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Fermi Pasta Ulam Tsingou Paradox (1953)

A chain of harmonic oscillators, coupled with nonlinear couplings 
 

A nonintegrable system, should thus approach thermal equilibrium 

One of the first computer experiments in history 

Big surprise: The system does not thermalize, despite the nonintegrability 

Seminal work leading KAM Theory etc, ... 

Quantum world ?



Quantum World: Two experimental examples

Collapse and Revival of a superfluid

© 2006 Nature Publishing Group 

 

A quantum Newton’s cradle
Toshiya Kinoshita1, Trevor Wenger1 & David S. Weiss1

It is a fundamental assumption of statistical mechanics that a
closed system with many degrees of freedom ergodically samples
all equal energy points in phase space. To understand the limits of
this assumption, it is important to find and study systems that are
not ergodic, and thus do not reach thermal equilibrium. A few
complex systems have been proposed that are expected not to
thermalize because their dynamics are integrable1,2. Some nearly
integrable systems of many particles have been studied numeri-
cally, and shown not to ergodically sample phase space3. However,
there has been no experimental demonstration of such a system
with many degrees of freedom that does not approach thermal
equilibrium. Here we report the preparation of out-of-equili-
brium arrays of trapped one-dimensional (1D) Bose gases, each
containing from 40 to 250 87Rb atoms, which do not noticeably
equilibrate even after thousands of collisions. Our results are
probably explainable by the well-known fact that a homogeneous
1D Bose gas with point-like collisional interactions is integrable.
Until now, however, the time evolution of out-of-equilibrium 1D
Bose gases has been a theoretically unsettled issue4–6, as practical
factors such as harmonic trapping and imperfectly point-like
interactions may compromise integrability. The absence of damp-
ing in 1D Bose gases may lead to potential applications in force
sensing and atom interferometry.
To see qualitatively why 1D gases might not thermalize, consider

the elastic collision of two isolated, identical mass classical particles in
one dimension. Energy and momentum are conserved only if they
simply exchange momenta. Clearly, the momentum distribution of a
1D ensemble of particles will not be altered by such pairwise
collisions. The well-known behaviour of Newton’s cradle (see
Fig. 1a) is most easily understood in this way. Even when several
balls are simultaneously in contact, particles in an idealized Newton’s
cradle just exchange specific momentum values, though the expla-
nation is more subtle7. Generalization of the Newton’s cradle to
quantum mechanical particles lends it a ghostly air. Rather than just
reflecting off each other, colliding particles can also transmit through
each other. When the particles are identical, the final states after
transmission and reflection are indistinguishable.
In general, correlations and overlap among 1D Bose gas wavefunc-

tions complicate the picture of independent particles colliding as in a
Newton’s cradle. In fact, there are circumstances in which 1D
momentum distributions are known to change in time. For example,
when weakly coupled bosons are released from a trap, the conversion
of mean field energy to kinetic energy changes the momentum
distribution. In the Tonks–Girardeau limit of infinite strength
interactions8, although the 1D bosons interact locally like non-
interacting fermions, their momentum distribution is not fermio-
nic9,10. When a Tonks–Girardeau gas is released from a trap and
expands in one dimension, its momentum distribution evolves into
that of a trapped Fermi gas11–13. The quantum Newton’s cradle view
of particles colliding with each other and either reflecting or
transmitting can only be applied when the kinetic energy of the
collision greatly exceeds the energy per atom at zero temperature at

the prevailing density14. The collisions that we study satisfy this
criterion well. Our observations extend from the Tonks–Girardeau
regime, where only pairwise collisions can occur15, to the intermediate
coupling regime, where there can be three- (or more) body col-
lisions15–17. In both regimes, atoms that are set oscillating and colliding
in a trap do not appreciably thermalize during our experiment.
We start our experiments with a Bose–Einstein condensate (BEC)

loaded into the combination of a blue-detuned two-dimensional
(2D) optical lattice and a red-detuned crossed dipole trap (see
Methods). The combination of light trapsmakes a 2D array of distinct,
parallel Bose gases, with the 2D lattice providing tight transverse
confinement and the crossed dipole trap providing weak axial trap-
ping11. The dynamics within each tube of the 2D array are strictly 1D
because the lowest transverse excitation, "q r (where q r/2p ¼ 67 kHz
is the transverse oscillation frequency), far exceeds all other energies in

