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1 Introduction: ML & Physics

This course aims to introduce the foundations of Machine Learning (ML) to physicists. Students will learn to use

ML as a tool for physics and sciences, think in a data-oriented way, and understand the foundations of ML methods®.
The course will heavily utilize linear algebra notation, which students are encouraged to review if rusty, as it will

be used throughout.

1.1 Machine Learning Problem types and Terminology

We will start by discussing types of problems typically solved with Machine Learning methods.

1.1.1 Supervised learning

This approach uses a training set of labeled data samples to train models that predict the labels of new samples.

Examples:

A) Image Classification (Cats & Dogs). Given labeled images (+1 for cat, -1 for dog), find a function that
correctly classifies new, unseen images.

B) Patient Survival Prediction, Given past patient data (medical images, blood tests, surgery results, etc.) and
their survival times after a new treatment, learn a function to predict the survival time of a new patient.

Data: A training set consisting of
e samples: Xu € R? (e.g. pixels of the images or age, weight and blood pressure of the patient),
e corresponding labels: y, € S, where the set S depends on the type of the problem:

— Regression. y, € R (e.g.)

— Classification. y,, is in some finite set of classes, such as {—1,+1} (cat label or dog label) or {1,2,...,k}
(distinguishing handwritten digits).

Goal: To find a function f : R — S such that f(X,) = y,.

1.1.2 Unsupervised Learning

This approach uses a dataset with no predefined labels.

Examples:

C) Protein sequence generation. Given existing protein sequences data, generate new protein sequence with
similar properties.

D) Cell type classification from gene expression. Based on gene expression patterns of various cells (without
prior labels), group them into different cell types. This cell types can later be assigned meaningful labels, e.g.
bone cell, brain cell, etc., without manually labeling all samples one by one.

Types of unsuperivsed learning:

e Dimensionality Reduction / Representation Learning: Aims to represent high-dimensional data in a
more concise or useful shorter vector, preserving essential information. A type of representation learning is
clustering, which aims to group data into types/clusters.

e Generative Models: Aims to generate new data points that share properties with the existing dataset, e.g.
generating protein sequences.

L After this course you won’t be able to build a model like ChatGPT. The aim is to provide a foundational understanding similar to
learning Maxwell equations for building an iPhone, enabling students to understand the underlying principles of complex systems like
ChatGPT



1.1.3 Self-Supervised Learning:

This approach is predominant in modern ML. It utilizes pieces of training data as labels to solve unsupervised
learning tasks using methods similar to those employed for supervised learning. For example, ChatGPT is trained
this way by predicting the next word in a text, where the next word acts as the ”label”.

1.1.4 Reinforcement Learning
Examples:

E) Learning to play Go. Teach a computer to play the complex board game Go, eventually beating human
players.

F) Teaching a robot to walk. Develops an effective walking strategy for a robot no with no prior knowledge of
how to coordinate its joints.

In reinforcement learning, the system learns through interaction with an environment. Instead of using training data
in the usual sense, the model, called an agent, learns optimal behavior by taking actions in an environment, receiving
rewards or penalties, and adjusting its strategy through trial and error to maximize total reward over time

1.2 Structure of the course

In this course, we will start with basic supervised learning methods (linear regression and classification) then proceed
with basic unsupervised methods (principal component analysis, Bayesian inference, clustering). We will then go
back to more advanced supervised learning (kernel regression, and learning with deep neural networks), and finish
with advanced unsupervised methods involving some type of self-supervision (auto-encoders, next-token prediction,
diffusion generative models). The course does not cover reinforcement learning.

2 Linear regression

Linear regression is a foundational model in Machine Learning. In this section, we discuss the model itself and
introduce several important concepts that apply across all other Machine Learning settings.

2.1 Intuitive Introduction

A very common task while performing a physics experiment is to fit a straight line through measured points. For
example, suppose we measured position y of an object at time z and got n data pairs {(zu,yu)}ﬁ:l. Now we can
use this data and fit a line

y(z) = w1z + wo (2.1)

through the points, motivated by one of the following goals:

A) Prediction. Use given data to make predictions about previously unseen samples (what will be the position
at time Zpew?)

B) Estimation. Find the parameter of the model, that has a meaningful interpretation (parameter w; in this
model is the speed of an object).
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Figure 1: Example of linear regression showing sample data points, fitted regression line, and residuals.

In general, relationship (2.1) will not hold precisely, which is modeled through residuals {e,}},_;. Thus, the model
takes form:
Yu = W12y + Wwo + €. (2.2)

2.2 Least Squares Method

Now, the goal is to find the parameters of the model that would best describe the relationship between observed
times and positions (intuitively, plot a line that is as close to all the measured points as possible, see Figure 1). Most
commonly, this is done by defining a loss function that quantifies the error between the model’s predicted output
and the actual measured value.

One broadly used loss function is Square loss or Mean Square Error (MSE):

_! Z _! Z —wyz, — wp)?. (2.3)

Ordinary Least Squares (OLS) method consists of finding the estimated values wy, w1 for the parameters wg, w1,

that minimize square loss. This method yields explicit expressions for wy and ;.

The necessary conditions that . has a minimum? are:

3
3

| 8.,2” 1 <
0= 6w1 2gzl — w12z, — Wo) Zp,
0% " (2.4)
| 1
0= 8w0 2E ; Yy — W12, — Wo).

This system of equations can be solved by multiplying the first equation by n and the second equation by EZ:I 2y
and then subtracting the two. After rewriting (2.4) we get for the first equation:

n n
D b =D (wizj + wozy),

p=1 p=1
n n n
ny zZyy=nY (wz?)+nw z
wYp = 1<y 0 m
p=1 p=1 p=1

and for the second one:

Zy“ Z (w12,) + nwo,

pn=1

Z (zu) Z ) =w (Z(zﬁ) +nwOZzH

p=1 pn=1

2Here we rely on . being a quadratic function, so that the stationary point is the minimum



Now one equation can be subtracted from the other to get rid of wg and to find w; after rearranging. Finding wq is
then straight forward.
As a result, we find the estimated values w; and wy which minimize .Z:

. ZYy—zZ'y . _ ZY—z-y
W = — 5 » Wo=Y—%2 — ) (2:5)
22 — 72 22— 72
where we denote the mean of a generic variable z = (z1,..., z,) as:

n
_ 1
z::—E 2y
n W
p=1

2.3 Matrix Notation

In the example above, there were only two parameters. In general, the number of parameters can become large, and
the simple notation we used before becomes difficult to work with. Thus, we introduce matrix notation, which allows
for a much more manageable and compact form of equations:

X input data € R™?  matrix
y  output labels e R™ vector
w  weights to learn € R? vector

where
e 1 is the number of samples,
e d the dimension of the input samples.

Columns of the matrix X represent particular attributes of the data samples (e.g. a pixel of an image on a specific
position or age of the patient). We will use index 4 to refer to a single sample X, € R? and corresponding label Yu-
This notation will be used during most of the lectures. In the example from before we have:

Y1 z1 1

_ . _ . . _ (W
y=1|: | X=|: :vw(wo)-

yn Z n 1

Linear regression is then a linear ansatz (model) for a function f : RY — R stating that a new label g0 € R
depends on the new sample Xyew € R? linearly, that is

Ynew = XT w

new
where 0 is estimated from the training data {X,, yu}ﬁ:1 by minimizing the square loss

n

. . 1

w = argmin % (w), Z(w) = - Z(yu — (Xw),)?. (2.6)

pn=1

Setting 8‘515;”) L0 forke {1...d} yields:
0L (w) 1 &
0= "3, =2, ;(yu — (Xw)y) - Xk (2.7)
From this we can write:

n n n d
X7y =D X = D (X)X = D D w; Xy X = (X Xy (2.8)

p=1 pn=1 p=1j=1



Since this holds for all k € {1...d} we have®
XTy = XTX. (2.12)

Now, assuming X7 X is invertible, we derive that

W= (XTx) X7y, (2.13)
The matrix X7X € R¥*? is called the covariance matrix and X+ := (X7 X)~"1 X7 the pseudo-inverse of X.
After we obtained w, we achieved our estimation goal, and we can use it for prediction as:

Ynew :XT w

new N

2.4 Regularization

In general, the invertibility of X7 X depends on the relationship between the number of samples n and the dimension
d of the input samples. It is possible to distinguish two situations:

e n>d: XTX is typically invertible. Mathematically, this is only true if there are at least d rows in X that are
linear independent. For real (typically noisy) data, this is usually the case.

e n < d: XTX is never invertible. This can be easily seen by examining the rank of the matrix:
rank(X 7 X) < min (rank(X "), rank(X)) = rank(X) < min(d, n) = n.

Since X7 X is a d x d matrix with rank(X7X) <n < d, X7 X is not invertible. Note that the kernel of X7 X
has at least dimension d — n.*

Formally speaking, if rank(X) = d, namely, the predictors X. 1, ..., X. 4 (i.e. columns of X') are linearly independent,
then 1, the minimizer of (2.6), is unique. In the case of rank(X) < d, which happens when d > n, XT X is singular,
implying there are infinitely many vectors @ for which the least-squares loss (2.6) is exactly zero, that is, for which
y = Wuw.

The case of d > n is very common in modern Machine Learning problems, e.g. we might have the tissue images
with d = 10 pixels of n = 1000 patients. But there is no unique minimizer of the loss which could be a priori chosen.
Therefore, we must ask: which w should we pick in the case d > n?

We might want to chose the weights vector with small Ly norm to promote weights close to zero. To achieve
that, we can add a regularization term (also called a penalty) [|w||3 = >, w} to the loss function:

L) = -3 (o~ (X)) +

n
p=1 k=1

wi (2.14)

M=

where A > 0 represents the regularization strength (the larger it is, the closer the solution weights are to 0). This
method is called Ly regularization or Ridge regression.

3Let us demonstrate an even more compact way of deriving the same result utilizing multivariate calculus. For any real number p > 1,
we define the L? norm of a vector = (z1,...,z4) € R? as follows [1]:

=

llellp = (Je1” + ... + |za|”) P . (2.9)
For p = 2, we get the familiar Euclidean norm, which can be used to express Mean Square Error in matrix notation:
1
ZL(w) = ~|ly - Xwl3
n
1
= —(y— Xw)"(y — Xw) (2.10)
n
1
=~ Ty — yTXw - wT XTy + 0T XT Xw).
n

Setting V,.Z¢ L0 yields:

1 o
~(—2XTy +2XTXw) =0
n (2.11)
= XTy = XTXw.

4Te. {weR?: XTXw = 0} is a vector space with at least dimension d — n.



Now, if we minimize for w:

0LW) _ 5N~ (X)) Xk + 2o (2.15)

pu=1

0=n

8wk
Similar to the approach in the previous section, we derive X7y = X7 Xw + Mw = (X7 X + ) w and find & as:
W= (XX + A1) X7y, (2.16)

Notice that (X X + /\]I) is always invertible for A > 0.

Note that in cases the least-squares loss has many minimizers making it exactly zero the one that has the smallest
L3 norm can be selected by minimizing (2.14) for A — 07. Indeed, for a very small positive value of A the first term
in (2.14) dominates as long as it is positive, leading to a minimizer where the first term is zero. At the same time,
the second term chooses w of smallest norm among all the solutions making the first terms zero. When A > 0 the
minimizer seeks a tradeoff between the two terms and exactly zero first term will not be achieved.

An attentive reader should have several questions after reading the previous section: How do we choose the right
value for A? Is A — 0% the best choice? Why do we use square norm for the regularization and not other forms that
promote small values of the components of w? We will now develop tools to answer these questions.

2.5 Polynomial Regression

In polynomial regression, the relationship between the data z and the label y is given by a degree-p polynomial

P
y= Z wr2* 4 wp. (2.17)
k=1

We now demonstrate that polynomial regression can be naturally formulated in the matrix notation introduced
previously; it can thus be seen as a special case of linear regression.

The vector w will belong to the space RPT!, the vector y to R” and the matrix X to R"*(®+1) and we can write
for the matrix notation:

p p—1
Wy Y1 zy 2 Lo z1 1
P P
Wp—1 Y2 26 X ...ooz9 1
P 2 2 2
w= | . |, y=| .|, x=" " . | (2.18)
wo Yn 7 N |

Let us examine the existence of solutions of the system of linear equations ¥y = Xw based on the relationship
between n and p. Three cases arise:

e if p+1 < n, the system typically will not have a solution, as it has more equations than variables. Notice, that
in this case the matrix X7 X is invertible;

e if p+ 1 = n, the system typically admits a unique solution, since there is the same number of variables and
equations;

e if p+ 1 > n, the system typically has many solutions, as it has more variables than equations. In this case,
XTX is not invertible.



