. A common technique for pulse shaping is gradient ascending pulse
engineering (GRAPE). Square pulses between two different species of nuclei (heteronuclear)
take a few microseconds, but shaped pulses will take a few milliseconds between the same
species.

To summarize this section, single-qubit rotations in NMR are implemented by sending
a pulse at the Larmor frequency of the targeted qubit. Four parameters describe a pulse.
The first parameter is the pulse frequency, a4, which tells us which qubit is affected. The
second parameter is the pulse's phase, Q, which is used to speci$' the rotation axis in the
xy-plane. The last two parameters are the pulse's power (the strength of Bry or roa) and time.
The product of these, arpf, determines the degree of the rotation around the defined axis.
As part of programming an NMR quantum computer, these parameters will be specified
for each qubit pulse. Here we have implicitly assumed we used square pulses. If we used
shaped pulses instead, we would also have had to give the shape itself. During the quantum
computation, each qubit is followed in its rotating frame corresponding to its Larmor
frequency, where the Hamiltonian is time-independent during the pulse.

3.4 Two-Qubit Gates

We now complete a universal gate set by adding a two-qubit gate. There exists a natural
interaction between the spins of two nuclei that produces a two-qubit interaction. We study
this interaction in Section 3.4.1. In Section 3.4.2, we'll see how to use this interaction to
implement a CNor gate. unlike other quantum computing platforms, the two-qubit gate
is always "turned on" in NMR. we'll present a technique to "turn off" this interaction in
Section 3.4.3.

3.4.1 J-Coupling

To implement a two-qubit gate, we'll consider the natural interactions befween the nuclei
we'll first investigate the common interaction between two magnets, the dipole-dipole
interaction. It is given by

È": -ry#(:1ao .lçarzt .î - ào . à(4), (3.24)

lffirwl
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where trr,6 is the permeabilify of free space, i is the vector connecting the two nuclei, and

ô(D is the vector of Pauli matrices for nucleus i. For this discussion, we have included the

superscripts on operators to clari$r what qubit the operator is acting on. In liquid-state

NMR, molecules are rapidly tumbling on a timescale of nanoseconds. Thus, this interaction

averages to zeto and cannot be used for a two-qubit gate.

However, there exists a weaker indirect interaction between the spins of two nuclei which

is known as the scalar ./-coupling. This interaction is mediated by surrounding electrons

and is independent of the molecules' orientation. The Hamiltonian for the -/-coupling
between the ith andjth nuclei is

u, : Yu aG) . ao. e.2s)"2
If the difference between the Larmor frequencies of nuclei I and 2 is much larger than

the value of Jp, rhen &0 . ôQ) reduces b ô[1) 6@ . The proof of this is an exercise. Since

we mostly work in this limit in liquid-state NMR experiments, we will make this assumption

for the rest of the chapter. The strength of the -/-coupling is typically much larger between

neighbouring nuclei, and weaker for more distant nuclei. Thus, in NMR, we typically can

only implement two-qubit gates between the nearest neighbours.

To get intuition on the eflect of the ../-coupling, we'll study a simple example. First,

consider a two-qubit NMR system, such as l3c-chloroform from Fig.3.2. The Hamiltonian

is given by,

îIrn: -Y!!a!n - U! 6;zt * h'!n 6tt6rtt. e.26)2'2'2zz
To understand the effect of the interaction, we can ask: What will happen to the first qubit if
the second one is in the state l0)? Then it is an eigenstate of ô:2) with eigenvalue 1. The

effective Hamiltonian for the first qubit will simplify to

et2È2qto)z: -Yu:', - TO + 
h"!;'a', 

(3.27)

: _tut i * ( _@!! *hrJn\ 6rt2 \--- + i )4"' (3'28)

Up to a constant (-h?),this Hamiltonian is of the same form as the Zeeman Hamiltonian
for the first qubit, but with a lower frequency (if .12 is positive). If the second qubit had

been in the state | 1) (an eigenstate of ô[2) witheigenvalue - 1) then the Hamiltonian would
have reduced to

{ffiKru

\llzHzqlt)r: ryî + (
hnu h,trJn

2 2
à:,), (3.2e)

which again is of the same form as the originalZeeman Hamiltonian, Eq. (3.4), except that
the first qubit is now precessing faster. Thus, we can see that the eflect of the -r-coupling
is that of a controlled rotation; if the second qubit is in the state | 0) the first qubit rotates

slower, and if the second qubit is in the state l1) the first qubit rotates faster.

As the phase in the z-basis of the qubit tracks rotation around tlrre z-axis, the -I-coupling
thus implements a control-phase gate. To see this, we can rewrite the two-qubit unitary
evolution for a time , : *; (where ÙrQ) :: 

"-iÈtt/h):
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o / l\,r l#) 
: u-ifta!t)a!2) - "-i+a[D 

I loXolz + eiiô:') I llXllz, (3.30)

which shows the control phase explicitly. If the second qubit is in the state l0) then the first
qubit is rotated by !, and, if the second qubit is in the state ll) the first qubit is rotated by

f . This follows from the rotation operator, where rotation by angle 0 is given by s-i$a'.
As the Hamiltonian is symmetric through the exchange of qubits I and2,the same argument
works for qubit I being the control.

one great simplification in implementing the two-qubit gate is that we don,t need to
worry about the effect of the.I-coupling when we're only implementing one-qubit gates.
This is because they're implemented on a much faster timescale than the two-qubit gates.

3.4.2 lmplementing a CNOT

Along with single-qubit gates, the two-qubit interaclion from the -r-coupling (acZ gate) is
sufficient foruniversal quantum computing. We know from Chapter 2Ihatwecan implement
a CNOT gate with aCZ gate and single-qubit pulses. Here we illustrate how this is done in
NMR.

Let us consider the first qubit being the control and the second qubit being the target, as
seen in Fig.3.7. Then, the CNOT gate can be written in the form

Û"*or: l0X0lr Oî + ll)(lll Oâ,, (3.31)

which has some similarities with Eq. (3.30). we will show how to transform Eq. (3.30) into
Eq. (3.31). First, the control and the target of the CNOT are reversed" which is easy to fix
by relabelling the qubits. The second step is that we would like to have nothing happening
if the control qubit is in l0). This can be fixed by implementingah?1-iy aner Ùrçfij.
The next step is to transform 

"inà"/2 - iô, into .a.à, gate. Tlris can be done by rotating
the gate. This is accomplished with the putses nf2)1i ) and kfl 1-5) before and after the
-I-coupling. We are nearly done, except that we are implementing a control -lâ, instead
ofô'. This can be fixed by changing the phase ofthe first qubit by applying a î{1)çg1 gat".

Note that Îrf)<-+lÎr9'e5) : fr?fi>k?f-f). putring alt of this together, we end up
with:

aLo (q) agt (+) î,f, ( - i) ù, (+) af, (+) : 
" 
r û.*o, e 32)

This evolution gives you the CNOT up to a global phase.

