
HW4

Wave equations

In class you showed that wave equations for massive particles manifest themselves through

projectors and the onshell condition. In this exercise you are asked to find wave equations

for different massive particle.

Spin 1
2

In the previous homework we showed that a massive spin particle, i.e. states |p, λ〉 with

λ = ±1/2 can be interpolated by the Dirac spinor

ψ(x) ≡ u±(~p)e−ipx = 〈0|Ψ(x)|p,±〉 (1)

Using explicit expressions show that wave functions ε±(0) (corresponding to the two polar-

izations) in the rest frame satisfy

mγ0u±(0)−mu±(0) = 0. (2)

Derive what this constraint corresponds to in an arbitrary reference. You should obtain the

Dirac equation

(i/∂ −m)ψ(x) = 0, (3)

in momentum representation,

Spin 1

Similarly for a vector field Aµ(x) which is used to interpolate for a massive spin 1 particle,

i.e. |p, λ〉 with p2 = m2 and λ = −1, 0, 1. The wave function

ψµ(x; p, λ) ≡ εµ(p, λ)e−ipx = 〈0|Aµ(x)|p, λ〉, (4)

in the reference frame satisfies

ε0(p̄, σ) = 0. (5)

Extending the constraint to an arbitrary frame show that the wave function satisfies

(� +m2)ψµ(x; p, s) = 0, ∂µψ
µ(x; p, s) = 0. (6)

Using two orthogonal projectors

ΠL
µν =

∂µ∂ν
�

, ΠT
µν = ηµν − ΠL

µν (7)

1. Prove that for α 6= 0 constraints (6) are equivalent just to one equation[
(� +m2)ΠT

µν + αΠL
µν

]
ψν(x; p, σ) = 0. (8)

2. Find α such that this equation becomes local (no inverse powers of �).
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Spin 2

Now consider a massive spin 2 particle, i.e. states |p, λ〉 with p2 = m2 and λ = −2,−1, 0, 1, 2.

A symmetric rank 2 tensor hµν(x) can interpolate for those states

ψµν(x) ≡ εµν(p, λ)e−ipx = 〈0|hµν(0)|p, λ〉. (9)

1. Find polarizations εµν(p̄, λ) in the rest frame and identify constraints that they satisfy.

Use the fact that ψµν can be decomposed as

0 + 0 + 1 + 2, (10)

of the rotation group.

2. Show that those constraints in an arbitrary reference frame can be written as

∂µψ
µν = 0, ψµµ = 0. (11)

3. Prove that the Fierz-Pauli equation

�ψµν − ∂σ∂µψσν − ∂σ∂νψσµ + ∂µ∂νψ + ηµν(∂λ∂σψ
λσ −�ψ) +m2(ψµν − ηµνψ) = 0, (12)

with ψ = ψµµ leads to the constraints you above.

4. Projectors constructed in the previous section correspond to spin 0 and 1 representa-

tions contained in
(
1
2
, 1
2

)
of ψµ. Using ΠL,T for each index of ψµν construct projectors

Π(2), Π(1), Π(01), Π(02) corresponding to representations of spin 2, 1 and 0 (two of them)

contained in (2, 2) of ψµν . You should get

Π(2)
µν,λσ = ΠT

µλΠ
T
νσ −

1

3
ΠT
µνΠ

T
λσ,

Π(1)
µν,λσ = ΠT

µλΠ
L
νσ + ΠL

µλΠ
T
νσ,

Π(01)
µν,λσ = ΠL

µνΠ
L
λσ = ΠL

µλΠ
L
νσ,

Π(02)
µν,λσ =

1

3
ΠT
µνΠ

T
λσ. (13)

There are also projectors that mix the two spin 0 representations:

Π(012)
µν,λσ =

1√
3

ΠL
µνΠ

T
λσ, Π(021)

µν,λσ =
1√
3

ΠT
µνΠ

L
λσ, (14)

satisfying

Π(012)
µν,λσΠ(021)λσ

ρτ = Π(01)
µν,ρτ , Π(021)

µν,λσΠ(012)λσ

ρτ = Π(02)
µν,ρτ . (15)
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5. Write the Fierz-Pauli equation in terms of those projectors. Start by rewriting the

mass term as

ψµν − ηµνψ = (ηµληνσ − ηµνηλσ)ψλσ, (16)

and use the following two completeness relations

Π(2)
µν,λσ + Π(1)

µν,λσ + Π(01)
µν,λσ + Π(02)

µν,λσ = ηµληνσ. (17)

and

ηµν = ΠT
µν + ΠL

µν . (18)

3