1st-degree Polynomial Fit 3rd-degree Polynomial Fit 20th-degree Polynomial Fit

e Samples ® Samples ® Samples
40 | — 1st-degree Polynomial Fit 40 { — 3rd-degree Polynomial Fit 40 { —— 20th-degree Polynomial Fit

30 4 30 4 30 4

Figure 2: Different polynomial fits for data generated from the model y = 23 + ¢.

Notice that in the case p + 1 > n there is at least one polynomial that passes exactly through all sample points.
However, this is not always a desirable property, as can be seen in Figure 2. Even though the 20th-degree polynomial
fits the samples perfectly, it fails to capture the underlying structure of the data. The model is too complex and fits
the noise in the samples as well as the actual underlying process. This behavior is called overfitting.

On the other hand, linear model (1st-degree polynomial) is too simple and can not capture the underlying process.
This behavior is called underfitting. Underfitting and overfitting are quantified through validation.

2.6 Validation
2.6.1 Validation Methodology

The degree of the polynomial is an example of what we call a hyperparameter—a parameter that controls the
learning algorithm but is not directly learned from the training data (another example would be the regularization
strength \). Since hyperparameters are not learned automatically, we need a systematic way to choose their values.
Simply selecting the hyperparameter that gives the best performance on the training data would be misleading, as
we saw with the 20th-degree polynomial that fitted the given data perfectly but failed to generalize. Therefore, we
need to set aside part of the data points, to evaluate the model performance on the new data.

Validation involves splitting the entire dataset into three subsets: training, validation, and test sets. The process
of developing a model for the given problem then consists of

1. Training: We fit multiple models with different hyperparameter values. For each combination of hyperpa-
rameters (e.g., different values of p), we minimize the loss function over the training set to find the optimal
parameters .

2. Validation: We evaluate each trained model (compute the loss function) on the validation set to estimate its
generalization performance. The hyperparameter combination that yields the lowest validation error is selected
as optimal.

3. Testing: Once we have selected the best model based on validation performance, we evaluate this final model
exactly once on the test set to obtain an unbiased estimate of its true performance on unseen data.

The split between training, validation, and test sets must be done carefully to avoid introducing bias in the evaluation
process. In general, the split should be completely random (e.g., if patient data were sorted by age and we trained
only on younger patients while validating on older patients, the results would be inadequate). However, in some cases,
such as time series forecasting, only historical data should be used for training and more recent data for evaluation,
ensuring that the model does not "see the future” during training.

2.6.2 Bias-Variance Tradeoff

Let us consider the behavior of the validation error as a function of the model complexity, e.g. polynomial degree
p in polynomial regression (the model becomes more complex when p is larger) or A in Ridge regression (the model
becomes simpler when A is larger). The validation error usually follows a U-shaped curve conceptually similar to the
one shown in the Figure 3. This phenomenon is known as Bias-Variance Tradeoff.

10
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Figure 3: Validation error as a function of the polynomial degree.

Suppose we know the ground truth function generating the labels from the input data and we train a model that
tries to approximate this ground truth function. Errors originate mainly from two different sources:

e Bias: the class of functions that the considered models represent is far away from the ground truth function.
The bias is typically high for simple models and close to zero for complex models (e.g. when the number of
parameters is small vs when the number of parameters is large)

e Variance: the fluctuations of the fitted model prediction due to noise in the dataset (the finite size of the
training set, label noise etc). The variance is typically small when the model is simple and may grow when the
model becomes complex and able to fit the noise.

The distinction between bias and variance is well illustrated in Figure 4.

Low Variance High Variance
-
%
A y
= -
3
[ ]
. > o, "
L)
m
!
jan}

Figure 4: Difference between Bias and Variance. The figures can be interpreted as follows: The target is the ground
truth of one component of the weight. Each point denotes an estimation of the the same component where the the
measured values (input) for the training vary a little from point to point.

The high bias and low variance case corresponds to a underfitting, whereas the high variance and low bias case
corresponds to overfitting. Our goal is to find a model with low bias and variance at the same time.

11



3 Introduction to statistical inference

3.1 Basic Probability Theory Refresher

Before discussing statistical inference, we will briefly review some basic probability theory concepts.

We use P(X satisfies condition) to denote the probability of an event that a random variable X satisfies some
condition, and P(x) to denote the probability of an event X = x.

Discrete random variable is a type of random variable that can only take on a countable number of distinct
values (e.g. result of a dice roll). A random variable X over the alphabet <%, = {a1,as,...,a,,...} is defined by the
Probability Mass Function

P(X = a;) = p;, where p; > 0 and Zpi =1 (3.1)

K2

Continuous random variable is a type of random variable that can take any value on it’s uncountable support
oy, such as R or [0,1] (e.g. water temperature in lake Geneva). Continuous random variable X is defined by the
Probability Density Function p(z), so that

p(z)dr = P(x < X < x + dx), where p(z) > 0 and / p(z)dr = 1. (3.2)
o
Joint probability is used to describe the probability of two random variables X and Y falling into a particular
set of values simultaneously. Two events are independent if

P(ANB) = P(A)P(B), (3.3)
and random variables are independent if
P(X €AY eB)=P(X e A)P(Y € B). (3.4)

Intuitively, X and Y are independent if knowing the value of one tells you nothing about the value of the other (e.g.
if we flip 2 coins, there is no connection between the outcomes).

Marginal probability is the probability distribution of one variable obtained from a joint probability distri-
bution of multiple variables. Given joint probability density function® p(x,y), marginal densities can be computed
as

p(z) = [ p(z,y)dy,
/y (3.5)

py) = /p(ln y)dz.

Conditional probability is a probability distribution that describes the probability of an outcome given the
occurrence of a particular event (e.g., the probability of passing the exam given that you did the exercises during
the semester is higher than the probability of passing without doing the exercises). Conditional probability of event
A conditioned on B is expressed as

_ P(ANB)
and conditional density function of two random variables X and Y - as
px,y(z,y)
p TyY) = - . 3.7
Notice that by definition we get
[ pxvialpas =1 (38)
x
and
P(ANB) = P(A|B)P(B) = P(B|A)P(A). (3.9)
Bayes’ theorem, also known as Bayes’ rule or Bayes’ formula is stated as the following equation:
P(B|A)P(A)
P(AIB) = ———~———= 1
(AIB) = = (3.10)

5The case of discrete random variables with probability mass functions follows by analogy, replacing integral with summation.
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and is directly derived from (3.9).

Bayes’ formula gives a mathematical rule for inverting conditional probabilities, allowing one to find the proba-
bility of a cause given its effect. For example, with Bayes’ formula, one can calculate the probability that a patient
has a disease given that they tested positive for that disease, using the probability that the test yields a positive
result when the disease is present.

3.2 Statistical inference

We are concerned with the following problem. There is a ground truth process, parametrized by some parameters
0., that generates the data D which we can observe. We have some idea of the probability distribution P(f) of the
parameters 6, as well as the conditional probability P(D|6)%. The goal of statistical inference is to estimate the
underlying parameters 6, of the process that generated the observed data D. To do so, we need an estimate of the
probability of the parameter 6 conditioned on observed data D. This is done using Bayes’ formula (3.10):

P(D]6)P(6)

P(OID) = =

(3.11)

where
e P(0|D) is called the posterior, the probability of the parameters given the data;
e P(D]6) is called the likelihood, the probability of the data given the parameters;

e P(0) is called the prior, the prior belief about the parameters;

P(D) is the evidence, a normalization term that can be calculated as P(D) = [d§P(D|0)P(6), but usually
doesn’t need to be explicitly calculated if the goal is only to find the maximum of the posterior.

When these probabilities are known, there are two common methods for 6, estimation:

¢ Maximum likelihood (ML) estimation: find the parameters 6 that maximize the likelihood of the observed
data: 0, = arg maxg P(D|0);

e Maximum a posteriori (MAP) estimation: find the parameters 6 that maximize the posterior probability
distribution: 0, = arg maxg P(6|D).

Let us use an example to demonstrate how to find the best estimate of the parameters 6,.

An Example — Decay Constant

Consider a source of unstable particles, which are emitted through a collimator and decay at a distance x > 0 from
the source. The random variable x follows the exponential distribution:

P(z) = %exp( - %) (3.12)

Suppose we wish to infer A*, the “ground truth” value of \. We set up a detector in front of the source which can
measure the value z for a given decay. Unfortunately, the detector only covers a finite range of values, for example,
it can only measure decays in the range 1 < z < 20 (see Figure 5).

Detector Range

Figure 5: Experimental setup: the source of unstable particles, which travel in a straight line and decay at distance
x from the source. The detector can only measure decays in the “Detector Range” from z =1 to z = 20.

6Here we use the notation P(8) B P(0x = 0) and P(D|0) = P(Dopserved = D0+ = 0)
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We observe n measurements of z, X = {x1, z, ..., z,} and assume that all these measurements are independent.
Now we want to estimate \*.
One might notice that in the suggested model

T = / zP(z)dx = \.
0

And therefore, one could use \"*V¢ =1/n>""  z; as an estimate for A\*.

However, this method is flawed as a result of the experiment setup. Suppose A* = 0.5. Even though this value
is lower than the start of the detector measurement range, there will still be particles reaching the detector before
decaying, and we will compute Anaive - 1, which is in this case far from the true value.

A better method is to use the known probability P(X|\) to infer the most likely value of the parameter .

We don’t have any extra information to specify the prior distribution P()), which can take any value in the
interval [0,400), and we can’t define a uniform distribution on this interval, so we will focus on finding maximum
likelihood estimator, where the knowledge of prior distribution is not required.

The likelihood, P(x;|A), or the probability of getting a measurement z; € X for i = 1,2,...,n for a given \ is:

efmi/)\

P(xi\)\) = )\T()\) )

(3.13)

where Z(\) is a normalization factor used to normalize the probability, since in our experiment we can only detect
particles that decay in the range [1,20], rather than at all possible decay positions. To compute Z()), we integrate
the probability of decay over the detector range [1,20] :

20
1
Z(A :/ Se i gy = (e — 203,
=13 ( )

The joint probability to obtain all n measurements in X is the product of all the individual likelihoods, because
all measurements are independent:

n

P(X\)\)zil;[lp(xi\)\): (Azl@))nexp<_i§xi) (3.14)

- [z (3]

One may find the value of A numerically, by maximizing #()\)exp (—%i‘) with respect to A\. The result for A
does not have to lie within the detector range, and is a better estimate of A* than simply the mean Z.

3.3 Probabilistic view of Linear regression

So far, we have treated linear regression as a purely deterministic optimization problem—finding parameters that
minimize a loss function. Now, let us apply the principles of statistical inference to this same problem.

We will assume, that the labels are generated by a “ground truth” process, that takes a vector X, € R? for
i =1,...,n and generates a label y, € R as follows:

Y = XJw* + &y, (3.15)

where w* € R? are weights sampled from a Gaussian distribution .4 (0, 01,):

1 Lo w2
P(w*) = e~ 27 (Wi)7, 3.16
) =1l (316
And the noise terms &, for u = 1,2,...,n are independent identically distributed (i.i.d.) Gaussian variables:
1 ke’
P(fu) = € 280K (317)

Vo2TA

"Note that noise and weights can be sampled from other distributions, which we will discuss later. However, the Gaussian distribution
provides a direct connection to the least squares and Lo regularization methods we encountered earlier.
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Given this model, we are able to write the distribution of label y conditioned on the weights w and input to the
model X: -
P(ylw, X) = P(§u =y — X, w, Vu=1,...,n|w, X)

= Hp(fu :yu—XEw\w,X)
p=1

2

n d
1 1 (3.18)
= || ex - — E X,iw;
sV 2 P 2A Yu — -

i=1

31
n d 2
1 1
= 7n exXp —_ yl‘« — ZXH»iwi>
( 27TA) 24 pn=1 < i=1

Here we notice that the randomness of the labels in the model (3.15) conditioned on w comes only from the additive
noise and then used the fact that the noise £, is independent in all samples and distributed according to (3.17).