To implement this quantum circuit, we need to translate it into the spectrometer's lan-
guage. Here is an example of what it looks like in a spectrometer from the company Bruker:

(C2-90: sp9 ph13) : f 1
3u
3 u ipp13
0.71365 ms

3u

-

I
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{æiFlffiÆ

(a) Quantum circuit

Qr

Qz

(b) Btoch sphere evolution on qt
z a

u

â?G) ù,(+) R?G)

-
1.]:,,',;,r., ...j,*,. floTgate in NMR. q1 is the control and q2 is the target qubit. (a) Decompositi0n 0f the CNOT in the naturalgates of

NMR;n/2 rotations in thexy-plane and genericz+otations, with two-qubit ôr(1)ôr(2) rotations, (b)The

conesponding evolution ofthe target qubit depicted on the Bloch sphere. ln this depiction,42 begins in the initial state

l0) . The lighter grey anow depicts the evolution of q2 when q1 is in the state l0), and the darker grey arrow depicts its

evolution when qi is in the state | 1 ).

(C2-90: sp9 ph19) : f 1

6 u ipp13
8u
(C2-90:sp9 ph20):f1
6 u ipp20

where we have used two kinds of commands. The first command, (C2-90:sp9 phl3):fl,
is an example of a pulse. The inputs to this command are, in the order that they appear

in the algorithm: the qubit we are acting on and the angle of rotation around the Bloch
sphere (C2-90), the pulse shape (sp9), the phase of the pulse (phlg), and the channel

which applies the pulse (fl). A three-microsecond delay (3 ps) is needed for the electronics

to settle down from the pulse and update the phase (ipp13). Now it is the turn of the -I-
coupling, where the spectrometer waits for 0.71365 milliseconds. Then we have they andx
pulses interspersed with delays of 3 ps. You have now seen how a quantum algorithm is
implemented.

3.4.3 Refocusing

One of the challenges with the NMR two-qubit gates is that they're always present since

it's part of the system's natural Hamiltonian. This raises the question of how to selectively

"furn off" the coupling when it's not part of an algorithm. Refocusing is a technique that

achieves this by inserting pulses atjudicious places to cancel the unwanted evolution.
If we have two qubits, this can be achieved by waiting for the -I-coupling to evolve

the system for a time l, then applying pulses that reverse the sign of a second J-coupling

T; )(R:,

tRl' ( )

,,t+l
R?(t) Tt( )R?
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(a)Quantum circuit

8t

8z

(b) Btoch sphere evolution on q,

v u

æ æ æ æ æ

ffiRefocusinginNMR.(a)Thetwo-qubitsrefocusingcircuitthatisusedto,,turnoff,,the/-coupling(Section3.4.3).
(b) The evolution of q1 on the Bloch sphere, where we show only the projection 0n the xy-plane. The one arrow is

replaced by lwo anows to depict the superp0siti0n 0fspin-ups and spin-downs accumulating different phases from the

second spin. ln (b), rhe inirialstate 0f rhe first qubit is fi(ol + i 1t 1;.

evolution of time r. After an evolution of time 2t,the qubitevolves as if -/ : 0. The pulse
sequence for refocusing a two-qubit system is

Û..ro.u. : ftlt)çr1Ùrçt1Î{1)çttyù1ç1, (3.33)

and is depicted in Fig. 3.8. We can work out the explicit corresponding evolution. In
the Larmor frequency rotating frame.of each qubit, the Hamiltonian consists of only the

-I-coupling terms â : )lpa!')ô.z).ltt" free evolution is then U(t) : n-iÈt1n -
u*TalDa!'> .The later component of the refocusing evolution is

h!t) ç r 1 ù r çtS kft) çn 7 : i à :t) ("-'aP a!) a [" 
) f- i a ltt I

: ôj1) ("o'(iorùO - isin(|tn)a"ob,et) alrt

: 
"o"(|1,r,)î + i'i"(f rr,)ô{tt6{zt

- ni5L6a!t)ô!2) . (3.34)

This is the.r-coupling evolution with a negative sign, i.e. the -r-coupling in reverse. Thus,
the entire refocusing procedure is

Û."ro",,. : fttt)çnyùrQ)hl1)@)ù(t) - si$rntô[Da[4 n-i;t,2ta!\a[D - i.. (3.35)

We find that this is equivalent to no evolution occurring, as we hoped. This simple refocusing
procedure can be generalized to the case with three or more qubits to remove undesired
.f,; -coupling evolutions.

a.*(r)furnlu(t) u(t)
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Figure 3.8 depicts this evolution and shows the potentially divergent spin directions

coming back together at the end of the sequence. The effect when the nuclear spins realign

is called a spin echo. The name comes from the signal reappearing after some time, as an

echo does. IVe will revisit spin echo in Section 3.7.2.

3.5 Measurement

Once we have finished an algorithm, implemented by a series of pulses on a set of qubits, the

qubits will typically have some component of their magnetization in the xy-plane rotating

at their Larmor frequencies. To measure this magnetization, we use the same coil used for
pulsing. Without a pulse, the nuclei will keep rotating in the laboratory frame and induce a

changing flux in the direction of the coil. Let's assume it's in the x-direction (see Fig. 3.9).

Faraday's law tells us that a time-dependent magnetic flux inside a coil induces a voltage and

produces a current in this coil. By measuring this current, we measure the state of the qubits.

We first review the basics of NMR measurements (ensemble measurement) in Sec-

tion 3.5.1. These measurements give some information about the final state of the system.

To recover the exact state we need to introduce tomography (Section 3.5.2).

3.5.1 Ensemble Measurements

Up until this point, we have been thinking of the quantum computer as a single molecule.

Unfortunately, a single molecule induces a current that is much too weak to be detected

with current technology. We need an ensemble of about 101s spins to be able to measure

:.;ffifli,ffi

g Front view
of coiI

Back view
of coil

.42

,,,,i;;.i;;rs:', 1',;,i RFcoilsusedtocontrol andmeasureanNMRsample'ssignal.WhentheNMRsampleisplacedinthe

spectrometer, it will be positioned so that the coils surround it as shown. The small arrow shows the direction of the

current at a given time. A detailed analysis ofthis coil shows that an oscillating current produces an oscillating magnetic' 
field in the x-direction, as shown by the double anow labelled Ba. Io implement a gate, an RF pulse is sent through a

coil. To measure the sample's state, no pulse is sent and the cunent in the wire is measured.

lt
:
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the current' This ensemble is made of many "quantum computing" molecules that are dis-
solved in a solvent. These difilerent quantum computing molecules have the same evolution
and don't interact with one another. What we measure is the current induced by the bulk
magnetization, coming from the magnetization in the xy-planeof all l01s quantum com-
puting molecules. In NMR, what we're measuring are expectation values and not single-shot
measurements. This feature is unlike the other quantum computers we study in this text.