LETTERS

Figure 1 |Classical and quantumNewton’s cradles. a, Diagram of a classical
Newton’s cradle. b, Sketches at various times of two out of equilibrium
clouds of atoms in a 1D anharmonic trap,U(z). At time t ¼ 0, the atoms are
put into a momentum superposition with 2"k to the right and 2"k to the
left. The two parts of the wavefunction oscillate out of phase with each other
with a period t. Each atom collides with the opposite momentum group
twice every full cycle, for instance, at t ¼ 0 and t/2. Anharmonicity causes
each group to gradually expand, until ultimately the atoms have fully
dephased. Even after dephasing, each atom still collides with half the other
atoms twice each cycle.
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Quantum Newton’s craddle



Experimental Motivation: Ultracold bosons in an optical lattice 

Short time behavior 
Light-cone effect:  
spreading of correlations  
entanglement entropy 

Long time behavior 
Properties of steady state ? 
Is the steady state already “thermal” ?

Outline



Bosonic atoms: tunneling between wells and interaction within the same well:

Optical lattices and Hamiltonian
Greiner and Fölling, Nature 2008

M.P.A. Fisher et al, PRB ‘89 
D. Jacksch et al. PRL ‘98
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Bose-Hubbard model

Transition from Superfluid at large J/U  
to Mott Insulator at small J/U (Integer filling)

Superfluid

Mott

Mott
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Superfluid versus Mott-Insulator

Quantum states of bosons and their fingerprint in “time-of-flight” images

Greiner and Fölling, Nature 2008

⇥b†i bj⇤ � ⇥b†i ⇤⇥bj⇤ ⇥b†i bj⇤ � 0

Superfluid Mott Insulator



Sudden increase of the interaction strength from small to large value 

Time dependence of time-of-flight images:

Quench from the Superfluid to Mott Insulator

Greiner et al, Nature 2002

Collapse and Revival ! Suppressed at longer times.

U/J

t



Our Quench Setup

 Linear chain (up to L=64) / occasionally square lattice 

 J is kept constant (J=1) 

 Preparation in ground state at Uinitial, typically in the superfluid (Uinitial < Ucrit=3.37) 

 Time evolution of this state using new Hamiltonian at Ufinal


  Time evolution is performed numerically using Exact Diagonalization and t-DMRG
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 It is expensive to obtain the full propagator  

 Krylov methods exist to approximate the propagator for a given state   
 One can get the time propagated state          with only                  operations. 
 
 
 
 
 
 

 Calculate matrix exponential of HN, instead of the full Hamiltonian 

 Time evolution of quantum systems with up to 108 degrees of freedom (dim H) 

Exact Diagonalization 
Real-Time Dynamics

exp[−itH]

|ψ(0)〉
|ψ(t)〉 |v� = H|v�

Lanczos algorithm

General facts

! Developed by Cornelius Lanczos in the 1950s

! Fast convergence of extremal (smallest or largest) eigenstates

! Simple iterative algorithm (only sparse MVM), low memory requirements

! Belongs to the class of Krylov space methods

Algorithm

! Starting from random |φ0〉 build a tridiagonal matrix with:

|φ′〉 = H|φn〉 − βn|φn−1〉 ,

αn = 〈φn|φ′〉 ,

|φ′′〉 = |φ′〉 − αn|φn〉 ,

βn+1 = ||φ′′|| =
√

〈φ′′|φ′′〉 ,

|φn+1〉 = |φ′′〉/βn+1 ,

H̃N =
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Park & Light, J. Chem. Phys 1986



Numerical Methods: 
tDMRG

 t-DMRG (large systems L=100++, but relatively short times) 

 Adaptive control of the optimal Hilbert space as time 
 evolves. 