Now we are able to find the maximum likelihood estimator (MLE) i, = arg max,, P(y|X,w). After careful
examination of the likelihood (3.18), we can notice that it has the form cre~2f(Xww) where ¢, ¢ > 0 are some
constants. Taking the logarithm of such functions often simplifies the problem:

arg max 016762f(x’y’w) = arg max 1Og (ClG*CZf(X;va))
w w
= argmax —ca f (X, y, w)
w
= argmin f(X,y,w).
w

Thus, we obtain
2

n d
W, = arg min zzl (yM - z; Xu)iwi> . (3.19)
p= i=

Notice that the MLE (3.19) is simultaneously the minimizer of the square loss (2.6). This equivalence arises from
our assumptions about the noise structure. Therefore, the ordinary least squares method finds the MLE under the
assumption of i.i.d. additive Gaussian noise.

The maximum a posteriori estimator (MAP) is given by wnap = arg max,, P(w|X,y). Using Bayes’ theorem
(3.10), we can express the posterior distribution P(w|X,y) as

P(ylw, X) P(w|X)

P(w|X,y) = P(y[X)
n d 2 d (3.20)
1 1 1 1 1
= . = exp| —=—— = Xuw; c——exp| —5= ) w; |-
POIX) (2ra)E P 2A,§<y" 2% ) (2n0)’? p( 2 & )

One useful modification of the optimization problem is to maximize the logarithm of the function instead of the
function itself. By taking the natural logarithm of (3.20) and ignoring all constants outside the exponential terms,
the optimization problem becomes:

wpmap = arg max [P(w|X, y)] = argmax [log (P(w|X, y))]

n d 2 Al
:argnii)n Z(yu—Zmei> +;Zw?
i=1 i=1

p=1

(3.21)

Here, we recognize the ridge regression loss (2.14) with regularization strength A = %. Therefore, ridge regression

finds the MAP estimator under the assumption of Gaussian prior and i.i.d. additive Gaussian noise.

15



3.3.1 Examples — Inverse Problems in Signal Processing

Let us consider some examples of linear regression problems where the weights w* have concrete physical meaning.
Given an indirect measurements, we want to estimate the “ground truth” parameters.

X-ray Computed Tomography (CT Scans). In X-ray Computed Tomography X-ray source and detector
rotate around a sample to take 2D projections from many angles, from which a 3D image of an object is reconstructed.
To render the image, first, we should infer the absorption coefficients at each ”voxel” (3D pixel) in the sample.

Suppose, there are d voxels in total and we wish to know the absorption coefficients w* = (w7, ..., w;‘l)T € R4
For each position of the X-ray source and detector and for each pixel in the obtained 2D projection there is a specific
X-ray path, that is characterized by the voxels it passed through. For the path u, we can specify a vector X,, € R,
such that

)1, if X-ray p passes through voxel 1,
ot 0, otherwise.

The CT Scan detector measures the intensities y,,, representing the total absorption along each path, which is the
sum of absorption coefficients w; for all voxels ¢ that X-ray p passes through, plus some noise. In matrix notation,
we can write

W= Xl:fw* +epu

Now, we are able to estimate the absorption coefficients 1* by solving linear or ridge regression®.

Nuclear Magnetic Resonance (NMR) Imaging. Similar to CT, NMR Imaging reconstructs a 3D image
of molecular composition of the sample from indirect measurements. The algorithm using Fourier transform of the
observed measurements® is based on the nuclear magnetic precision measurements'®, and again leads to a linear
model formulation ¥y = Xw + ¢, where y represents the measurements and X specifies the configuration of the
machine that takes the measurements.

3.3.2 Generalizing Priors and Losses

So far, we have assumed a simple Gaussian prior for our parameters and Gaussian noise. However, selecting different
priors leads to different models, each suited for different types of problems. It will be useful to provide an explicit
link between an arbitrary choice of prior and likelihood and a corresponding loss minimization problem.

We will use the following general assumptions:

e the labels y,, depend on the linear combination of features Xy, so that P(y|X,w) = P(y|X - w);

n
e the samples are independent, and therefore we can write P(y|X,w) = [] P(yu| X} w);
p=1

e the prior is separable, i.e. the components of the vector w are independent, so we can write P(w) = [] P(w;).

—

i=1

We can now derive a new form for the optimization problem for finding the MAP estimator. Taking the logarithm
of the posterior probability (3.11), disregarding the constant —log(P(y|X)), which appears from the normalization
term, and dividing by constant %, we get:

def

n d
maxP(w|X y)@mmf = Z log (P y#|XT )+ Z log(P (3.22)

p=1 i=1

:\H
:\H

First term of this new minimization objective is called negative log-likelihood.
In machine learning, in general, we will mostly encounter optimization problems of similar form:

>

i=1

, (3.23)

3>

L) = =3 g ful X)) +
p=1

loss function

7(w;)
——

regularization

were fy,(+) is the model.

Previously, we have seen the example of ridge regression with linear model f,,(X) = X% w, loss I(y, 2) = (y — 2)

and regularization r(w) = w?.

2

8 Lo regularization for linear regression was independently developed in signal processing (where it is often called Tikhonov regular-
ization) and statistics

9for which Richard Ernst was awarded the Nobel Prize in Chemistry in 1991

Ofor which Felix Bloch and Edward M. Purcell were awarded the Nobel Prize in Physics in 1952
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3.3.3 Robust Regression

Least squares regression (Gaussian noise assumption) is sensitive to outliers because the squared differences between
the label and the predicted value of such outliers dominate the loss function. From the statistical point of view, it
happens because large noise values are highly improbable under a Gaussian distribution.

To counteract this, we can assume a different noise distribution with heavier tails (i.e. with larger probabilities
of large noise values), in particular, the Laplace distribution (see Figure 6)

P() ~ exp(—e — ul). (3.24)

We assume noise distribution to have zero mean p = 0.

—— Normal PDF with y=0,0=1
—— Laplace PDF withu=10,y=1
0.4 4

o
w
L

o
[N
L

Probability Density

0.1+

0.0+

Figure 6: Gaussian vs Laplace Distribution PDFs.

This leads to Mean Absolute Error (MAE) loss:
Wy, 2) =y — zl, (3.25)

which is more robust to outliers than MSE because large errors contribute linearly rather than quadratically, making
them less dominant in the total loss.

3.3.4 Sparse Linear Regression (Lasso)

Sometimes, we want to select only a few important features from the input data, and for that we need to promote
sparsity in the components of the estimated weights w, i.e. find the weights w such that most of its components are
0. This can be done by assuming the weights are distributed according to a Laplace prior (3.24) with zero mean.

This leads to Ly regularization:
d

r(w) = [wlly = Z |wi]. (3.26)

Linear regression with square loss and Ly regularization is often called Lasso regression.

d
1 o 1
L(w) =~ — X, -w)? + A= | 2
( ) nZ(yu n w) + nZ|wz| (3 7)
p=1 =1

To better understand the difference between Li and Lo regularization, we can turn to the geometry of the “loss
landscape”. Figure 7 illustrates this concept. The green dot represents the minimizer w € R? of the square loss, with
green level curves showing constant square loss values. The red dot represents the minimizer of the regularization

term (which is w = 0 in both cases), with black curves showing constant regularization values.
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L2 Norm Level Curves L1 Norm Level Curves

@ Regularizaion term minimizer ® Regularizaion term minimizer
5 ® Loss term minimizer 5 ® Loss term minimizer

Figure 7: Square loss and regularization term level curves.

Imagine solving a constrained optimization problem of finding the parameters w with the smallest square loss
under the constraint ||wl|, < r for p = 1,2 for some r > 0. Graphically, the solution is the point of tangency between
the black curve of level r and one of the green curves. Notice that the minimizer of regularized loss should also be
one of such tangent points. Now, it’s easy to see that for any level r, the point of tangency with the L, level curve
lies close to the “corner”, where one of the coordinates is almost zero, while the point of tangency with the Lo level
curve does not necessarily have this property.

Sparsity of the parameters produced by this model is useful in many cases. For example, when predicting a
patient’s survival time, out of millions of features, only a small subset, like certain medical conditions, might be
relevant, while others, like their address or eye color, might not be.

Another important application is efficient Image Reconstruction. It’s known that most images are sparse in Haar
RdXd

wavelets basis, so that s* = Gw*, where w* is a sparse ground truth vector in wavelets basis and G € is a
transition matrix. Thus, we can reformulate our initial problem

Yo = Xpus+eu
to R

Yp = Xpw + e, (3.28)

where X » = X, G and we have the prior knowledge that w is sparse. This allows us to use less samples X,,, since
we don’t need to have more samples n than dimensions d, as we add the regularization and the problem becomes
well defined. Such reduction in the number of measurements is particularly beneficial in applications like medical
imaging, where it leads to reduced patient scan time.

Even though minimizing the loss (3.27) produces parameters with desirable properties, no closed-form solution
exists for this minimization problem. In the next section, we will describe a popular iterative algorithm for solving
such continuous optimization problems.

4 Gradient Descent

4.1 Basic algorithm

In many Machine Learning problems, there is no explicit formula for the minimizer of the loss function. In such
cases, iterative optimization algorithms are applied. Gradient descent (GD) is one of the most popular optimization
algorithms that is used when the optimized function is differentiable!!. In fact, most of the modern state-of the art
models, such as ChatGPT, are trained by minimizing a loss function with a variant of gradient descend.

The algorithm is based on the observation that if the multivariate function f is defined and differentiable in
the neighborhood of a point g, then the direction of the negative gradient —V f(zg) is the direction of the fastest
decrease of the function f.

Let us discuss the steps of the algorithm (the pseudo-code is presented in the listing 1):

Mor when the subgradient can be defined in the points where the function is non-differentiable, which will be discussed later in this

section
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Algorithm 1 Gradient descent algorithm

Require: wy € R4, Z() : RT - R,y > 0,6 > 0, tax € N
w(o) <— Wo
t<0
repeat
t—1t+1
w®  wt=1) _ 47, L (wt=D)
until | L (w®) — L (wt V)| < § or t > tax

1. Initialization. The algorithm requires an initial point from which to begin iterating. The initialization
method can be considered a hyperparameter, as it sometimes affects the final solution (as we will see later in
this section).

2. Tteration. At each time step the parameters w;,i = 1,...,d are updated according to

e 0Z(d)

w i =Y .
7 K3 8wl ot

Here, v is a learning rate — a hyperparameter that controls the “step size” in the direction of the steepest
decrease of the function. The learning rate can be constant or time dependent. We will discuss the role of v in
the next paragraph.

3. Stopping Criteria. The algorithm stops when the increment between successive steps is very small, which
implies the derivatives are close to zero. This could indicate a local minimum or a saddle point. The convergence
threshold is controlled by hyperparameter §.

However, the algorithm can be stopped before full convergence, specifically when the validation error stops
decreasing or starts increasing. This method, called Early Stopping, treats the maximum iteration time ty,x
as a hyperparameter, chosen through validation. This is particularly important because, while training loss
monotonically decreases, validation loss can increase due to overfitting.

Choosing the right learning rate -y is crucial for the convergence of GD. As can be seen in the example in Figure
8a, choosing overly small learning rate leads to slow convergence, while overly high learning rate leads to instability
by “jumping over” the optimum.

To better understand the role of learning rate, consider the following interpretation. Gradient descent can be
viewed as approximating the loss function locally with a parabola that shares the same value and first derivative at
the current point w!. The second derivative of this approximating parabola is set to %:

11
f(w)%ﬂ(wﬂ—&—%ﬁi}w (w—wt)+§;(w—wt)2 . (4.1)

Minimizing this quadratic approximation leads directly to the gradient descent update rule. Notice, that ~
corresponds to the “width” of the approximating parabola. A small v results in a “narrow” parabola and small
steps, while a large v results in a “wide” parabola and larger steps, potentially overshooting the true minimum (see
Figure 8b).

wt
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(a) Iterations of gradient descent with differ-
ent values of learning rate on the loss function (b) Approximation of the loss with parabolas of different width.
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Figure 8: Role of learning rate v in gradient descent.

4.2 Implicit Regularization of Gradient Descent

Generally, in the high-dimensional regime, when dimension of the problem is larger than the number of samples d > n
(this is particularly relevant in modern machine learning), the OLS regression has many global minimizers where the
loss is exactly zero. We will call these solutions interpolants. Geometrically, this creates a “canyon” of solutions, a
linear subspace where the loss is zero. A profound property of gradient descent is its implicit regularization: with
appropriately chosen hyperparameters, the algorithm converges to the minimum Lo norm interpolant, i.e. finds the
solution with the smallest Lo norm among all the minimizers of the loss.