We begin by calculating the expectation value of the nuclei's magnetization. We denote
bv ô(t) the state of the system at time / in the laboratory frame. we denote by î[, and îr, the
operators for the magnetization along the "r-direction and along the y-direction, respectively.
The expectation values ofthese operators for an n-qubit molecule are

C

lttt*çtl! : 1n11 o@16<tt and 1îrrçt11 : p1y o(Alartt (3.36)

n n

i:1i:l
whete m depends on the size of the ensemble and the magnetic moments of the nuclei.
We combine the magnetization measured along each axis to create a complex value that
represents the magnetization in the ry- plane, î[ : î[r+iî[n..We define â_ :: (ô*+iôy) 12 :
l0Xl l and à* :: (à' - iôy)12 : I I XOl in the computational basis. The symbols 

'ô* 
arc

chosen in this way to be consistent with the notation in other chapters. Thus, the expectation
value of the magnetization in the xy-plane is

(M(t)) :27n11
n

P14la!) (3.31)

Measurements in NMR are weak ensemble measurements. Usually, in quantum mechan-
ics, measurements affect the state of the system. Here, the measurements are very weak.
This means that the interaction of the nuclei with the macroscopic coils is very small. The
current induced from one nucleus gives little information about the state of that nucleus.
Thus we treated the field as a classical precessing magnetization.

First, we will evaluate how the magnetization's expectation value, for two qubits, changes
in time using the two-qubit Hamiltonian from Eq. (3.26). we will ignore the -/-coupling
term for the moment and reintroduce it later. Doing so, the magnetization evaluates to

(,û, çù : zmtrlo ftlrâ!) + a!r) l]

:2mtrlo{o)nÈ'to{ao * 6e\r_iturn] (3.38)

: 2n1 (u-i.ut. [,atoxa!))f + "-',,"t fnroxalr)i]) . (3.3e)

Thus we have a magnetization consisting of two time-dependent signals with different
frequencies.

The current produced by this magnetic moment is

, aliî't1tY, : nî :2rtm (-trrru*''uttr [rroxa!))] - rrpu-,.rrt 
[aroxa!')l]) ,

(3.40)
where r7 is a factor that depends on the detection efficiency of the coil. The terms in the
trace contain some information about the state p(0). The time-varying signal from the
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NMR signaland the fiee-induction decay. ln an NMR experiment, the signal is displayed in terms 0f frequenry, not

angular frequency. We denote the frequency of the lth nucleus as vi : # . (a) The ideal signal is measured without

ngise. (b) A realistic signal that includes noise. (a.ii) The Fourier transform 0fthe signal is taken to see the frequencies

present in the signal. This spectrum sh0ws two noninteracting spin- l. The first/second peak shows the c0mponents 0f

thefirst/secondqubitthat'sinthestatep: ô"('/').(r.iii)Thespectrum0fanNMRsignalwithtwointeractingspin-1.

The peaks are split by the /-coupling. The two peaks on either side 0f al 11 and ap correspond t0 whether the other

qubit is in the state l0) or | 1 ). (b.i) The signal measured from the nuclei is in the shape ofa decaying sinusoid, called the

free-induction decay (FlD). (b.ii) and (b.iii) are analogous plots as (a.ii) and (a.iii) but in the presence of noise, The

Fouriertransform ofthe signal is a Lorentzian in this case instead ofa Dirac delta function.

magnetization will be the combination of one sinusoid with frequency @n and another with

@L2.

To extract information from the current, we take its Fourier transform:

FQ) : c1ô(a - @11) + C26(o - a72), (3.41)

where Ç :: -iJ2nrlmoqtrlp(O)(ô9)l u"O ô(x) is the Dirac delta tunction. The Fourier

transform gives us a signal with two peaks, located at the frequencies @u aîd o42. These

peaks are depicted in Fig. 3.10. The location ofthe peaks tells us what qubit they correspond

to. A sample of n noninteracting qubits with different frequencies will have n distinct

peaks.

The real part of the Fourier transform gives us the overlap of the density matrix p(0) with

ô, andthe imaginary pafi, its overlap with ô". By measuring these strengths of the delta

function (Ç) *. can determine four components of the density matrix, à!t;2) .

We'll now repeat the calculation we did above, but with the -I-coupling included. We first

split the magnetizalion into the component from the first and second qubit:
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-
r = n*!t [roxa!) + ô9)l]= n

d(Mft) a(itrzttl\
+ 4J-:---Jdtdt

(3.42)

WedenotebyPs:: t[fiJandf1 :: t3?]theprojectorsonto l0) and ll).Next,welookat
the magnetization of the first qubit,

(nt'ol : 2mtrloav!'s î(r)] = 2mtrffrrt (a9 s @f)* 
"{r,))] 

. (3.43)

As we have seen, the effect of the -r-coupling is to increase or decrease the Larmor precession
frequency fv * depending on the state ofthe second qubit. Thus, it's not surprising that
evaluating this expression again with the -r-coupling we find

l,to,Ul) - 2me-i(,u-nrp/2)ty 
[ftoXa!,, , "[r,)] e.44)

t 2me-i(,n+nrp/2)tr, 
fnfoXall * "{r,)] 

. (3.4s)

The -r-coupling has split the peak at frequency as intotwo peaks of frequencies ,r, r*.
Thus, we now have four peaks. Two corresponding to each qubit. The splits in the peais
can be seen in Fig.3.10(a.iii). If we instead looked at the expectation value orô!) e
ô!4 inïq. (3.43),we would have obtained the second term in Eq. (3.a5) with a minus
sign.

Before the peak splitting, we could measure four components of the density matrix.
The real component of the signal from the first qubit,giv"r rr, ô"(l) g î(2). The imaginary
component of the signal from the first qubit gives us ôjt) A î(2) and a similar relation holds
for the second qubit. when the -/-coupling is present, the peaks split, and we can measure
eight'components.of the density.matrix..-The real component of the signal from the first
qubit gives us âJl) I î@),and g"(1) o ô!2)..tt 

"ipaginary 
component Lf the signal from

the first qubitigives us âr(1) g î(2) and ôJt) o a!à.Éi^iiur r"lation, hold for the second
qubit.

Consider the spectra for the first qubit. The spectra for each one ofthe four components
have a unique shape, given in Fig. 3.1 l. These four shapes form a basis for any possible
spectra which we could measure in this scenario. For a generic density matrix, the NMR
spectrometer returns some signal which is a linear combination of these diflerent peak
shapes' The spectra are then run through software that fits the shape ofthe spectra to a linear

ô,o I o,& ô"

ôro L ôrE ô"

g8Ën NMRspectrafotatwo-qubitsample.TheNMRspectraforthefourcomponents0frhedensirymatrixtharare

measured for a two-qubit sample:â" s î, A I âr, ây I î and â, I ô. These four shapes provide a basis for all
two-qubit NMR spectra.
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combination of the four shapes in Fig. 3.11, thus giving us four of the components of the

density matrix.

Suppose we have an n-qubit sample, and the Ëth qubit is being observed. In that case,

any component where the kthPauli matrix is ô" or â, and all others are î or ô, will be

observed, so long as there are ./-couplings between rhe kth qubits and the qubits who

have ô".

In Eq. (3.38) we assumed that the evolution was noiseless. In reality, this is not the

case. The noise introduces a decaying function of the form e-t/rz in Eq. (3.38). This is

due to decoherence, and we will discuss this effect in Section 3.7 . The resulting curve of
decaying current is called the free-induction decay (FID). Through the Fourier transform,

the exponential decay will turn the delta functions into a Lorenztian curve in Eq. (3.41).