 Maximum time depends on entanglement growth. 

 More refined approaches can reach larger times 

 Light-cone MPS 

 Heisenberg picture 

 TDVP simulations pushed to long times ?

G. Vidal PRL ’03 
A. Daley et al., JSTAT ’04 

S. White & A. Feiguin, PRL ‘04

M. Hastings, J. Math.  Phys. 2009 
M.C. Bañuls, et al., PRL 2009 

M.C. Bañuls, et al., arXiv:1007:3957 

M. Hartmann et al., PRL 2009



Our Quench Setup

 Linear chain (up to L=64) / occasionally square lattice 

 J is kept constant (J=1) 

 Preparation in ground state at Uinitial, typically in the superfluid (Uinitial < Ucrit=3.37) 

 Time evolution of this state using new Hamiltonian at Ufinal
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Experimental Motivation: Ultracold bosons in an optical lattice 

Short time behavior 
Light-cone effect:  
spreading of correlations  
entanglement entropy 

Long time behavior 
Properties of steady state ? 
Is the steady state already “thermal” ?

Outline



Superfluid correlation
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C. Kollath, AML, E. Altman, PRL 2007

 Pronounced collapse and 
 revival. Relaxation to 
 steady state at later times 

 Collapse and revival  
 controlled by U  

 Relaxation faster for 
 larger bandwidth (1D/2D)



Space-time dependence of correlators

 Correlation functions at different spatial separations:
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Lightcone / Horizon effect

 More distant sites see correlation signal pass at later times. Linear relation.
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von Neumann Entanglement Entropy (first static)

 Saturation of vN EE in gapped phase 

 Logarithmic divergence in critical 
 phase (single component c=1)

J.S
tat.M

ech.
(2008)

P
05018

Correlations and entanglement after a quench in the Bose–Hubbard model
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Figure 1. Left panel: the static von Neumann block entropy SL(l) for an open
system of length L = 1024 and a range of different interaction values U/J , located
in the superfluid and the Mott-insulating phases. The average filling is n = 1.
Right panel: the same data as a function of the logarithmic conformal distance
λ := log[(2L/π) sin(πl/L)]. The linear behaviour of the curves of U/J = 1, 2
and 3 reveals the c = 1 critical theory. The rapid saturation of the entropy for
U/J = 4 and 5 is a consequence of the short correlation length in the Mott-
insulating phase.

Here log g is the boundary entropy of Affleck and Ludwig [30]. Note that an oscillating
correction term beyond the conformal field theory prediction (3) has been found for
open boundary conditions in the critical phase of the S = 1/2 XXZ spin model [31].
This is a specific example of Friedel-like oscillations decaying away from the boundaries.
These, in turn, lead to an oscillating, algebraically decaying correction term to the block
entropy. In the case of the Bose–Hubbard model considered here, which is not particle–
hole symmetric, the open boundaries can induce a slightly non-uniform particle density,
but the amplitude of the difference with respect to the nominal density decays rapidly
away from the boundaries. The effect is most pronounced for small U/J and becomes
negligible for large U/J . This inhomogeneous particle density distribution is therefore
expected to affect the entanglement entropy on small open systems.

For stronger interactions the quantum phase transition to the Mott-insulating phase
takes places. The Mott-insulating state is characterized by an energy gap above the ground
state and has a finite correlation length ξ. For gapped systems with a finite correlation
length ξ, the block entropy is expected to saturate at a finite value SL(l) ∼ log(ξ) for
l " ξ [32, 14].