Proposition 1 (Implicit Bias of Gradient Descent). If gradient descent with small enough learning rate is applied
to find parameters w of linear regression with squares loss, parameters are initialized with zero w® = 6, and it runs
until convergence, then it will converge to the minimum norm interpolant. That is, GD finds the w that minimizes
the loss and has the smallest Ly norm.

Let us give a brief justification for this proposition without a formal proof. It comes from three facts:

e All global minimizers can be written as the specific solution which lies in the span of the input data X (which
is unique due to the strict convexity of the problem) plus a vector orthogonal to the span of X. The value of
the loss does not depend on this orthogonal component. Thus, among all global minimizers, the one with the
smallest norm is precisely the one that lies entirely within the span of X.

e For OLS regression, the gradient is always a linear combination of the data points (see equation (2.7)), meaning
it lies within the span of X. And since the algorithm starts at w® = 0 and all gradient updates are in the span
of X, the parameter vector w! at any time ¢ will also be a linear combination of the data points.

e Due to the convexity of the problem, gradient descend converges to the global minimizer. Combining it with
the fact, that this minimizer lies in the span of X, we notice, that the solution must be the smallest norm
interpolant.

Even without explicitly adding a regularization term to the loss function, gradient descent, by virtue of its
initialization at zero and convergence, naturally selects the solution that minimizes the Lo norm. This means that
in many practical scenarios the need for explicit Lo regularization might be implicitly handled by the optimization
algorithm itself. This concept is believed to extend to more complex loss functions and neural networks, suggesting
that gradient descent inherently guides the model towards ”useful” solutions.

4.3 Variants of Gradient Descent

To address practical challenges like computational cost and convergence speed, several variants of gradient descent
have been developed.

20



Subgradient Descent

In cases where loss function is not differentiable everywhere, but still has left and right derivatives in the points
where it’s not differentiable
a= lim M’ b= lim M’ (4.2)

w—rwy w — Wo w—)w;r w — wWo

we can use any value between a and b instead of a partial derivative in the gradient descent iteration. Such values
are called subgradients, and using them allows to extend application of gradient descent to optimizing such functions

as |x|.
For example, in Lasso regression (3.27), when for some 4 the weight w; = 0, the derivative %i is not defined,
because of theregularization term |w;|. However, |w;| has both left and right derivatives in this point, equal to -1

and +1 respectively. Therefore, we can use any value in [—1, +1] instead of the undefined % 12,

Stochastic Gradient Descent (SGD)

Usual machine learning problem formulation (3.23) implies derivatives of the form

Ow; ow; n Ow; (4.3)

0% (w, X,y) _ 1 Z Oy, fu(Xp)) | AOr(wi)
AT I + = .
n
p=1
Computing such expressions at every iteration of GD becomes expensive with growing dataset size n. Stochastic
gradient descent approximates the gradient by using only a mini-batch (a small subset of the training set) B; €
{1,...,n} at each time step. First, the dataset is randomly partitioned into disjoint mini-batches of equal size

BiU...UBy,, ={1,...,n}. Then, the weight updates become:
1 MY, fuw (X)) | AOr(wi)
t+1 t |23 1
AR S 2 . 4.4
Wi Wi n M; ow; + n Ow; (44)

This process can be repeated for several “epochs”, reshuffling mini-batches at each new pass. The size of mini-batches
| B;| and number of epochs are hyperparameters that should be chosen through validation.

SGD iterations are significantly faster then GD iterations (by a factor n/|B;|). Moreover, “noise” introduced
by this procedure (compared to the gradient computed over all points in the dataset) is often beneficial for the
generalization of the model.

Momentum and Adaptive Learning Rate

There are several methods to address the practical challenges of optimization when the loss landscape has a com-
plicated shape with flat regions or narrow local minima. One such method is momentum. It is designed to help
navigate flat regions of the loss landscape and to stabilize training with SGD (when the gradient follows a “zig-zag”
pattern because of the mini-batch noise). Inspired by classical mechanics, momentum-based variants of gradient
descent incorporate information from previous gradient updates to maintain “momentum” in a particular direction.
This approach helps accelerate convergence and enables the optimizer to navigate through flat regions and reduce
oscillations. The gradient step with momentum can be written as

m® = Bm 7 + (1= )V L (w),

w® = =D — Ay (4.5)
where term m® accumulates the gradient from the previous steps by computing exponential moving average.

Adaptive learning rate is another method, that counteracts the problem of different scales of gradient w.r.t.
different parameters or in different regions of the loss landscape. Instead of a constant learning rate -, the learning
rate is dynamically adjusted at each step, either by a predefined schedule or by adapting based on the gradients
observed (e.g., larger steps in flat regions, smaller steps near minima). This allows us to quickly converge to the

2typically, it’s set to 0 in this case
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neighborhood of the minimum with larger learning rate, while reducing the learning rate when needed to obtain a
more precise updates. One such algorithm is called RMSProp and it uses the following update step:

g(t) _ vw‘g(w(tfl))’

vl = g+ (1= ) ()7,
g®

Y s
Vo® +¢

where 0 < £ < 1 is a small constant for numerical stability. In this algorithm v} € R¢ accumulate the norm of the
gradient of the loss w.r.t. all parameters, and adjusts the step accordingly.

A very popular algorithm combining this two ideas is called ADAM. In this algorithm, running averages with
exponential forgetting of both the gradients (m(?) — the momentum part) and the second moments of the gradients
(v(t) — the adaptive learning rate part) are used. The full pseudocode is given in listing 2.

(4.6)

w® — =1 _

Algorithm 2 ADAM algorithm

Require: wy € R4, Z() : R - R,a > 0,6 €[0,1),8, €[0,1),6 > 0,6 > 0,tmax €N
w(o) <— Wo
m© 0
v 0
t+0
repeat
t«t+1
g V. L (wt 1)
m"  Bym=1 + (1 — By)g")
v® = B + (1= By)(gM)?
)

5 (1) L m
my 157
NG) v
LR s

(t) (t-1) _ o _m®
w\ 4—w « o e

until | Z(w®) — L (wt D) < § or t > tyax

m®  H®
1= 1-p%"
0, it leads to the first several estimates m(®*) and v(¥) being biased towards zero as well. The adjustment helps to
correct for this bias in the early steps, and at further time steps it doesn’t affect the terms as much, because 3% and
B exponentially decay to 0.

This algorithm combines the benefits from several techniques, however, when L2 regularization is added to the
loss, it affects the adaptive learning rate which leads to inconsistent regularization. AdamW is a version of Adam
algorithm that decouples weight decay (regularization) from the gradient update step. To understand the motivation,
first let us take a look at the gradient descent step for a loss function of the form .2 (w) + A|w||3:

with = wf — 7(3.,;5:0)

We notice that there are two terms affecting the weight at each step: the gradient of the loss, that “pushes” the weight
toward the direction of smaller loss and the weight decay that comes from the regularization term and “pushes” the
weight towards zero.

So, in AdamW, instead of including the regularization directly into the loss, we add the weight decay term and
the weight update is rewritten as:

Notice that momentum and step-size scaling factor get adjusted: Since m and v are initialized at

+ Awl).

’lDt

w® = = _ (mm N Aw(t—l)) _ (4.7)
Volt) ¢

This allows us to control the regularization during training more precisely. AdamW algorithm is very popular in
practice and is often used to train Large Language Models and other state-of-the-art architectures.
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5 Linear Classification

Now we turn to classification, where the task is to predict discrete categories or classes. Linear classification provides
a simple yet powerful approach to this problem by finding linear decision boundaries that separate different classes.

5.1 Binary Classification

Consider the following example. We are given a (very famous, see [2]) dataset with records of sepal length and
sepal width from Iris flowers of two species: setosa and versicolor. After plotting this data in Figure 9, we notice
that points belonging to different classes (species) are linearly separable — there exists a line (one-dimensional
hyperplane) such that all points of one class lie on one side of this line and all points of the other class lie on the
opposite side.
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Figure 9: Sepal length vs sepal width in two species of Iris.

Therefore, to classify new samples we can just check, if the new point is above or below the separating line.
We can formalize this problem as follows: given the data samples X* € RP in p - dimensional space, and labels
y* € {£1}, we want to find parameters w € RP*!, such that a hyperplane

P
wo + Zwin =0 (5.1)
i=1
is a separating hyperplane, i.e.
P
wo+ > wiX! >0 <=yt =+1. (5.2)
i=1

In matrix notation, we would append a constant feature equal 1 to each sample and write the separating hyperplane
in the form

Xw =0, (5.3)
where
Wo 1 1
w, 1 Xj X,
w=| . [, X=1: @
w, 1 X7 X,
Notice that we can write a classifying model as
y" = sign(w? X*). (5.4)

Now, that we have our model (5.4), we can define the loss function of the form Z(w) = >>7_, I(y,, wl X#) and
optimize it to find the parameters w of the separating hyperplane. Let us explore the choices for element-wise loss
I(y, z) illustrated in the Figure 10:
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e Zero-one loss: i
lo1(y,z) = 5(1 —y - sign(z)), (5.5)

which corresponds to counting the number of mismatches (i.e., the terms of the sum are +1 for misclassified
points and 0 for well-classified points). This loss is not suitable for gradient descent minimization as lp; has
zero derivative almost everywhere, and therefore is not used in practice.

e Least-square loss :
ls(y,2) = (y — 2)*, (5.6)

which corresponds to treating the problem exactly as a regression that we have seen before and trying to predict
a label as y* = w” X*. However, this loss function penalizes correctly classified points, as soon as the absolute
value of prediction is not exactly 1. For instance, even if X, - w is correctly positive but much larger than +1,
there will be a penalization (which is surprisingly not leading to a bad classifier in practice).

e Hinge loss :
lhinge(ya Z) = maX(Ov 1-— yz)v (57)

which penalizes the incorrectly classified points and also encourages a margin, i.e., not only misclassified points
are penalized but also data points that are close to the linear separator (hyperplane). This loss thus often leads
to more robust classification.

e Logistic loss
llogistic(y, Z) = log(]- + efyz) . (58)

The logistic loss has the same behavior as the hinge loss at +oc, but it is smooth at yz = 1. Linear classification
with logistic loss is called logistic regression. It is one of the most widely used classical machine learning
models.
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Figure 10: Loss I(y, z) as a function of margin yz.

Probabilistic interpretation of Logistic Regression

Logistic regression can be seen as a maximum likelihood estimator for the following probabilistic model. We assume,
there is a “propensity” to belong to a positive class (y = +1), which is described by a linear model with ground
truth parameters w*:

d
"o oy
z —E Xl w;,
i=1

So that the larger z#, the more likely the point belongs to a positive class (i.e. the probability to pass the exam
should hopefully be larger with more hours of studying). To describe this dependency between the propensity and
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the probability of belonging to a certain class, we will use the following distribution:
d *
exp (yu D im1 X )
d X d "
exp (Zi:l Xuiwi) +exp (_ 2 in1 XH“”@’) (5.9)
_ 1
1+ exp (‘23/# Z?:l Xm'w;)

Notice that we normalized the probability using the fact that y,, has only two possible values, +1 and —1.
To get the MLE for this model, we take the product of Pout(yu|wTX ) over all the students and maximize its

logarithm:

Pout (y#|(w*)TX/L) =

Wmr, = arg max [log H P, (y#wTXﬂ)]

p=1

n d
= arg max [ > log (1 + exp (2% > mei> )] (5.10)

u=1 i=1

n d
= arg mui)n [Z log (1 + exp <2y“ Z mei) )] .
i=1

pu=1

We recognize the logistic loss function (5.8) with an additional constant in the exponential. This factor of 2 can,
however, be included in the weights and does not matter. The logistic loss is therefore retrieved from the initial
assumption on Poy (5.9). As shown in Figure 11, it implies that the larger w” X,,, the larger P(y, = 1).

1.0+

0.8

Poutlyy = +1](w")7X,)

— Pourlyy=—1|(w")7x,)

Probability

0.2

0.0 1

Figure 11: Probabilistic model Py (y,|(w*)T X,,) leading to the logistic regression.