The spectra with noise are shown in Fig. 3. 1 0b.

3.5.2 Tomography

In the last subsection we found that by calculating the Fourier transform of the FID we can

determine some of the components of the density matrix for each qubit. In the two-qubit

example, these components were ô{1) I î(2), ôi1) 6 6,{z) , ô(1) & îQ) ,and âr(1) g ô[2) for the

first qubit. Similar components were found when measuring the second qubit. However, this

isn't sufficient to determine the full two-qubit density matrix. To do so, more work needs to

be done, and this process is called state tomography.
We'll illustrate how tomography is done using a one-qubit example, but this procedure

generalizes to multiple qubits. Vy'e know from Eq. (2.$) rhal the density matrix for a single

qubit can be written in terms of the Pauli matrices as

(3.46)

where i :1ft:,nz,ry]is avector of length < l. From the result in Section 3.5.1, we find
that a single NMR experiment will measure h aîdn2,the ô, and ô, components of p. To

know the state of the system we also need to measure z3 . This can be achieved by running

the experiment again, but right before we measure we would appty a h.5ç[) rotation,

ô':ky(?o^r(r)' :i (o* nzâr*nz&y_ nrô,). e.4i)

This will rotate the magnelization along the z-axis to point in the x-axis, and thus be

measurable. Measuring â, for the final state now gives us the z-component (n3) of the

original density matrix. In this way, each component of the density matrix can be measured.

For two or more qubits, NMR measurements will determine more components of the

density matrix. The density matrix for two qubits can be written in terms of tensor products

of each of the two-qubit Pauli matrices (where we include the unit matrix here), giving
rise to 16 components. Performing the fuIl tomography for a two-qubit experiment would
require rotating diflerent components of the magnetization into the measurable observable

until all 16 - I components of the density matrix are measured. The missing one comes

from the fact that the identity operator is not observable in NMR. For multi-qubit systems,

.t$trr*ffi

à),o:)(t+n
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the rotations required to transform different components of the magnetization into the
measurable observable will need both one- and two-qubit rotations.

3.6 lnitialization

We have now explored what the NMR qubits are and how they can be controlled and
measured. We now have all the elements necessary to describe how the state is initialized.
The goal is to prepare a fiducial state such as lO)s, or an equivalent one. To do this, we
begin with a thermal state (Section 3.6.1). We then perform a nonunitary action on this state
to prepare a state that is equivalent to the fiducial state, known as the pseudo-pure state
(Section 3.6.2).

3.6.1 ThermalState

If we leave an NMR sample idling for a few seconds, it will end up in a state known as the
thermal state. It is given by

Pth:
,-H/fur

tr s-H/fur
(3.48)

(3.50)

For the following discussion, we will write this expression as an equality.
To satisfy the DiVincenzo criteria of being able to initialize the system, we need a

procedure to transform the thermal state in NMR into a fiducial state to start a quantum
computation. This is typically the J0)8" state. From Eq. (3.50), we see that to achieve this
we would require that rtyBs/kBT >> l. This; in turn, would require either a temperature
that is on the order of l0 mK or below or a background magnetic field which is lô5 times
stronger than what we've considered. At that low temperature, the sample would not be
liquid anymore. Also, a magnetic ûeld of that strength is far beyond what today's technology
can achieve. Instead, we prepare a different fiducial state to start a quantum computation.

ræ

where kp: 1.38 x 10-23m2kgs-2K-1 is the Boltzmann constant. At room temperature,
the matrix elements of È ltcar are small, 

" 
(W) ry l0-5. By taking the series expansion

of fi1,, we find that

o,n: )l^- #."(#)] e4s)

This thermal state is a small deviation away from being the maximally mixed state, î.
We can also neglect the effect of the -/-couplings since their values are around 100 Hz

and the Larmor frequencies are many hundreds of MHz. Thus we approximate the thermal
state to be

o,n**lo.T Wu:,,f
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3.6.2 Pseudo-Pure State

Clearly, the thermal state is very far from a pure state. However, we can still use it to perform

interesting computations. Using NMR tools, we can transform it into a state of the form

,ôpps : ' :r" i+ €, loxols' . (3.51)
^L"

The states €, l0X0l8' are called pseudo-pure states (PPS) and for all practical purposes

behave like the usual initial state required for quantum computation. This is based on three

key observations.

The first observation is that the observable in NMR, the magnetizalion M, is a traceless

operator. Thus, it does not depend on the part ofthe density matrix proportional to the

identity operator î. If we define a deviation matrix ô such that ô - ô : L'1. for some À,

then we find

qtî41: tr[(ô + xî!î,t1 : ttlpMl + )'trfîfl : ttfpfu]. Q.s2)

The state of a multi-qubit system can be divided into two parts, the identity operator

for the whole system, î, and the rest represented by a sum of Pauli matrices. The second

observation is that unitary evolutions transform the identify operator into itself,

ùnûI : î, (3.53)

and Pauli matrices into themselves,

ù L",î', ù1 :Dpjî'j, (3.s4)

where P; are Pauli matrices and ai and Bj are constants.

The third observation is that scales are relative, i.e. that the probability that a final compu-

tation is in a specific state, let's say | 1)an, can be written as a ratio of two magnetizations.

The absolute value of the magnetization is not important, it only needs to be large enough to

be observable over the noise. Let's see how the third observation works for one qubit. The

thermal state has a deviation,

8 :: p- L^-t : e loXol, (3.ss)'2

where e : M. We can first measure a : tliô,f. Say we want to find the probability of an

initial state l0) to be in the state ll) after an evolution Û. to do so, we would evaluate

pr : 0l û toXot ût trl
: rlÙ loxol ÛT ll ) (r ll

: )tryù to)(otûT(î - A)l
: |tr - fttû toxol ùI a)D. (3.s6)
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Pth: :pl (3.s1)

p1 is the initial state for the first run of the experiment. The final state after the evolution is
ttten ÙsAù].

For the second experiment, we want to permute the diagonal elements b, c, d to d, b, c.
This can be achieved by first applying a cNorzr gate atdthen a cNor p gateto obtain:

P2 : (CNOT12CNOT21) p16 (CNOT12CNOT21)T : (3.58)

ffirds*#&s$iËitr1

If we call a' = .''fi,à"1: etr[ù lO) (Ol ût4;1, the probabiliry to find ler,s say, the system
to be in the state I l) ispl : (1 - at la)/2.You will rrotice rhat plis independent of e. It is
also independent or m and q that we encountered in Section 3.5. r.

To generalize this argument to n qubits, we need to be able to prepare the states in
Eq' (3'51)' For n > 2 systems, the preparation of a PPS state requires the use of a
combination of unitary and nonunitary transformations.

one technique for preparing a ppS is temporar averaging. This approach consists of
running multiple experiments and then later averaging the results of these experiments. The
final outcomes of all the experiments are equivalent to doing one experiment with a ppS.
we illustrate this procedure below for two qubits. The goal is to find ihe magnetization for
a pseudo-pure state ez I00X00l that has evolved under Ûs. We will find it by adding the
results of three experiments starting with slightly different initial states.

