EPFL - Physics’ section Mathematical methods in quantum physics

Exercice sheet 1

Schwartz space and tempered distributions

1. Prove the Riesz & Fréchet theorem, namely, that given a Hilbert space H, the
anti-linear map

J:H>z— (x, )=:J(x) € H
is an isometric isomorphism.

(Hint: if V C H is a closed subspace, then H =V & V1))

2. Let H be a Hilbert space and consider a Banach space B. Prove that any continuous
and linear map § : D — B, defined on a dense set D C H has a unique and isometric
extension £ : H — B.

3. Let V' be a K—vector space and let || |12:V — Ry be two norms:
(a) Show that if Vo € V, [|z]y < [|z|]2, then {z € V : ||z|s < 1} C {z € V :
]l < 13-

(b) Show that the topology 7 defined by || ||2 is finer than the topology 71 defined
by || |1, i.e. 71 C 7o. Prove as a consequence, that any sequence (x,,)pen C V
converges for 7y if it does so for 7.

(c) Show that if W is a K—vector space with a topology 7y and if f: V — W is
a continuous map with respect to 7, then f is also continuous with respect to
T3.

(d) Show that if in addition, there is a positive constant C' so that Vx € V| ||z|| <
Cllz||1, then 7 = 7o.

4. (a) For f,g € C*(RY) and o € NV with |a| < n, show that
(o) = X (§)0 @)
B,YENN, B

fy=a

(b) Show that the cardinality of the set N¥, := {a € NV : |a| <n}is ("*V).
(Hint: define NY, := {o € NV : |a| = k} and observe, that NY = Up_(M_y.)

5. Let X be a K—vector space endowed with a family {|| ||;},e; of norms. For e > 0,
x € X and {ji1,...,jn} C I, one defines

Usejiodn =yeX : Ve=1,...,n, |ly — z||;, <e€}.
Show that the collection of all subsets U C X, so that

Ve e U, 3> 0, 3{j1,....dn} CIst. Upejy,iu CU
is a topology 7x on X, i.e.:

e VF C 7x, |F| € N implies NyerU € 7x,
o VF C TX, UUE}'U € Tx.
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10.

. Let (fi)ken C S(RY) be a sequence which is Cauchy for all the norms || |[[,. Show,

that this sequence converges to some f € S(RY) for 7.

(Hint: you might wanna use the completeness of spaces like C'(K) or Cy(K) for the
uniform norm || || on a compact set K and the uniform continuity of the Riemann
integral.)

Let g € L2 (RN, pu). For x € RN set B, == {y € RY : y = dxst. § € [0,1]V}.
Show that the function

RY 5 2 o G(z) = sgn(z) / o(y) iz (dy)

x

is well-defined, continuous and polynomially bounded. If f € S(RY), show that

[, @0 f@natin) = (<" [ g(arsie)us(do)

RN

(Hint: for the second part, show it first when g(x) = HkN:1 gr(zx) and all gi(t) are
continuous and compactly supported on R. Use then a density argument.)

. Find an n € N and continuous and polynomially bounded functions (ga())aeny

on R, so that
of)= 3 / 0a(2)0° f ()11 (d)
for _
(a) ¢ =d(x),

(b) o =pv.().

Can you find more than one such representations?

. Prove that sequence (hp)gen+ C S'(R) converges in the weak® topology to ¢ €

S'(RY) for
(a) ¢ =d(x) and hy(x) = 1[_171]§€—k|x\’
(b) ¢ =pv.(3) and hy(z) = 5=

Prove that the weak* topology on S'(R") is a topology (see exercice 5).
Prove that §'(R”) is complete when endowed with this topology.