5.2 Multiclass Classification

If the classification problem has k > 2 target classes (e.g., classification of handwritten digits), one natural extension
of binary classification would be to train k£ models to separate one class from the rest. This approach is valid but has
several drawbacks: it requires training multiple models, introduces data imbalance (there might be far fewer examples
of one class than examples from all other classes combined), and creates ambiguity when multiple classifiers claim

the same sample belongs to their respective classes.
Another approach is multiclass logistic regression. First, instead of using scalar labels, we encode the classes

using so-called one-hot-encoding;:

yu€RF . oy, =11 with 1 in the a-th row if y belong to class a. (5.11)
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The weights are combined in a matrix w* € R?* where w?, corresponds to a weights vector used to calculate the

“propensity” for class a, so that the probabilistic model becomes:

d
X *
Pua = Pout (yua — 1|Xu,w* c Rdxk) eXp{Zl 1 leza} (512)
Zb 1eXp{Zz IXlezb}

where the numerator represents how probable it is that the sample belongs to class a and the denominator is the
normalization term. The likelihood then reads:

P(y| X, w) H [pr““] . (5.13)

And the negative log-likelihood (i.e. the loss, that we want to minimize) is:

n k XTw
% Z Z Yua IOg pua = - Z Z Yua IOg <Z Xwa> (514)

,u,lal

which is called the cross-entropy loss. The function f,(2) = % is called softmax, and we will see other
b

applications of this function later in the course.
The minimization over w leads to an optimal w. We then calculate ppew,» and predict the class as arg max, pPnew,a-

5.3 How to classify data that are not linearly separable?
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Figure 12: Not linearly separable data and ways to overcome this problem.

Sometimes, the data points can not be linearly separated, as can be seen in the Figure 12a.

The first way to solve this problem is to make the data separable by adding extra dimensions or changing
coordinates, see example of creating a dimension by adding new feature x3 = x1 - 2 to the samples in Figure 12b.

Another way would be to use the k-nearest neighbors method (KNN).

. 1
Ynew (Xnew) = E Z Yu (515)
)U'ZX;J.GNk (Xnew)

with Ni(Xpew) the set with the k closest points to Xyew from the training set. The choice of &k should be made
through validation.

The k-nearest neighbors method is simple and intuitive, but it relies on our low-dimensional intuition about
geometry and distance. However, in high dimensions we face the curse of dimensionality: when the dimensionality
increases, the volume of the space increases so fast that the available data become sparse. Since no point is close
to a sample point anymore, all the points in the dataset are likely almost equidistant to the new point, so that the
k closest neighbors are essentially “random”. Consequently, their labels are often not indicative of the new point’s
actual class, making the resulting prediction unreliable.

26



Geometry in high dimensions or why high-dimensional watermelons are useless

Let us imagine a cubic watermelon in dimension d with a side of length L. = 1, so that the overall volume of a
watermelon is also L = 1. Now, let us assume, that the “crust” of a watermelon (i.e. the part closest to the
boundary of the cube) takes up 0.02 of the total side length, so that the “interior” of a watermelon is a sub-cube
with a side of length [ = 0.98.

Now, in d = 3 we would have a very nice watermelon, with the volume of edible part [¢ = 0.94. But in dimension
d = 100, the volume of interior part becomes I¢ = 0.13, so most of the volume “concentrates in the crust”, leaving
us with a very unsatisfying watermelon.

Furthermore, to illustrate how higher dimensionality leads to sparser points, let us consider the following question:
if N points are thrown randomly into a sphere of radius one, what is the smallest distance from the origin to one of
the random points? We can find the radius r of the sphere with the center in origin, such that the probability that

1

there are no points inside this sphere is equal to 5. The probability of one point to fall further than radius r from

the origin is 1 — ¢, so for N independent points, the probability is

1
1—rHN ~ 2,
A =r)" ~5

We can estimate the radius r from the origin to the closest point as

LN 1/d
~f1-2 .
" 2

when d = 2 r ~ 0.04,
when d =100 r ~ 0.94.

If we take N = 500 points, then

In high dimension, the closest to origin point turns out to be almost on the boundary of the sphere.

6 Unsupervised learning: Dimensionality reduction

To escape the curse of dimensionality, the data should be transformed to low-dimensional representation. Dimen-
sionality reduction belongs to unsupervised learning methods, since there are no labels we wish to predict, only
data vectors we want to transform.

In this section, we will focus on one particular method of dimensionality reduction: Principal Component
Analysis (PCA). The idea of PCA is to apply an orthogonal linear transformation to the data such that the first
coordinate in the new space is the direction along which the input data varies the most (first greatest variance), the
second coordinate the second greatest variance, etc. This method can be used to reduce the dimensionality of the
data in such a way that the data structure is preserved.

6.1 Examples

Mapping human genome. Novembre, Johnson, Bryc, et al. published a paper about the link between the geographic
location of people and their genetic information [3]. They sequence the genome of 3129 people in Europe and encoded
this data using 500’568 loci (specific locations on a chromosome) using SNP chips (Single Nucleotide Polymorphism).
After cleaning the data (i.e. removing people with uncertain ancestry or mixed/non-European origin) and keeping
only the loci with high quality and variability, they end up with 1387 people and 197146 loci. Next, a matrix was
constructed where entries were 1 if a person’s DNA at a specific loci differed from the population average, and 0
otherwise. By applying the Principal Component Analysis (PCA) on this matrix, they found the following plot:
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PCA - human genomes

p = 3192 individuals
N =500 568 SNP

SNP = single nucleotide
polymorphism

cleaned to

p = 1387 individuals

(grand parents from single location)
N =197146 SNP

(no linkage disequilibrium)

Figure 13: Result of the study [3] showing the correlation between geographic and genetic information.

The two axes of this plot are the two principal components detected trough PCA. The colored circles represent
the geographic position of different European states. The individual points, whose position is obtained with respect
to the two principal components (PC1,PC2), are colored according to the location of the grandparents of the subject
and denoted by the first letters of the country. We can observe that geographical information got encoded into the
genetic information and could be uncovered with PCA.

Movie recommendations. In order to recommend movies, companies such as Netflix used to ask their clients to
rate the movies they watched and then build a matrix X where the rows represent the users, the columns — the
movies available, and the element X;; represents the rating of user ¢ for the film j (from 1 to 5 for example). The
matrix X € R"X4 where n is the number of users and d the number of movies, will only be partially filled and might
look like:

1|54
3 T2 |
X = 1 4. (6.1)
53
2 3

To predict the rating of the movies the user hasn’t seen yet, one should fill in the values in the matrix — perform
matrix completion. With PCA one can obtain a low-rank approximation of this matrix X and thus predict the
unknown ratings.

6.2 Singular value decomposition

For any real matrix X € R™*?, there exists a factorization of the form
X =Uxv", (6.2)

where

U e R™" s orthonormal, UUT =1,
V e R4 g orthonormal, VVT =1,
¥ e R"*4 s diagonal, such that o, = ¥, are real and non-negative.

It is called singular value decomposition (SVD). Diagonal elements of the matrix ¥ are called singular values
and, by convention, are ordered so that o1 > 02 > ... > oyin {n,q} = 0. Columns of matrix U are called left singular
vectors, and rows of matrix V7 (columns of matrix V) are called right singular vectors.
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Another way of defining singular values and singular vectors is to say that o is a singular value of X € R™*¢ iff
there exist unit vectors v € R%, u € R™, such that

Xv = ou, (6.3)
XTy = ov. )

Notice that we can rewrite singular value decomposition in a way similar to the eigen-decomposition, to highlight
that the definitions (6.2) and (6.3) are the same:

min{n,d}
X = Z Tatiqvl. (6.4)

a=1
How to compute the SVD

If you know how to compute eigenvalues and eigenvectors of symmetric matrices, then it’s easy to find singular values
of any given matrix X. Notice that left singular vectors u, of matrix X are actually the eigenvectors of X X7 and
right singular vectors v,, of matrix X are actually the eigenvectors of X7 X, with corresponding eigenvalues \, = o2:

XTXv=X"(ou) = o(XTu) = 0?v,
XXTy = X(0v) = 0(Xv) = o?u.
Therefore, to find singular values and vectors of a matrix, one can find eigen-decomposition of X X7 or X7 X and
take 0o = vV Aa-
Low Rank Approximation

First, we notice that the number of non-zero singular values is equal to the rank of matrix X.
Without loss of generality, assume that d < n and let r be the number of non-zero singular values of the matrix
X. After rotating matrix X by V| we get:

XV =UxvVTV =Ux, (6.5)

where ¥ is a diagonal matrix with only r non-zero components, hence the resulting matrix UY will only have r
non-zero columns. As the rotation leaves the original subspace of the data unchanged, this means that the data lies
in r dimensional subspace of RZ. In the Figure 14 below, one can see the principle illustrated for a matrix of rank 3.
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Figure 14: Illustration of the data dimensionality for X of rank 3. After rotation, it is clear
that the data is 3D

This idea of zeroing out columns using the SVD factorization properties leads to the method of low rank
approximation of the matrix X, which is stated in the following theorem.

Theorem 1 (Young-Eckart). For a real-valued matriz X € R™ < with singular value decomposition X = ULVT,
rank-k approzimation X®) that minimizes the Frobenius norm of the difference

1X = X® 2 =3 (X - X )2 (6.6)

e
1y
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is given by
X0 = Z UpoaoaVia (6.7)

where the sum goes over the first k largest singular values.

This theorem states that to best approximate the data with only k& dimensions (thus reducing its dimension to
k) it is best to use the first k singular vector corresponding to the k largest singular values.

To obtain an intuition, why it is true, note that the square of the Frobenius norm of a matrix is equal to the sum
of the squares of its singular values. Indeed, the square of the Frobenius norm of X is equal to the trace of X X7

r(XXT) = ZXTX ZXQ
ne

Then, using the properties of trace we get

Tr(XXT) =Tr(UzvTvetuT) = Tr(UssTUT) = Tr(22TUTU) = Tr(22T) = Z o?.

a=1

Therefore, to minimize the Frobenius norm of the difference between the matrix and it’s approximation we need to
“remove” the largest possible singular components.

6.3 Low-rank matrix completion

Now, let us return to the movie recommendations example to see how this property of SVD can be used in matrix
completion task.

Assume, each user can be represented as a vector U,, € R*, that describes relevant features for their movies
preferences (e.g. some encoding of age, gender, etc.), and each movie can be represented as a vector V; € R¥ that
somehow evaluates the alignment of the movie with the user’s vector representation (e.g. encoding the genre and
the language of the movie). Then, we would like to find such matrices U®) and V*) | that best explain the known
ratings. This objective can be formalized as a minimization problem:

2
min Z( i Z%@%Eﬁ”) : (6.8)
e

U (k) cRn Xk V(k)eRdxk

where we can recognize the Frobenius norm. Therefore, according to Young-Eckart theorem, taking the first k
singular vectors from SVD, should give us the optimal U®*) and V().

To perform the SVD, first the blank entries must be filled to complete the matrix X. A common pre-processing
technique involves filling the blanks with row means (e.g., the average rating given by that specific user), column
means (the average rating received by that specific movie), or zeros.

Next, the SVD X = ULVT is computed and the required matrices are Uk) = U. 1. and vk = ViieXik1:k-
Then the prediction on a new user-movie pair of the ratings is given by

k

Z ja0aVia- (6.9)

It is important to note that the optimal k is not necessarily the full rank, as using a lower-rank approximation
helps to generalize better than using the matrix filled artificially with means. The choice of the rank k is treated as a
hyperparameter. Since recommendation can be considered as a prediction problem, k is determined using validation:

1. a hold-out set (e.g., 10% of the actual observed ratings) is initially kept aside and the hold-out positions are
treated as if the ratings are unknown for this positions;

2. he method is run for various values of K (and possibly different data pre-processing variants, like using column
Versus row means);

3. the results are compared against the hold-out set to measure prediction accuracy;

4. the value of k (and the method variant) that minimizes the validation error is chosen.
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6.4 Principal Component Analysis (PCA)

Principal Component Analysis (PCA) is an SVD-based dimensionality reduction technique often used in data visu-

alization and data preprocessing. It aims at finding a k-dimensional representation of the data X € R™*¢, such that

the structure of the data is preserved, in a sense that the directions of the largest variation in the data are selected.
It includes three steps:

1. Center and normalize the raw data X ui along each direction ¢ as :
L U o
Xy = v~ 2 N = Vi=1,..,d (6.10)
1 o 1 >
\/n ZZ:l X;%i - (H ZZ:1 Xﬂi>
This normalization is introduced because the features of the data could have been measured with different

units and scales. This centring and normalizing process yields features that are comparable in the sense that
they all have no units and the same scale.