We begin with the thermal state p6,where we have labelled its diagonal elements in the
following way:

fa000l
lo b o ol
lo o c ol
Lo o o dl

We then conduct the experiment and get the final state ù6p2ù[.
For the initial state in the third run of the experiment, we wan"t to permute b,c,d to c,d,b.

This is achieved by applying a CNOT12 gate and then a CNOT zr gateto obtain:

fa000l
lo d o ol
lo o b ol
Looorl

It: 3 3l
lo o d ol
Looob)

É3 : (CNOTzTCNOTTz) Âh (CNOT21CNOT12)f :

we then conduct the experiment and get the final state ùsfuù[. The average magnetization
over the three results is

(3.5e)

@) 
:l 

Ë* l;uçu'o'ultl : o7o,.l 
É 

ô,)ù]], (3.60)
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The T2 time has just as many different names, such as the coherence time, dephasing time,
spin-spin relaxation time, or transversal relaxation time. In this text, we will primarily use
the terms relaxation time and dephasing time in conjunction with zr time and T2 time.

3.7.2 Noise in NMR

Since we measure the magnetization to determine the state of the qubits, we need to
consider the effect of noise on the sample's magnetization. For pedagogical clarity, we'Il
limit ourselves here to a single-qubit sample. The procedures for determining the relaxation
rates are more involved when we have more qubits.

The Bloch equations are equations used to calculate the magnetization as a function of
time in the presence of noise. For a single qubit, these equations are

- 
(l 

- 
€z) î + €2 looxool , (3.61)

4

where we used the property that fi6 has trace I to substitute b * c I d : I - a and set

e2:9!).Then,

lîol 
: e2tr[M Ù s I oo)(oot Û;]. (3.62)

Thus, the average of the three signals is equivalent to having run one experiment with the

pseudo-pure state é2 100X001. This is temporal averaging.

Another common technique is that of spatial averaging, where the PPS is prepared in a

single experiment. This involves the use of magnetic field gradients which we do not cover

in this text. Temporal and spatial averaging methods for preparing a pure state are useful

for up to a dozen qubits, but they are not scalable. One scalable method called algorithmic

cooling will be explored in the exercises.

3.7 Noise

In the previous section we studied the signal we measured from the NMR sample. We

said that this signal gradually decays (Fig. 3. l0a). The cause of this decay is noise, which

we'll explore in this section. First, we introduce the concepts of the Zr and 72 times

(Section 3.7.1). These times give a way of thinking about decoherence that originated in

NMR and is now present in most other implementations. We will also use the T1 and T2

times to describe decoherence in Chapters 4-6. Section 3.7 .2 identifies the noise sources in

NMR that contribute to the Zr and Z2 times.

3.7.1 lntroduction to Tl and T2

'We can partially characteize the quality of a quantum computer by its Zr and T2 times. T1

and T2 are decay constants that measure different things. Z1 is related to the time a state

takes to return to its thermal equilibrium. 72 is related to the time taken for the phase of a

superposition state to be randomized. The Zr time measures the loss of energy, andlhe T2

time measures the loss of coherence from the system. T1 and T2 are decay constants that tell

us the probability of certain types of errors occurring over time.

The Ir time goes by different names, including; relaxation time, energy relaxation

time, longitudinal relaxation time, spontaneous emission time, or amplitude damping time.

3 Nuclear Magnetic Resonance

ffiffiffiffi
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dt
(3.64)

where î[6is the thermal state's polarization. In both equations, the first term on the right-
hand side of the equation recovers the one-qubit rotation we studied in Section 3.3. The
second term describes the impact ofnoise on nuclear spins.

The Zr relaxation causes the bulk magnetization to realign with the z-axis. This results in
losing the detectable signal since measurements are done in the "xy-plane. In NMR, the value
of Z1 corresponds to the rate of energy exchange between the nuclei and the environment
as the nuclei relax back to their thermal state. A single nucleus can emit one quantum of
energy into the environment or absorb one quanfum from the environment. The emission
rate is determined by thermal noise.

The inversion-recovery method is commonly used to measure the fi time. It starts
with a thermal state and the application of a nr(z) pulse to invert the polarization. After
applying this pulse, the magnetization is pointing entirely itthe -z-direction. This is shown
in Fig. 3.12. We then wait for some time / and then measure lhe magnetization. We repeat
this experiment with diflerent values of l. By doing so, we can find the rate at which the
system returns to the thermal state. The solution of the Bloch equation after the Â"(z)
pulse is

(î,,):('")(r - 2e r) (3.6s)

By fitting the measured data to this equation, we can extracl 71.
The Tz relaxation results from nuclei from the different molecules precessing at slightly

different frequencies and no longer being in sync. It follows that the magnetizations of the
nuclei are not adding constructively, decreasing the bulk magnetization. This occurs due to
inhomogeneities of the magnetic field (in space and time). In theory, the overall magnetic
field is uniform with high accuracy, but will, in practice, also include some deviations. These

deviations can result from imperfections in the superconducting magnet or the presence of
other magnetic fields. These other magnetic fields include those created by the sample itself.

t
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ffilnversion-tecoverymethodfoIdeteminingT1.Aftera1i"(n.)pulse,themagnetizationof1hesamplewill
realign with the external magnetic field on a timescale of 11. As this realignment occurs, the magnetization al0ng the

z-axis gradually returns t0 its equilibrium value.

Since the sample's nuclei have a magnetic moment and are constantly in motion, they will
disturb the magnetic environment. Thus the magnetic field will vary slight$ at different

locations and at different moments in time. As a result, the nuclei's Larmor frequencies will

vary. Over time these differences become notable as the spins will fall out of sync with one

another, and the magnetization in the xy-plane will be lost (Fig. 3.13). The direction of the

magnelization in the xy-plane of the nuclei (for the same qubit) in different molecules will
differ, leading to different phases in the qubit's state. This is why this form of relaxation is

also called dephasing.

There are two relevant constants for dephasing. The constant related to the dephasing

we observe is known as Zj (pronounced"T2 star"). This is sometimes what people refer

to when they say "dephasing time." Howevet,patl of the signal lost to dephasing can be

regained using the refocusing technique we introduced in Section 3.4.3. This is depicted in

Fig. 3.8b. The other part of the signal loss comes from random fluctuations and thus can't

be regained. This more fundamental and limiting dephasing relates Io the T2 time. If we

have a perfectly uniform and constant magnetic field, Tz would equal Ti.The T2 and Tl are

related by
ll
C: ry-lyLBl, Q.66)

where AB is the field inhomogeneity. As a word of caution, many references use the term

T2 time in place of T) Iime.
A common way to measure the Ti is with a Ramsey experiment. V/e begin with the

system in the thermal state and apply a â-pulse along any axis in the xy-plane. This will
rotate the sample's magnetization into the xy-plane. We then continuously measure the

magnetization. By doing so, we will see an exponential decay of the FID. In this case, the

solution of the Bloch equation is
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?2 relaxation view from the rotating frame
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mâgneti.ati0n llagnetization from individual nuclei

a

t

ffiNMRsignalwithdephasing.Foursnapshotsatincreasingtimeareshown.Thelightergreyanowistheaverage
magnetization of many individual spins' magnetization, which are represented by the darker grey arrows.

lnhomogeneities in the magnetic field will cause the spins ofthe individual nuclei to precess at different rates. All

nuclei's magnetizations start in the same direction, but as the individual nuclei gradually fall out 0f phase with one

another the net magnetic m0ment will decrease and the magnetizati0n in the xy-plane is lost with time.

ltu-,,\: lî,r,,' -*\ -, / \ '^)' '' ' (3 '67)

By fitting the measured data to this equation, we can extract T|. Here we have measured the

observed dephasing.

