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Exercice sheet 2

Fréchet spaces and continuous maps

1. Let (X, d) be a metric space. Show that

τd := {U ⊂ X : ∀x ∈ U, ∃r > 0 s.t. B(x, r) ⊂ U}

defines a topology onX. Show that if (xk)k∈N is a sequence inX so that limk d(x, xk) =
0, then liml d(xl, xk) = d(x, xk) for all k ∈ N.
For (X, d) a Fréchet space, show that for n ∈ N∗ and r > 0, nB(0, r) ⊂ B(0, nr)
(nB(0, r) := {ny : y ∈ B(0, r)}).

2. Let {∥∥n}n∈N be a family of norms on a vector space V . Show that

d(v, w) :=
∑
n≥0

2−n ∥v − w∥n
1 + ∥v − w∥n

defines a translation invariant distance on V (what can you say about the real
function R+ ∋ x 7→ x

1+x
?).

Show that in the case of V = S(RN) one has τd = τS .

3. Let q : R → R/Z be the quotient map. Identify any z ∈ S1 with some x ∈ R/Z.
This permits one to identify any f ∈ C∞(S1) with the periodic smooth function
f ◦ q ∈ C∞(R).
For a compact K ⊂ S1 let C∞(S1 \K) := {f ∈ C∞(S1) : ∀α ∈ NN , ∂αf

∣∣
K

= 0}.
On C∞(S1 \K) consider the norms

pn(f) := maxα∈NN
≤n
{∥∂αf∥∞}.

Show that (C∞(S1 \K), {pn}n∈N) is a Fréchet space.

4. Let T : S(RN) → S(RN) be a linear map. Show that the following statements are
equivalent:

(a) T is continuous

(b) For any norm ∥ ∥n, there is a positive constant C and a norm ∥∥m, so that for
any f ∈ S(RN), ∥T (f)∥n ≤ C∥f∥m.

(c) For any sequence (fk)k∈N, if limk fk = 0 for τS , then limk T (fk) = 0 for τS .

(d) For any sequence (fk)k∈N, if limk fk = f ∈ S(RN) for τS , then limk T (fk) =
T (f) for τS .

5. Show that if the sequences (fk)k∈N, (gk)k∈N ⊂ S(RN) converge for τS to f and g
respectively, then one has limk fkgk = fg and limk(fk + gk) = f + g.
Show that if the sequences (φk)k∈N, (ηk)k∈N ⊂ S ′(RN) converge for τ(S ′(RN ,S(RN))
to φ and η respectively, then one has limk(φk + ηk) = φ+ η.
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6. Prove that if T : S(RN) → S(RN) is a continuous linear map, then

T t : S ′(RN) → S ′(RN), (T tφ)(f) := φ(Tf)

is well-defined and continuous for τ(S ′(RN),S(RN)).
Prove that for a given α ∈ NN , the maps

S(RN) ∋ f 7→ ∂αf ∈ S(RN) and S(RN) ∋ f(x) 7→ xαf(x) ∈ S(RN)

are continuous for τS .

7. The Poincaré group is defined as the set of couples (Λ, d) ∈ M4(R4) × R4, so that
ΛtηΛ = η, where η = diag(1,−1,−1,−1). The group product is defined as (Λ1, d1) ·
(Λ2, d2) := (Λ1Λ2, d1 + Λ1d2).
Define the action of this group on S(R4) by

S(R4) ∋ f(x) 7→ ((Λ, d) ◦ f)(x) := f((Λ, d)−1x)

and show that this action is continuous for τS .
(Hint: for a linear map φ : RN → RN and a function f ∈ C∞(RN), Faà di Bruno’s
formula reads

∂α(f ◦ φ) =
∑

β∈NN
=|α|

(∂βf)(φ(x))
∑

γ1,...,γN∈NN ,
∀1≤j≤N, |γj |=αj ,∑N

j=1 γj=β

α!
N∏
j=1

1

γj!
(
∂φ(x)

∂xj

)γj .

)

8. Let f, g ∈ S(RN) and let h ∈ L1(RN , µL).Show that f ∗ h ∈ C∞(RN) and that
f ∗ g ∈ S(RN) again.
(Hint: for differentiability, you might wanna use dominated convergence and Rolle’s
theorem.)
Prove then that for α ∈ NN , ∂α(f ∗ g) = (∂αf) ∗ g and that S(RN) ∋ g 7→ f ∗ g is
continuous for τS .

9. For a given Schwartz function f , show that for any n ∈ N, there is a constant Cn,f

and a function h(y) with lim|y|→0 h(y) = 0, so that

∥(1 + x · x)n(f(x+ y)− f(x))∥∞ ≤ Cn,fh(y).

Let (dn(x))n∈N be a Dirac sequence. Use the previous estimation to show that

∀n ∈ N, lim
k

|||f − dk ∗ f |||n = 0.

10. Let (dn(x))n∈N be a Dirac sequence. Prove that the functionals

S(RN) ∋7→ δn(f) :=

∫
RN

(dn ∗ f)µL(dx)

converge in the weak∗ topology to φ1.
Show that for φ ∈ S ′(RN), (dn∗φ)n∈N defines a sequence of C∞-functions converging
to φ for the topology τ(S ′(RN),S(RN)).