2. Do SVD on X = UXVT by computing the eigen-decomposition of the covariance X7 X. The first k right-
singular vectors v; € R%, i = 1,...,k are the principal components.

3. Get the coordinates of the projection on the principal components as:

T
XH Vi = UiUm

Applying PCA in the genome mapping example with dimension k = 2 allowed us to plot the data in 2 dimensions
uncovering the connection between genome variation and geography of Europe. Besides visualization, PCA can be
used for:

e Projecting new data points onto the established principal components. In the genome example, this leads to
identifying the new person’s location;

e Generating typical data from the coordinates (ci, ..., cx) in low dimension: Xpew = Zle ¢;v;. Constructing a
”typical genome from any place” by combining the principal components and based on desired coordinates in
the low-dimensional space.

6.5 How to choose k& in PCA?

Since PCA is an unsupervised learning technique and we don’t have any labels to perform validation on, to choose
the rank k& during our exploratory data analysis, we can rely on an heuristic.

If we compute the eigenvalues of X X7 (squared singular values of X) and plot them on a histogram, it is often
the case that the histogram will have the behavior seen in Figure 15.
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Figure 15: Typical histogram of the eigenvalues A of X X7 (or X7 X)

If there are singular values that appear as outliers—meaning they are large and detached from the main bulk of
smaller singular values—it is a good heuristic to choose k as the number of these outliers. This method assumes
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that the largest, outlier singular values capture the most important structure in the data, while the bulk of small
singular values represents noise or less significant variations. In section 7.2.2 we will discuss a case, when this outlier
behavior is guaranteed theoretically.

7 Inference, Statistical Physics & Monte Carlo Sampling
7.1 Spin Glass Card Game

In this chapter we will use a running example inspired by a problem in statistical physics, which we can frame as
a simple card game. Imagine a room with N people. Each person is secretly dealt a card with either a +1 or a -1
written on it. This set of N values is the “ground truth” configuration, which we denote as the vector S*, where
Sf € {£1} represents the value of a card of i-th person. We, as observers, do not know this ground truth.

The only data we can observe is a symmetric matrix Y € R¥*Y constructed as:

1

Y =
VN

(st;) + Wij, (7.1)
where W;; ~ A7(0,A).

The task is to recover the original, hidden card assignments S* up to a sign change, i.e. split the N people in
two groups such that all people with the same sign card are in the same group, using only the noisy observation
matrix Y. This problem is an example of clustering: we want to split the data into separate groups based on some
structure in the observations.

7.2 The Bayesian Framework for Estimation

Let us apply Bayesian framework that we have already discussed in section 3.2 to this problem. To derive the
posterior distribution as in (3.11), we first need to write the prior, the likelihood and the evidence.

Prior. Since every spin is equally likely to be +1 or -1, the distribution for the spin vector is given by

N
1
Ps(S) = N H(fssi,—l + 85, 41)- (7.2)
i=1

Likelihood. The distribution of the matrix Y elements is determined by the gaussian noise that was added to the

P
S x

signale:
1 _ 1 - SiS; 2 1 1 1 1 = S5iS;
Pou(Y19) =] o7 (Yu=TF) :We—ﬁzig(%w)neé(%w), (7.3)
- V2TA NGTINE i<

1<y
where the last equation is obtained by writing the square of the sum explicitly and taking advantage of the
fact that (5;5;)? = 1 for all possible values of S;, S; € {£1}.

Evidence. This quantity Z normalizes the posterior distribution and is given by:

Z=PY)= Y  PY,9= > Pou(Y[S)Ps(S5). (7.4)
S1,...,5N S1,...,8Nn

Notice, how we can factor out the normalization terms that do not depend on S from prior and likelihood, so
that

~ 1 1 — e S (Y
Z — (2[\[(1\7)4’_1\[6 2A Zz,/( iJ )> Z’ (75)
V2rAN?

where Z is the sum of the terms that depend on S over all possible configurations.

Posterior. Plugging those equations into the formula for posterior distribution (3.11), we get the posterior:

N
1 1 5.5V
PSIY) = - W@ +ds, 1) [[exvm ™™ (7.6)
Posterior E\Eigce i=1 i<y
Prior Likelihood
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7.2.1 Connection to Statistical Physics

Recalling the formalism of statistical physics, we see that the posterior probability distribution takes the form of a
Boltzmann distribution. The normalization Z takes the place of the partition function. The noise variance A plays
the role of the temperature and the corresponding Hamiltonian is:

1
H(S)=——= Y;:;5:5; 7.7
which reminds us of the Ising model. Note that the interactions Y;; are different for every pair of spins. An Ising
model with such interactions is called a spin glass.
The Table 1 summarizes the Bayesian inference and Statistical Physics correspondence. This analogy will help us
interpret and understand some of the properties and behavior of statistical inference and machine learning problems
as we can view them through the lens of statistical physics.

Statistical Physics Inference

Ising spins S; Prior S;

Boltzmann measure ~e”* posterior P(S|Y)
Hamiltonian 7 Negative log-likelihood
Partition function Z Evidence Z
Temperature 7' (or 371) Noise variance A

Interactions between spins J;;  Observations Y;;

Table 1: Analogy between Statistical Physics and Inference when looking at the spin glass card game.

7.2.2 Estimators

Maximum Likelihood Estimator. Maximum likelihood estimator is a vector S that maximizes probability Pyus(Y|S)
given by (7.3) or minimizes negative log-likelihood:

2 2
SML — arg min (f}% —Yij) = arg S’Hel]}gfl\’ 2. (?}% —Yij> . (7.8)

Here, we used the fact, that the values on the diagonal are constant w.r.t. S and that summing over all 4, j is
the same as multiplying the sum over 7 < j by 2 and subtracting the sum of the diagonal values.

This problem is equivalent to finding the rank-one approximation of the matrix Y that minimizes the Frobenius
norm of the difference, which, according to Young-Eckart theorem (see theorem 1 in the previous section), is
given by the first principal component (i.e. the leading singular vector). Therefore, the MLE for this problem
can be found by applying PCA to the matrix Y.

Notice, that to find this estimator we ignored the prior constraint that S; must be £1. The final estimate is
obtained by taking the sign of the elements in the leading singular vector. The primary drawback of the MLE
is that it discards the information that the variables are binary, which can lead to suboptimal results.

Maximum A Posteriori Estimator. The MAP estimator improves on the MLE by maximizing the full posterior
probability P(S|Y") given by (7.6).This incorporates the prior constraint that the spins must be +1. Maximizing
the posterior probability or minimizing negative logarithm of the posterior is equivalent to minimizing the
Hamiltonian (7.7):

N 1
SMAP — arg min ——= Y Yi;SiS;. 7.9
gSe{il}N /7]\/'; ij 935 (7.9)
Therefore, the MAP estimator corresponds to finding the ground state (the lowest energy configuration) of the
equivalent spin glass system.

The main challenge of the MAP approach is its computational complexity, which makes finding the exact

minimum intractable for large systems.

Bayes Optimal Estimators. Rather than maximizing a probability, these estimators are designed to be “optimal”
by directly minimizing a specific loss function that measures the error between the estimate and the true value,
while given only the observations Y and the posterior distribution S* ~ P(S|Y).
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e The Minimum Mean Square Error (MMSE) estimator seeks to minimize the mean square error (MSE)
between the “ground truth” spins S* and the estimations S:

N
Luse (5™, S Z (7.10)

However, since the true values of the spins are unknown, we only can evaluate the expected MSE over the
posterior distribution S* ~ P(S|Y):

N
N 1
SMSE(y) = argmmEp (s1v)-2msk (S, S) = argmin Z (S)Y)—= Z (S; — S;) (7.11)
¥ sl Vi
To find the minimum, we set the partial derivative w.r.t. S’j to 0:

@EP(S|Y)$MSE(S 3) _2
a J N {S:i}N,

P(S|Y)(S; = 8;(Y)) =0

. (7.12)
= SMSE(Y) P(S|Y) P(S|Y)S; = Epsy)S;
{

This posterior expectation is precisely the definition of the local magnetization m; of spin j in the cor-
responding Ising model, calculated at a finite “temperature” equal to the noise variance A. Notice, that
this estimator again produces values not necesseraly equal to +1.

The MAP estimator, by seeking the single lowest-energy state, is equivalent to a zero-temperature analysis.
At the same time, the MMSE estimator matches the “temperature” of the analysis to the level of noise
in the observed data.

e The Maximum Overlap (MO) estimator aims to find a 1 valued estimate that maximizes the number
of correctly identified spins (i.e., maximizes the overlap with the true configuration):

N
SMO(y) — arg max Epg O & . (7.13
( ) Se{Ln)N P(S|Y) ; S;,3; )
The resulting estimator is the sign of the local magnetization:
SMO — sign(m;). (7.14)

Both of these Bayes optimal estimators can be expressed through the more general concept of the marginal

distribution:
ws)= Y P(SIY), (7.15)
{Si}iz;

which gives the probability distribution of S; alone. Then we can state the optimal estimators in a more general
form:

e the MMSE estimator: S’;\/ISE =E,;S;;
e the MO estimator: S}\/IO = argmaxg; (4 (5;).

The optimal estimators do not depend on finding a single “best” configuration (like the ground state). Instead,
they require computing averages over the entire ensemble of possible configurations, weighted by their posterior
probability. This pose a severe computational challenge. Calculating the required averages (the magnetiza-
tions) requires summing over all 2%V possible configurations This computational bottleneck forces us to seek
approximation methods, that will be discussed in the next section.
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7.3 Monte Carlo Markov Chains Sampling

Since the direct computation of posterior averages is impossible for large N, we must turn to approximation meth-
ods. Monte Carlo Markov Chains (MCMC) are a class of algorithms for sampling from complex, high-dimensional
probability distributions like our posterior.

MCMC is used to generate a sequence of configurations (St,S2,...) that are effectively random draws from the
target probability distribution. Once we have a sufficiently large collection of these samples, any desired average
(like the local magnetization m;) can be accurately approximated by calculating the average of that quantity over
our collected samples.

7.3.1 The Metropolis-Hastings Algorithm

We will now introduce an example of the Metropolis-Hastings algorithm for the Spin Glass Card Game (SGCG).
The Metropolis-Hastings algorithms are a class of MCMC algorithms for generating a sequence of values from a
distribution P, which are especially convenient, when we know some function f proportional to the density P,
without the need to compute the normalization factor Z = > ¢ f(S) for P(S) = £ f(S). For example, in case of
the posterior distribution in the SGCG: P(S) = %e’i‘%p (%) it is enough to know the Hamiltonian and compute
f(8) = e 37,

Before giving the general algorithm, let us discuss the steps of the algorithm in the SGCG example, when we are
given Y, A, and N:

1. Start from a random configurations S € {£1}%;

2. Pick an element j uniformly from {1,..., N}, and compute the local field h; = ﬁ Zk# Y. Sk

e if h;S; > 0, i.e. the considered spin aligns with the local field, then flip the spin S; — —S; with probability
2h’j Sj
~ e A

)

e if h;S; <0, then flip the spin S; — —5; with probability 1;
3. Repeat the previous step T' times.

This algorithm has intuitive physical interpretation. When the candidate new state with the flipped spin has lower
energy (when the spin doesn’t align with local magnetization), we certainly flip it. But when current configuration
has lower energy that the candidate new configuration, we flip the spin with probability proportional to the ratio of
Boltzmann probabilities of these two states, i.e. the lower the energy difference, the higher the probability to flip the
spin.

After running this algorithm, we are left with the sequence of states (S*)7_;. We will only consider samples from
this sequence after the system achieved stability, in the sense that the distribution of the states is not changing from
one timestep to the next one. We achieve that by setting some time 7,q and only taking samples from ¢ > To,. And
to obtain “almost” independent samples from the posterior, we are going to take remote enough samples by setting
some Tgecorr and only taking samples from every Tgecorr Steps.

After selecting the samples, we can use them to compute the magnetization of each spin j and obtain a Bayes
optimal estimator.

While the algorithm is clear, determining the equilibration and decorrelation times T.q and Tyecorr remains a
significant practical challenge. In general, these times can be exponential in the dimension N, but in practice they
can be much smaller. Finding them is often a matter of trial and error.