The values of Z1 and T2 are not entirely independent. Z2 is always smaller than 271

because relaxation induces some dephasing,

T2 < 271. (3.68)

However, typically, Tz 11, \.
We have described the noise using two parameters, T1 and Tz. Their effect on the density

matrix can be evaluated using the Kraus operators introduced in Chapter 2. However, a
detailed analysis of the number of parameters to describe the evolution (e.g. a gate) of a

quantum state of one qubit would tell us that 12 parameters are needed. Out of these 12

parameters, 3 correspond to the unitary part of the evolution and 9 to the nonunitary, or
the noisy, part. An astute reader might well ask why we have described only two of them
here. The answer is that in NMR and many other systems we have a symmetry around the
z-axis of the Bloch sphere (or the axis defined by the eigenstates of the Hamiltonian). This
symmetry reduces the number of noisy parameters to only two. For a multiqubit system,
every qubit has its own ft and 72, but can also have some correlations between these. As
the system grows, the number of parameters to describe the noise grows exponentially.

In NMR experiments, single-qubit gates are implemented on the order of microseconds,

and two-qubit gates are implemented on the order of milliseconds. The main limit to the
length of the experiment is the number of two-qubit gates. Experimentally 11 times are

on the order of a few seconds and T2 times are on the order of a second. Thus, quantum

0

\
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computations can be run before significant coherence is lost. As a result of their lengths, the

T2 time creates the upper bound on the length of the experiment and the Z1 time provides

the lower bound on the time needed to wait between experiments in order to reset the state.

The Larmor frequencies are of the order of hundreds of megahertz, so it takes about I ns

(nanosecond) for a nuclear spin to go around the xy-plane. The spins will rotate about one

billion times during a typical experiment. For NMR quantum information experiments where

the phase information is crucial, it is pretty impressive that the clock of the spectrometer

tracks these phases to a precision much better than one part in one billion.
It will also be useful to distinguish between technical and intrinsic sources of decoherence.

The first kind is decoherence caused by noise in classical control parameters. The variation

of the background magnetic field in the spectrometer or the power of the RF fields are

examples of this kind of noise. Intrinsic sources of decoherence can come from interactions

with elements of the environment that are necessarily present. In NMR, the predominant

sources ofnoise are technical.

3.8 Conclusion

We conclude this chapter with a summary of how we can use the nuclear spins of a solution

of molecules for quantum computing (Section 3.8.1), a discussion on the strengths and

weaknesses of computing with NMR (Section 3.8.2), and a brief discussion on the role of
entanglement in quantum computing (Section 3.8.3). For fui1her reading on NMR quantum

computing, see Laflamme et al. (2002) or Jones (2001), and on the physics of NMR, see

Levitt (2013).

3.8.1 Summary

In liquid-state NMR quantum computing, the qubits are encoded in the eigenstates of spin- j
nuclei in a magnetic field. The nuclei are part of a molecule. The number of nuclei in the

molecule with distinct Larmor frequencies determines the maximum number of qubits in
the computer. Single-qubit control is achieved through the application of RF pulses. The
pulse applies a torque to the nuclei's spin, rotating the spin, and thus changing the qubit's

state. Within the molecule, nuclei will interact via the -r-coupling. This coupling can be

regulated to implement two-qubit gates. Together these operations give us universal control.

Before an experiment, an NMR sample will be in a thermal state. We perform a nonunitary
action to this state to prepare it in a pseudo-pure state. To determine the qubits' final state,

we measure the magnetization of the nuclei in the xy-plane. Since the signal from a single
molecule is too weak to detect, we perform ensemble measurements of the many molecules

in the sample. Finally, the main sources of decoherences in NMR are thermal relaxation
(causing the signal to realign with the z-axis) and inhomogeneities of the magnetic field
(causing the nuclei from different molecules to precess at different frequencies).

An overview of the contents of this chapter is provided in Table 3. I .
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Criteria Realization

1. A scalable physical system

with well characterized qubits.

2. The abiliry to initialize the

3. A universal set of quantum
gates.

4. A qubit-specific measurement

capability.

5. Long relevant decoherence

times, much longer than the
gate operation time.

Qubit: Nuclear spins within a molecule with
different Larmor fr equencies.

Scalability: Limited by molecules and the

pseudo-pure state.

Pseudo-pure state.

state of the qubits to a simple
fiducial state.

One-qubit gate: Rabi oscillations with RF pulses.
Two-qubit gate: using the.r-coupling between
nuclear spins.

Ensemble measurements.

Decoherence time: seconds.

One-qubit gate time: microseconds.

Two-qubit gate time: milliseconds.

3.8.2 Relative Strengths and Weaknesses

NMR's technological maturity has endowed it with notable strengths for quantum computing
research' The fust is that commercial spectrometers are commonly available and have been
used long before the advent of NMR quantum computing. second the many years of
refinements have allowed for high-fidelity control and measurements. Many techniques for
spin control have since transferred to other quantum technologies. For example, the use
of composite and shaped pulses for improving gate fidelity originated with NMR. Today,
trapped-ion and superconducting qubits also benefit from these techniques. NMR quantum
computing's availability and high fidelity caused them to play a pivotal role in developing
quantum computing as a field. When skepticism for the field of quantum computing was
at ahigh, NMR quantum computers demonstrated many small-scale quantum algorithms.
Such algorithms include three-qubit quantum error correction, the Deutsch-Jozsa algorithm,
Grover's algorithm, and Shor's algorithm (for numbers with a few digits) and some quantum
simulations' Aside from its maturifi NMR also benefits from encoding the qubit in spin- j
nuclei. By doing so, one obtains a well characterized two-level system. In NMR, leakage tà
higher states is nonexistent, unlike in trapped-ions or superconducting qubits.