We show in figure 1 the von Neumann entropy of the static Bose–Hubbard model with
open boundary conditions for different interaction strengths U/J obtained using DMRG
calculations on a system of length L = 1024. In the left panel we show the entropy as a
function of the block length l, while in the right panel we rescale the x axis according to the
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Correlations and entanglement after a quench in the Bose–Hubbard model
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Figure 2. Difference ∆S(L) = SL(L/2) − SL/2(L/4) versus U/J for different
system lengths L at average filling n = 1. For U/J < uc the expected scaling
behaviour ∆S = c/6 log 2 with c = 1 is seen. In the L → ∞ limit the data
converges to a step function located at uc. The vertical line shows the previously
obtained critical values uc ≈ 3.37(12) [33] (black line with grey uncertainty) and
uc ≈ 3.380(4) [34] (red line) for comparison. The deviation of small system length
for U ≤ 2J stems from the inhomogeneous density distribution due to the open
boundaries and is not captured in the CFT approach. Inset: ∆S as a function
of 1/L for selected values of U/J close to the phase transition.

4. Description of the parameter quench

We implement the quench by an abrupt change of the interaction strength from an initial
value Ui to a final value Uf at fixed hopping parameter J at time t = 0. In most cases
we start from a superfluid phase (Ui/J < uc) and change to the Mott-insulating regime
(Uf/J > uc). The initial wavefunction |ψ0〉 for t ≤ 0 is the ground state of the Hamiltonian
Hi = H(J, Ui). We investigate its time evolution for times t > 0 subject to the Hamiltonian
Hf = H(J, Uf). The time evolution of the wavefunction is governed by the Schrödinger
equation, i.e.

|Ψ(t)〉 = exp(−iHft)|Ψ0〉.
The time evolution of expectation values of relevant operators can be expressed as

〈Ô(t)〉 =
∑

m,m′

c∗mcm′ exp[−i(Em − Em′)t]〈m|Ô|m′〉. (5)

Here |m〉 are the eigenstates of the final Hamiltonian Hf and Em the corresponding
energy eigenvalues. The expansion of the initial state |ψ0〉 into the eigenstates of the
final Hamiltonian, i.e. |ψ0〉 =

∑
m cm|m〉 with the weights cm, is used. In a realistic

case the tunnelling between lattice sites and the interaction strength are non-zero and to
determine the time evolution of the wavefunction is not an easy task. We calculated the
time evolution numerically using ED and DMRG methods and analytical approximations
in certain limits.

doi:10.1088/1742-5468/2008/05/P05018 7

 Entropy increase upon system doubling   
 reveals the phase transition quite 
 accurately.

AML and Kollath, JSTAT ‘08

SA = TrA[��A log �A]



Entanglement time evolution 
 von Neumann entropy of a block A consisting of l sites
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Entanglement time evolution 
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 Linear growth in time first, then saturation to value proportional to l

Related systems: Barmettler et al., PRA 2008, Manmana et al. PRB 2009



Experimental Motivation: Ultracold bosons in an optical lattice 

Short time behavior 
Light-cone effect:  
spreading of correlations  
entanglement entropy 

Long time behavior 
Properties of steady state ? 
Is the steady state already “thermal” ?
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Relaxation

Properties of the steady state after the relaxation
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Weak Quench: Looks “thermal”
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Deep Quench: non-thermal / memory effect ?
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Quench depth dependence

 Appearance of a seemingly   
 non-thermal steady state at   
 large Ufinal 

 Why is this ?  
 (Non)-Integrability ? 
 atypical eigenstates targeted ? 
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Back to the roots	

 At                                       , and long time averages are given by: 
 
 
 
 
 
 
 
 
 

 Thermalization: 
 von Neumann 1929

Thermalization Conundrum
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Eigenstate thermalization hypothesis (ETH)

 Deutsch (91), Srednicki (94) 
 
 
 
 

 Rigol, Dunjiko, Olshanii, Nature 2008
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Quench: Overlap with Uf eigenbasis
 Extensive amount of energy pumped into the system through the quench
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Quench: Cumulants of overlaps

 Cumulants of Quench distribution: low cumulants approach Gaussian 
 values (as in CLT) 
 
 
 
 
 
 
 
 
 
 
 
 

 What do very high moments do ? Does some structure survive ?
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ETH: G1 of eigenstates at U/J=1

 at small U rare states seem to absent already for small system sizes.
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ETH ?: G1 of eigenstates at U/J=10
 Full diagonalization results for small systems
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Thank you for your attention !