7.3.2 The mathematical foundations of MCMC

Markov chain is a stochastic process describing a sequence of possible events in which the probability of each event
depends only on the state attained in the previous event. A discrete-time Markov chain is a sequence of random
variables (S1,82,...,5%,...) from a countable alphabet S* € & satisfying the Markov property: the probability of
transitioning to the next state, S**!, depends only on the current state S?, and not on any prior history. Therefore,
a Markov chain is fully described by its initial state distribution P°(S) and transition matrix T, which contains the
probabilities T'(S’|.S) of moving from any state S to any other state S’ in a single step:

T(S'|S) = P(S'™! = 5'|S" = 9). (7.16)
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Consider that at time ¢ we have the probability distribution over the states P!(S), then at time ¢ + 1 we can
compute the probability distribution P**! using the following relation:

PS8 = > T(S'[S)PH(S). (7.17)

Seod

Notice, that it can be rewritten in the matrix form, if we represent the probability distribution at timestep t in the
form of a vector P € [0,1]1], such that P} = P*(S = j), and transition matrix 7', such that T}; = T(S" = i|S = j):

Pl = TPt (7.18)

An attentive reader might notice, that such multiplication of the vector P* by the same matrix T over and over
is similar to the power iteration algorithm for finding the leading eigenvector of the matrix 1. Therefore, under
some assumptions on the initial distribution and the transition matrix, it is going to converge to the equilibrium.

Equilibrium distribution (or stationary distribution) Pey(.S) is a special probability distribution that remains
unchanged when the transition matrix T is applied to it:

Peq(S') = > T(S'[S)Peq(S). (7.19)
Seof

If the chain is irreducible (there is non-zero probability to get to all the possible states of the chain from some
initial state after some number of steps) and aperiodic (when starting from some state, we can not be certain that we
return to this state after some fixed number of steps), the state probability distribution of a Markov chain converges
to the stationary distribution as time goes to infinity. One very widely used sufficient condition for convergence is
called the Detailed Balance Condition.

The transition matrix 7" satisfies the Detailed Balance Condition with respect to the distribution P if:

P(S)T(S'|S) = P(S")T(S|S"). (7.20)

Notice, that this condition can also be used to find the transition probability matrix for a given equilibrium distri-
bution.
Now, we can describe general Metropolis-Hastings algorithm, which is based on the fact, that after the
Markov chain converged to the equilibrium, each state of the chain is effectively sampled from that distribution.
Given a current configuration S and a target distribution P.q, the algorithm proceeds as follows (the pseudo-code
is given in the listing 3):

1. Propose a “test” next configuration S’;

ch(Sl))

2. The test configuration is accepted with probability p = min(1, 3 ©
eq

Algorithm 3 Metropolis-Hastings algorithm
Require: Py, Sy, T
SO S,
t<0
repeat
t—t+1
S’ ~ Uniform (&)
if Poq(S') > Peq(St™1) then

St 8§’
else
S’ with probability Peq(S")
gt Peq(ST1) P
St~ with probability 1 — %
end if
until ¢t > T

This acceptance rule is constructed specifically to satisfy the detailed balance condition. To verify this, without
loss of generality assume Peq(S’) > Peq(S). Per the algorithm’s rule, the transition probability T'(s’|s) = 1, while
the reverse transition probability is T'(S|S") = Peq(S)/Peq(S’). We now check if the detailed balance equation 7.20
holds.
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e The left-hand side is Peq(S) - 1 = Peq(S)

e The right-hand side is Peq(S’) - 11;9;,((5)) = Pey(5)

Since both sides are equal, the condition is satisfied.
Reduction to the Spin Glass Algorithm. If we set the “target” distribution to be the posterior of the SGCG

model, the ratio %(g)) simplifies:
Peq(S") 1 N 2h;S;
PoolS) exp A(jf(S) H(S"))| =exp Al (7.21)

and we obtain exactly the update probability we saw in the example earlier.

7.3.3 Gibbs Sampling

The Gibbs sampling algorithm, or heat bath in statistical physics, is another common example of a Monte Carlo
Markov Chain algorithm. It is used for sampling from a specified multivariate probability distribution when direct
sampling from the joint distribution is difficult, but sampling from the conditional distribution is more practical. It
is particularly useful in high-dimensional configurations setting, when variables are continuous, common in machine
learning.

Given the multivariate configuration S € &/ where .7 can be both a set of discreet or continuous variables, the
iteration of the algorithm proceeds as follows:

1. Select one component k € {1,..., N} at random;

2. Sample Sy from the conditional distribution P(Sk|{S;}i%k), when all the components except from k are fixed
to the current values.

In contrast to the Metropolis-Hastings algorithm, Gibbs Sampling directly draws a new value for the selected
variable from its conditional distribution, completely forgetting the variable’s previous state.

This procedure is easier to implement than sampling from a full, high-dimensional distribution. For a single
scalar variable, if the conditional probability density is known, one can compute the cumulative distribution function
(CDF), draw a random number uniformly from [0, 1], and find the corresponding variable value by inverting the
CDF, which is much harder to do in high dimension.

In the SGCG example, the conditional probability of a single spin can be written as:

7 eXp (ﬁ Doigtk YijSiSj) exp (ﬁsk Dtk YikSi>

7 exp (ﬁ 2 gtk YijSiSJ‘) 2541 XD (ﬁsk 2 itk Yiksi) (7.22)

6%hksk

P(Sk{Si}izk) =

B eihksk + e*ihksk ’

where we used the definition of a local field that we have seen before h; = Tlﬁ >k £ Y} Sk. It can be proven that
Gibbs sampling transition matrix satisfies the detailed balance condition, and therefore, the Markov chain generated
with this algorithm converges to the stationary distribution that is the posterior of the SGCG.

7.3.4 Simulated Annealing

Markov Chain Monte Carlo methods are designed to sample from a probability distribution, a task required for the
Bayes-optimal estimator. However, if we want to find a minimum of a loss function, which is the objective of the
MAP estimator, we should use a different technique called Simulated Annealing.

Simulated Annealing provides a generic optimization framework inspired by the physical process of annealing
metals.

The loss function Z(.5) is transformed into a Boltzmann-like probability distribution

1 _Rg

Here, the loss function -£(S) plays the role of energy, and § is an inverse temperature parameter.
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Then some MCMC algorithm is used to draw samples from this probability distribution at a given inverse
temperature 8. The algorithm starts at a very high temperature or small 8 (notice that 8 = 0 produces a uniform
distribution) and gradually increases § towards infinity (driving the temperature T to zero).

As (B approaches infinity, the probability distribution P3 becomes sharply peaked over the states S* that minimize
the loss function Z(S). At zero temperature, the equilibrium state of the system is its lowest-energy configuration.
The algorithm thereby finds the optimal solution.

A key advantage of Simulated Annealing is its versatility. Unlike gradient descent, which requires continuous
variables to compute derivatives, Simulated Annealing can handle both discrete and continuous variables. This makes
it a highly general optimization tool'?.

7.4 Langevin Sampling

Another popular sampling method for the probability distributions of continuous random variables is by using

the properties of Langevin dynamics equation. Given a distribution P(w) of a continuous w € R%, let us define
e~ Uw)

a “potential” U(w) = —log P(w) + const. The distribution can be represented as P(w) = %——, where Z is
normalization constant.
We can write the overdamped Langevin equation:
dw
— =~ VeUw®) + V2¢(t), (7.23)

where £(t) is a standard Brownian motion. It describes a stochastic process, where w(t) at a fixed point ¢ can be
viewed as a random variable that we want to sample. It can be proven that the stationary distribution of the random

variable w(t) as t — oo is exactly P(w) = efz(w) . We want to use this fact to design an algorithm to sample from

P(w).
In order to do that, we discretize the dynamics using some small step size 7:

Wt = w® — v, Uw®) — /20, (7.24)

where g; ~ A4(0,1) is gaussian noise and we took /27 step to ensure correct scaling of the noise. This way, if ) goes
to 0 we retrieve exactly the differential equation 7.23. One can notice the similarity between the equation 7.24 and
the gradient descent step with learning rate n to minimize the potential U(w). Here, as before, there is a trade-off:
when parameter n is very small, the algorithm takes long time to converge, but when 7 is too big, we risk to not
converge to the desired stationary distribution.

We have already encountered a variant of gradient descent “with noise” earlier in the course, when we discussed
stochastic gradient descent (SGD) algorithm. There, the noise comes from the stochastic procedure of choosing
mini-batches to estimate the full gradient. It is not exactly the same as adding gaussian noise and currently it is
actively discussed in the field of theoretical machine learning, how SGD and Langevin dynamics are related. It is
suggested that one of the benefits of SGD, i.e. adding noise to the GD dynamics, is that this noise can help escape
“bad” local minima of energy similarly to the thermal noise when sampling using Langevin equation.

7.5 Learning Hyperparameters via Bayesian Inference

Consider a slightly different Spin glass card game: in the deck of cards, we only have fraction p of cards with +1 and
fraction 1 — p of cards with value 0, so that the prior becomes:

Ps(S;) = §(5Si771 +0s,,+1) + (1 = p)ds,.o- (7.25)

Now, the “signal” part of Yj;, i.e. S;S; will only be non-zero when both spins are non-zero. It is unclear, how to
estimate the value of p directly from such data.
Bayesian inference provides a principled framework for learning such hyperparameters. The core idea is to

estimate the hyperparameter by calculating its probability given the observed data. For this example, we want to
find P(p|Y):

P(olY) = P(Y|p)P(p) P({i

) P(p)
PO~ P(Y) > p(Y,{Si}Ip):W > P8} ) PUSiHp). (7.26)

{Si}ﬁ\{:1 {S‘L}qul

13Quoting one of its inventors: “Simulated annealing is always the second best optimization algorithm for any problem.”
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where we have used Bayes theorem (3.10) and the law of total probability. If we assume that we know the model
Yi; = S\‘/ij + W;j, where W;; is a symmetric matrix with noise sampled from a normal distribution with variance A,

we can write:

P(plY) = ( S | ﬁ 2 (V- ”>2H[ (35,1 + 65,,41) + (1= p)3s, 0] (7.27)

{Si}N,1<J i=1

evidence Z(p)

The term that we denote Z(p) corresponds to the evidence or normalization in the standard Bayesian inference
problem. This Z(p) will be exponential in N, but P(p) will be of order 1. Thus, we can disregard P(p) for large N
and optimize directly to find p that maximizes Z(p).

Making a comparison with physics, we can define the “free energy” f(p) = —+ log(Z(p)). The maximum
likelihood estimator will be the maximum of the evidence over p, or, equivalently, the minimum of the free energy
f(p). In particular, this will be a good estimator if N is large. This method can be used in general to learn
hyperparameters.

7.5.1 Expectation Maximization algorithm

To find the optimal value of p let us start by setting the derivative of the free energy f(p) to zero:

0= dlog Z(p)
= 76p =
1 7' ] 2 N
Z H 32X YU'_ |: 55 —1+ 63 41— 53_7,0
p {S; }7 1’L<j 7j=1
H[ 05, -1+ 55 41+ (1= p)ds, 0] =
i#£j
1 Ca(y,._Sisiy: N (7.28)
N 70%) He 2 (Y” \/ﬁj) X H[Bésu—l + Bési,-‘rl + (1 - p)(ssi,o]
(S, Z(p) i<j i1 2 2

y Z %5sj,71 + %5Sj,+1 — 05,0
835, -1+ 505, 41+ (1= p)ds; 0

j=1
1 1
S Pl « 3 it it b
{8}V j=1 gésjv—l + 555]'7-"-1 + (1 - P)Jsj,o’

Where we recognized the posterior distribution P(S]Y") for given p. Recalling the definition of the marginal distri-
bution (7.15) and changing the order od summation to Zjvzl D08, 2a{Sitis, WO get:

¥ sj—) + 50(S; +1) = 8(S;)
—Z; V750, — 1)+ 56(Si+1) + (1 - p)é(Si)

N
=S [msj =) (S = 1) (S =0

=1 2 =1 p L=»
(7.29)
Now, using the fact that p(S; = +1) + pu(S; = —1) + u(S; =0) = 1:
o 1 1 ~1
) [msj =412 () = ~D3 + (1= (S = +1) — (i = ~1) | =0, (7.30)

By rearranging the terms, it is easy to verify that the above condition corresponds to:

=¥ Z +u(S; = -1)). (7.31)

So p can be estimated just as the average of the sum of the marginals with S; = +1, i.e. the expected number of
spins not equal to 0.
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However, we actually need p to calculate marginals u(S;). We could solve this recurrence issue by iteratively
updating our estimate of p:
N
P = o3 (S = 110 (S = 1)) (7.32)
j=1

To obtain the marginals, we can use the current estimate of the hyperparameter p! and run a Monte Carlo
sampling.