NMR'S key flaw is its scalability. This flaw has many causes. The first is a result of how
qubits are addressed, which is by their Larmor precession frequencies. An n -qubit sample
will require n precession frequencies that are sufficiently separated to allow for individual
control. The limited bandwidth thus creates a limit to the size of the system. The second

Ta:hle 3.1 A sunmary,of how a*MMR sputroraeter sôtiçfies earhcf the Oiryillæ*uûerite4a fol
$tantum{ornput}tiûn
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12-qubit sample for NMR quantum computing. The molecular structure 0f a type 0f dichloro-cyclobutanone,

specifically per-13 C label led (1 S,45,55)-7,7-dich l0ro-6-0x0-2-th iabicyclo[3.2.0] heptane-4-ca rbOxylic acid. The seven

carbon and five hydrogen nuclei can be used as qubits providing a 12-qubit quantum processor. The diagonal elements

are the chemical shifts (Hz), the off-diagonal elements are the/-c0uplings between two spins (Hz), and the bottom

r0ws contains the relaxation times 11 and { (seconds).

limit to scalability is from the pseudo-pure state. The system's polarization characterizes

the strength of the pseudo-pure state. It scales as 2-n , where ru is the number of qubits in
the system. This means that for a large system, the pseudo-pure state is undetectable. The

polarization could increase from cooling the system. Howeveq the needed cooling would
result in the sample solidifying. This would bring us to solid-state NMR, which brings
a different set of challenges. The polarization could also increase using a more powerful
magnet. But this quickly becomes technologically difficult. These are the major factors that
limit scalability. An NMR sample with 12 qubits, such as the one included in Fig. 3.14, is

one of the largest samples that has been used to date for NMR quantum computations.

NMR quantum computing has a few other challenges which are less pressing. Con-

sider the last DiVincenzo criterion. In NMR, the decoherence time is on the order of
l-10 seconds. Yet, the time for two-qubit gates is proportional -f , which for typical values

of J results in gates of a few milliseconds. This ratio of decoherence to gate time limits the

circuit depth achievable. Single-qubit gates are much shorter, on the order of microseconds.

Second in NMR quantum information processing, measurements are nonprojective and

done only at the end of computations. This first feature necessitates algorithms requiring
projective measurements to be reformulated. Measurements only occurring at the end of the

computation, compounded with how qubits are inilialized, means that the selective reset

of qubits during computation is impossible. This means that performing quantum error

C-13 labeled 12-qubit system

2--t

t-
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correction in NMR will require more qubits. A final criticism of NMR that has been brought
up is the lack of entanglement when only a few qubits are used.

3.8.3 Role of Entanglement in Quantum Computation

We conclude with a comment on the role of entanglement in quantum computation. Entan-
glement is lacking in NMR quantum cornputing experiments with less than a dozen qubits.
Sufficiently mixed states are separable and thus don't exhibit entanglement. The pseudo-pure
state is a highly mixed state and is separable for e < 2 f 22n , where n is the number of qubits. I

However, for polarizations above a certain threshold, e > 2 / Jt' , some entanglement is
possible.

In the early day of NMR quantum computing, a controversy arose from this lack of
entanglement. At the time, entanglement was taken as synonymous with being quantum.
The controversy arose when Artur Ekert and Richard Jozsa proved that a class of algorithms
that act on a pure state and don't perform any entangling gates can be simulated efÊciently
by a classical computer. However; this result only holds for pure states.

Interestingly, an incteasing amount of entanglement is not a sufûcient condition for mak-
ing the algorithm hard to simulate classically. The Gottesman-Knill theorem (Chapter 2)
states that computations with Clifford gates alone can be efficiently simulated classi-
cally. However, Clifford gates can generate entanglement. Thus, entanglement alone is
not sufficient for achieving a computational advantage.

Furthermore, an increasing amount of entanglement does not seem necessary for
achieving a computational advantage. This is demonstrated by the DQCl (Deterministic
Quantum computation with I qubit) model. DQCI uses a single qubit that's prepared
in a pseudo-pure and n - 1 other qubits which are in completely mixed states. By using a
controlled unitary gate, where the pseudo-pure state is controlling the other qubits, DQCI
can perform physics simulations that have no known efficient classical algorithms. A quan-
tum circuit for such a DQCl experiment is depicted in Fig. 3.15. Decl algorithms can

I e+az)

-;, 
ae(nlul)

2

I,
1n1

DQ(l algorithm. lt measures the trace of a unitary operator Ûthat can be efficiently implemented in a quantum

cOmputer. lt uses one qubit in a pseudo-pure, and n - 1 qubits in the completely mixed state. By measuring the state

ofthe first qubit, the trace ofthe operator can be found. This computation has no known efficient classical algorithm.

Thus, it seems that even without much entanglement, quantum computers can perform efficient tasks that classical

computers might not be able t0 carry Out.

1 For reference, e for the thermal state, using an I 1 .7 tesla spectrometer, is on the order of 10-5 for hydrogen.
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measure properties of quantum chaotic systems, knot invariants, partition functions, and
other quantities that are believed to be hard classically.

3.9 Exercises

3.1 Stored energy: Estimate the energy stored in the magnetic field of an NMR magnet.
Use the typical parameters of length: l0 cm, radius : 10 cm, number of windings :
104, and current : 100 A. For reference, a stick of dynamite contains about I MJ of
chemical energy. The energy of an inductor is -E' : LI2 /2, where Z is the inductance
and 1 is the current running through the inductor. The inductance of a solenoid is

1 - U,sN2Agf l,wherc p6 is the magnetic constant, N is the number of turns in the
coll,As is the cross section area ofthe coil, and / is the length ofthe coil.

3.2 Eigenstates of the Hamiltonian: Given the Hamiltonian

e : -Yt atl - 
h-n 

6et * htt{rz 
(ajtt61zt * &}rt6tzt + ô!tta<zt), (3.6e)

find the eigenstates and energy eigenvalues (also known as the eigenenergies) using
the computationalbasis. Showthattwo eigenstates are separable andtwo are entangled
states.

3.3 Composite pulses: Here we will explore how composite pulses can be used to mit-
igate the effect of small miscalibrations, denoted by e . The following two pulse
sequences are equivalentto R Qr) ifthe error was zero, € : 0:

(a) Ry(i + e)Ry(i * e); and

(b) R (i + e)R,(n +2e)Rr($ + e).

For an initial state l0), calculate the final state after pulse sequence a (denoted by

lrbà), after pulse sequence ô (denoted by llrùi, and after applying the ideal gate

rRr(z) (denotedby l{)). One way to compare how close two states are is by taking
the square of their inner product. This value is known as the fidelity and we study it
in Chapter 7:

Fp(lrlrl ,lQD : l\rhlûP. (3.70)

Using your software of choice, plot the fidelity betwe en ltbo)f and lg\ and plot the
fidelity between lt\ùy and lt|)1. Overlap these plots to show that the second pulse
sequence is more robust to miscalibration, i.e. that changes in e result in smaller

' changes to the fidelity.

(c) Challenge: Show that this fails when the initial state is not l0).
(d) Challenge: For a general initial state lry'), find a pulse sequence that works.

3.4 On- and off-resonance effects: For this exercise you can assume that the chemical
shift ô6s : g.

(a) What is the Larmor frequency for protons if 86 : 7 'f? If the length of a r 12
pulse on-resonance is / : I ms, compute the magnitude of the RF-field Br.
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(b) Now imagine that the pulse is detuned by 0.5 kHz away from the resonance
frequency, but we have the same magnitude B, and same pulse duration l. What
is the effect of the pulse?

