EPFL - Physics’ section Mathematical methods in quantum physics

Exercice sheet 2

’ Fréchet spaces and continuous maps ‘

1. Let (X, d) be a metric space. Show that
Tp:={U CX : Ve eU, Ir>0st. B(z,r) CU}

defines a topology on X. Show that if (zy)ren is a sequence in X so that limy d(x, xy) =
0, then lim; d(zy, zx) = d(x, z,) for all k € N.

For (X,d) a Fréchet space, show that for n € N* and r > 0, nB(0,7) C B(0,nr)
(nB(0,7) :={ny : y € B(0,1)}).

2. Let {||||n}nen be a family of norms on a vector space V. Show that

d(v,w) = Y gl

& 1+ |l —w],

defines a translation invariant distance on V' (what can you say about the real

4 x
function Ry >z — 7).

Show that in the case of V = S(RY) one has 74 = 7s.

3. Let ¢ : R — R/Z be the quotient map. Identify any z € S' with some x € R/Z.
This permits one to identify any f € C*(S') with the periodic smooth function

foqe C*R).
For a compact K C S* let C*(S*\ K) := {f € C~(S') : Va € NV, 9°f| . = 0}.
On C>=(S'\ K) consider the norms

Pa(f) = maxgeny {110 flloo}-

Show that (C*(S'\ K), {pn}nen) is a Fréchet space.

4. Let T : S(RY) — S(RY) be a linear map. Show that the following statements are
equivalent:

(a) T is continuous

(b) For any norm || ||, there is a positive constant C' and a norm ||||,,,, so that for
any f € SRY), IT(f)lln < Cllfllm-

(c¢) For any sequence (fx)ren, if limg fr = 0 for 7s, then lim T'(f) = 0 for 7s.

(d) For any sequence (fi)ren, if limy, fr = f € S(RY) for 75, then limy T'(fy) =
T(f) for 7s.

5. Show that if the sequences (fi)ren; (gr)ren € S(RY) converge for 75 to f and g
respectively, then one has limy frgr = fg and limg(fx + gx) = f + g.
Show that if the sequences (¢ )ren, (k)ren C S'(RY) converge for 7(S'(RY, S(RY))
to ¢ and 7 respectively, then one has limg(¢r + %) = @ + 7.
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. Prove that if T': S(RY) — S(RY) is a continuous linear map, then

T':S'RY) = S'RY), (T'¢)(f) = ¢(Tf)
is well-defined and continuous for 7(S'(RY), S(RY)).
Prove that for a given o € N, the maps
SRM) > fr=0"feSRY) and SERY) 3 f(z)— 2°f(z) € S(RY)
are continuous for 7s.

The Poincaré group is defined as the set of couples (A,d) € My(R?) x R?, so that
A'nA = n, where n = diag(1, —1,—1,—1). The group product is defined as (A1, d;) -
(Ao, dy) == (A1Ag, dy + Aidy).

Define the action of this group on S(R*) by

SRY) 5 f(x) = (A, d) o f)(@) == f((A,d) ")

and show that this action is continuous for 75s.
(Hint: for a linear map ¢ : RY — RY and a function f € C*°(RY), Faa di Bruno’s
formula reads

fe 1 6 T )
Pirog)= Y @Dy Y a] (%
BeNL Y1y YNENT, =1 J
V1<j<N, |7j|:aj7
Z;'Vzl =8

)

. Let f,g € S(RY) and let h € LYRY, uz).Show that f* h € C®(RY) and that

f*g € S(RY) again.

(Hint: for differentiability, you might wanna use dominated convergence and Rolle’s
theorem.)

Prove then that for « € NV, 9%(f x g) = (0°f) x g and that S(RY) 5 g+ f * g is
continuous for 7s.

. For a given Schwartz function f, show that for any n € N, there is a constant C,, ;

and a function h(y) with limy, o h(y) = 0, so that

[+ 2)"(f(x+y) = f(@)]eo < Cnphly).

Let (d,(z))nen be a Dirac sequence. Use the previous estimation to show that

Vn € N, hlgnmf—dk*fmn = 0.

Let (d,(z))nen be a Dirac sequence. Prove that the functionals

S(RY) 35 6,(f) = /N(dn « Fu(da)
R
converge in the weak® topology to ;.
Show that for € S'(RY), (d,,*¢)nen defines a sequence of C*°-functions converging
to ¢ for the topology 7(S'(RY), S(RY)).