(c) Show that an off-resonance pulse, lrt - ,rfl )) roa,will have no effect.

3.5 RWA and the Bloch equations: In this problem we will explore the validity of the
rotating-wave approximation by looking at numerical simulations of the semi-classical
Bloch equations. The Bloch equations are the equations of motion for the expectation
value of the magnetizalion in an NMR setup. Ignoring decoherence, they are

E : y(M x B), (3.71)

where rtI is the magnetizationof the sample and B is the applied magnetic field. For
the Rabi problem we assume yBz : @0, TBx :2apcos(69t), andyB, :0.
(a) Using the form ofÉ above, write out the Bloch equations as a set of coupled

differential equations for the components of ù. Using your favourite software
package, write a simple program to numerically integrate these equatiots. Note
that many packages, such as MATLAB, have built-in equation solvers.

(b) Taking o)0 : o) - l0crX with the initial condition M, : M0, Mx : My : 0,
integrate the Bloch equations long enough to see a few periods ofoscillations in
M".How does the numerical solution for M, compare to the analytical solution
derived in Section 3.3 using the RWA? Integrate the equations for a couple of
larger values of rop. How do the solutions change? Can you explain the small
oscillations that develop? Q{int: Ihink of counter-rotating terms.) Investigate
plots of M,(t) for at least three values of the ratio of as f ap and comment on the
behaviour.

3.6 Conjugating Z-rotations: Consider the following sequence of single-qubit rotations
and free evolutions:

(3.72)

Using the necessary commutation relations, move the Z-rotalions to the beginning of
the circuit. In what way would this problem become more complex if the rotations
were not rotations of integer multiples of n /2?

3,7 Universal single-qubit control: In Section 3.3.2we found the effect of an RF pulse
along the x-axis with a phase of S :0. We found the Hamiltonian for this pulse in
the rotating frame given by Îlr@ryt) is

î,r h.@t2 - a,tr1) ^ han 
^t, - -f ô* (3.73\

Prove that if the initial pulse was

B(t): BsZ + B,y cos(a4t - ô)î, e.74)

R,(n /2)
u(+)

Rr(n /2) R"(n /2)
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then the final Hamiltonian in that given frame of reference would have been

Èt- ftQt2-r't4)^ hntn: -ïo, - -f (cos(d)ô, + sin(d)ây). (3.js)

3.8 Refocusing: In the text we presented a refocusing scheme to simulate a process in
which two qubits are not evolving.

(a) Find a refocusing scheme for three qubits that stops just the first qubit from
evolving, i.e. one that cancels the effects of Jp and, Jp butnot Jy.

(b) Find a scheme that cancels all three couplings.
(c) How many pulses did your scheme require? How would your scheme's number

of pulses scale with the number of qubits? If it scales exponentially, can you
find a scheme that does not?

3.9 \ileak-coupling approximation: A rypical two-nuclear spin Hamiltonian is given by

î1, : -h-:t ô:\ - yL2 ô:'t + 
tuJr'' 

a(t) . aat. e.76)"2'222
Show that it can be approximated by

i{, : -ryô, ) - 
tuD;12 

ô:zt * holn ottotzt. (3.7i)" 2 ', 2 z ' 2 -', -'
when in the weak-coupling regime, Jn 11 lazt - o421. This approximation is
known as the secular approximation.

3.10 Generation oT the Bry field: Explain how the wires making the coil in Fig. 3.9
produce a magnetic field in the x-direction at the midpoint of the coil. This geometry
allows for the production of the field in the desired direction and makes it easier to
insert and remove samples.

3.11 FID and Fourier transform: In NMR experiments we measure the free-induction
decay (FID) and then perform a Fourier transform to get the NMR spectra.

(a) Denote the x- and y-components of the detected signal by S"(r) : So cos(a.ro/)

and $(r) : So sin(arof) in the absence of decoherence. What is the function for
the FID? What is its Fourier transform?

(b) In the presence of dephasing, .t(t) and ,Sy(r) both have an extra term, e-t/r2.
What is the function for the FID? What is its Fourier transform? Find the half-
width of the NMR spectra (the width of the Lorentzian at half its maximum
value).

3,'12 Measurements in NMR: consider a three-qubit experiment, where qubits 1 and
2 have coupling Jp and qubits 2 and 3 have coupling Jy. Both couplings can be

' resolved.

(a) Find a pulse sequence that uses only single-qubit rotations so that the signal you
measure on qubit 1 determines the matrix element ôr 8 ôr g ôr.

(b) Based on what you know about peak splitting for two qubits, what should the
three-qubit spectra from part (a) look like?

3.13 The initial state in NMR: The thermodynamic initial state in NMR is p :

"*p(-u 1nr) lz. *t',"r"the parririon tunction is Z : trlexp(-n tm)l For a field in
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the z-direction, the energy splitting for a nuclear spin is ho4, where rolis the Larmor
frequency.

(a) Calculate hallkT for T :300 K and ar : 500MHz.
(b) Justi$,the approximation p N l/2G - U1Wy.

3,14 rntensity of NMR signal: In an NMR sample, how does the ratio between spins up
and down depend on the external field Be? (Hint: Boltzmann factor.) Considering that
the maximum signal observed is proportional to the difference between the number of
spins that are up and down, what is the percentage of spins that can be detected with a
magnetic field Bo = 7 T? Study the difference if we study protons and 13c nuclei.

3.15 algorithmic cooling: In this exercise we explore algorithmic cooling, where we
eflectively cool one qubit by shifting some of its entropy to other qubits. Here we will
cool one qubit using two others. Each qubit is in contact with a bath and is in the state

^lPu: t
1+e

0

0

1-e (3.78)

(3.80)

The polarization of each

ôns: o[t) a ofl a pfi
qubit is P : tr[ôû,1: e . The state of the three qubits is

(a) If e > 0, show that the probability of being in the state l01l) is smaller than the
probability of being in ll00).

(b) It is possible to reduce the entropy of the first spin by swapping the state l0 1 I )
and ll00) with the unitary transformation:

î - lrooylrool _ l011X0l1l+ ll00X01tl+ l0nx100l . (3.7s)
show that the new density matrix is diagonal with the following diagonal
elements:

(1 + e)3

(1+e)21t-e;
(1+e)21t-e;

rafier
PI23 :

I

8

(1+€)2(1-€)
(l+e)1t-e)2
(1+e)1t-e;2
(1+e)1t-e;2

(l -.)3
(c) Find the reduced density matrix of the first qubit for small value of e :

É1o": trzztp?lï'l (3.81)
Show that the polarization (P : trlpô"1) is bigger after the swapping of states
operation (as long as e > 0).

(d) calculate the entropy of the first qubit before and after the swap operation.
RememberS: - trlptoeôl: -Dipilogp;, where the log is bàse 2 andp;
are the density matrices eigenvalues. show that the operation has reduced the
entropy ofthe first qubit.

(e) Show that the entropy ofqubits 2 and,3 has increased (for some e).