The algorithm iterates enforcing the consistency condition until it converges. This framework allows us to
learn hyperparameters directly from data. However, there is a significant caveat. The Bayesian framework is
mathematically beautiful and principled, but it relies on a core assumption: that we know the correct generative
model for the data. In practice, the model we postulate is never exactly right. This is the fundamental bottleneck
of all model-based inference methods and we should keep it in mind when we apply them.

8 Unsupervised learning: Clustering

General goal of clustering is to partition a set of unlabeled data points into distinct groups, or clusters. The guiding
principle is that points within a given cluster should be more similar to each other than to points in other clusters.
Spin glass card game that we discussed in the previous chapter is an example of this unsupervised learning problem.

Formally, the problem can be formulated as follows. We are given a set of n samples in dimension d X € R"*¢,
and we want to assign each point to one of k clusters {C,...,C;}. The number of clusters k is normally treated as
another hyperparameter, but for the sake of simplicity we will discuss the case of fixed given k. We will use one-hot
encodings v,, € {0,1}* of the cluster labels:

1, ifueC,
Vy,a = .
0, otherwise

and denote the centers of the clusters u, € R%:

1
ta = 15T > X, (8.1)

neCy

8.0.1 k-Means Algorithm

One way of approaching clustering problem is to define a loss function to evaluate how good is the clustering and
minimize this loss function. For example, we can measure, how close (in terms of the Euclidean norm) the points of
the cluster are to the center of this cluster:

k d d k
ZUCHL. O =0 > X —wall3 =30 D (Xui = Y aivua)™. (8.2)

a=1pec, p=1i=1

Now, to minimize this loss, we can use the k-Means algorithm:

1. Initialization: Randomly select k data points from the dataset to serve as the initial cluster centers;
2. Assignment Step: Assign each data point to the cluster whose center is nearest to it;

3. Update Step: After all points are assigned, recalculate the centers for each cluster by taking the mean of all
the points newly assigned to it;

4. Repetition: Repeat the Assignment and Update steps iteratively until a stopping criterion is met (e.g., the
cluster assignments no longer change)

The algorithm steps results are illustrated in Figure 16.

Convergence is in general not guaranteed and in case the algorithm converges the result is not necessarily a
clustering that minimizes .£(S). The reason for this is that minimizing the loss .Z(S) is computationally hard.
However, the k-Means algorithm is a simple heuristic one that often works well. Another thing to notice is that the
algorithm depends on the choice of cluster centers for initialization. It can be seen, for instance, if we select the first
cluster center as one of the data points and the other centers very far away from the actual data. Then the algorithm
will not find a good clustering, it would suggest, that all the points belong to the first cluster, while all other clusters
will be empty. Therefore, one should choose the appropriate initialization.
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Figure 16: k-Means algorithm steps in clustering problem with d = 2 and k = 3. The different colors refer to different
cluster membership.

8.0.2 Probabilistic Foundation: Gaussian Mixture Model

Minimization of the loss function (8.2) can be viewed as maximizing the likelihood when the data is generated by the
following probabilistic model, called Gaussian Mixture Model (GMM). We fix ground truth centers uf,...,u} € R
The prior probability of sample u to belong to cluster a is

k
= Zpaé(ea —wvy), where p, >0 and Zpa =1, (8.3)

a=1

here p, is the probability to belong to cluster a and e, — basis vectors in k - dimensional canonical basis, so that v},
are one-hot encodings of the clusters.
Now, for given u and v the probability of generating the data matrix X is

n d 1
P(X|u,v) :gl;llme

Therefore, the whole GMM data generation process is: first, sample a cluster index with probability p,, and then,
generate a gaussian vector with the mean in the center of this cluster and variance A.

Notice, that maximizing the likelihood (8.4) is exactly the same as minimizing the loss (8.2). However, the MLE
doesn’t take into account the prior distribution and ignores the fact that v is one-hot encoded. If the prior is taken
into the account (as can be seen from writing the posterior), we still need to minimize the same loss function, at the
same time satisfying the constraints on v. This leads to an algorithm that does alternate minimization of Z(u,v):

_ﬁ(Xm‘—Eﬁ:l U;au;i)Z' (8.4)

e Fixing centers w, minimize over assignments v: When we hold the cluster centers fixed and seek the best
assignment for each data point, the loss is minimized by assigning each point to its closest center. This recovers
the k-Means Assignment Step.

e Fixing assignments v, minimize over centers u: When we hold the cluster assignments fixed and seek the best
location for the centers, we can set the derivative of the loss function with respect to the centers to zero. Doing
so reveals that the optimal center is simply the mean of all points assigned to that cluster. This recovers the
k-Means Update Step.

9 Features, Kernel methods

9.1 Representer theorem

Theorem 2 (Representer theorem). Consider the linear model, learning the vector w € R? given the data X € R"*¢,
y € R™ by minimizing the loss function of the form

n

d
l(y#,wTXH)—&—)\Zw?. (9.1)
i=1

p=1
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Any minimizer of the loss (9.1) can be written as

b= zn: ay X, (9.2)
v=1

Proof. Notice that any vector w € R can be written as a sum of the vector that lies in the span of X and the vector
orthogonal to it:

w:Zal,Xl,erl, where XZwL:OVVzl,...,n.

v=1

Then, we can write the loss as

w)=§l<ymz<iaﬁy,i> M—S—Zw X,“>+/\;<Zozl, i+ W )2

i=1 v=1

n d n d n d n d
= Zl (y;u Z <Z al/Xll,i> Xu,i) + A Z (Z ayXy,i> +2 Z Z Oéll)(ll,z’wil + Z(wf)2 (93)
p=1 =1 v=1 v=1 =1

i=1 i=1v=1

i=1 \v=1 i=1 \v=1

n d n d n 2 d
Zl <yua Z (Z auXu,i> XM,i) + A Z (Z anXy7i> + A Z(wl)2
pn=1 i=1

Assume, 0 = >1_, a, X, + @' is a minimizer of the loss (9.1). But then @l = Y""_ «, X, is also a minimizer of
the loss, since .Z(wll) = £ (w) — )\27 L(wih)? < Z(w).
Therefore, there always exists a minimizer of the loss (9.1) of the form

n
AzZa X
v=1

Now, using this theorem, we can rewrite the linear model:

d d n n d
Uu = Zl@iXM,i = Z ZauXu,iXu,i = Zal, (Z X,,’inm) . (9.4)
J i v=1 i=1

o5 o B (£ o (o)
- iz <yﬂ i (Z X, X, )) + /\ga,,au (i XW-XW) .

We can choose to optimize over the coefficients « instead of w to find the minimizer of the loss. One advantage
of this approach is, that it reduces the computational costs, when n < d, since we only need to optimize over n
parameters «,, instead of d parameters w;.

9.2 Kernel method

Notice, that for linear model in this form we don’t use the feature vectors X,, themselves, we only use scalar products
between them. This naturally leads to the definition of the Gramm matrix:

d
K=Y XpiXui=XIX,. (9-6)

=1
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The loss can be rewritten as
j(a) = Zl <y#)ZaDKV}L> +>\Zaua;¢Kw¢; (97)
p=1 v=1 v,

and the estimate on the new sample

d n d n
?gnew = E wanew,i = E Qay § XV,iX,u,i = E auKy,new- (98)
i=1 v=1 i=1 v=1

We can view the scalar product K, as a measure of similarity between the samples X, and X,, and linear
regression as a way to sum the labels of the samples in the training set with weights proportional to this similarity.
But then, we also can consider a similarity measure different from the scalar product, such as

e Exponential kernel: K(X,,X,) = e X X
e Radial basis kernel: K(X,,X,,) = el Xv=Xull?

This model with general kernel not necessarily equal to the scalar product is called kernel regression.

9.2.1 Feature Maps

In Section 5.3, we introduced the problem of non-linearly separable data and potential solutions. Now, we will
develop the idea of modifying the existing data to create new useful features. In the examples in the Figure 17, the
transformations that allow to linearly separate the data are

1. @(3’;1,.’)32) = T1T9;
2. ‘I)(xth) = (1‘%11:%)

Another example of adding useful features to solve the problem is polynomial regression, that we discussed in
Section 2.5. There, from the given x we created new features ®(z) = (1,z,2%,23,...,2P).

We can formalize this concept of adding useful features by defining the feature map: a function ®(z) : R? — RP,
that maps from original features to the new ones.

After we apply the map, we perform the linear regression with the new features:

Y = qu’(Xu)'
Therefore, analogously to the ordinary linear regression, we can rewrite the loss function using a kernel K (X,, X)) =
K(®(X,), ®(X,)) = 5:1 Do (Xy)Pa(Xp):

n

Z(a) = zn: l (yu, > aK(X,, XH)> +AD a0, K(X,, X)) (9.9)
p=1 v=1 v,

Now, we will consider the following questions: Can we always find a feature map that helps us learn a desired
function? And can we find an appropriate feature map to express any kernel?

9.2.2 Feature Map expressivity

Consider the case of supervised regression in dimension d = 1. We believe, that the labels y,, can be expressed as
some function of samples z,: y, = f(z,). If the function f is “reasonable”, we can do a Tailor expansion of this
function, and therefore, we can write the function in the form

f(z) = Z 0qx®. (9.10)
a=0

Now let’s define a “infinite-dimensional” feature map ®(x) = (1,2, 22,...,2%,...), which allows us to express the
true label function. Assuming the values of X, and X, to be normalized so that | X, X,| < 1, we can compute the
kernel

K(X,,X,) =Y XbXP = (9.11)
p=0
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Figure 17: Examples of non-linearly separable data and their linearly separable representations.

by using the geometric progression formula.

Notice that the implicit infinite-dimensional representation of the data reduced to easily computable kernel
depending only on 2 variables.

Transitioning to the case of general d > 1, we can find a feature map that leads to the same kernel

1 o0
KX Xo) = 7y = > (XX, (9.12)
[ p=0
Expanding the multinomial, we find
0o 0 p' d 5
SNX X =) > — [[(xix.)%. (9.13)
p=0 p=0 B1+p2+---+Ba=p Hi:l 6’ i=1

Bi

The coefficient accounts for the number of times the term Hle x;" appears in the expanded form of

p!
H?:l Bi!
(Zle x;)P'. From this kernel, we find that the feature space can be constructed as:

d
/ P! Bi
(I){51+ﬂ2+"'+3dzp}f)°:0 (X/L) = W Xl“" (914)
=1/~ =1

However, the expansion was done assuming that the infinite sum is converging, which is not always the case with
generic data. The data should be carefully normalized, which sometimes is impractical.

Mwhich is the same as the number of ways to place p objects in d boxes such that there are 81 elements in box 1, 82 elements in box
2 and so on
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We can now treat the exponential kernel, because the exponent expansion doesn’t require the argument to be
bounded. Proceeding as before we have:

+o00
X, - X,)P
K(X,, X,) =X =3 K X (9.15)

For this kernel, exploiting the multinomial expansion, the feature space can be constructed as:

d
[ 1 8,
(I){Bl+/32+"'+5d=p};°:0 (XH> - ngl X i X/“'~ (916)

So we find that the features are the same as in Eq.(9.14), with only one coefficient changed.
The final kernel we have introduced in Eq.(??), the radial basis kernel, is the most commonly used. Its feature

map is given by
Py 60, 8 (X, \ | =g V2P exp{ ZX/“ } HX/% (9.17)
2 1 i=1

and is also called the radial basis function (RBF).

9.2.3 Informal introduction to Support Vector Machine

Let us now consider the binary classification task. It is possible to show, that with large enough number of arbitrary
features, we can always separate the samples in two classes. Moreover, there will be infinitely many separating
hyperplanes.

In that case, one could use hinge loss (5.7), that was introduced in Section 5.1. It encourages a margin between
the separating hyperplane and the sample points and therefore helps to find a better generalizing model.

Applying “kernel trick”, i.e. using the representer theorem to switch from parameters w to parameters a, with
this loss is called Support Vector Machine. It is a very popular classical method, that allows to perform non-linear
classification. The name comes from the fact, that the optimal «, values are non-zero only for the examples in the
training set that are the closest to the decision boundary (they all are exactly at a distance equal to the margin
between the hyperplane and the sample closest to the hyperplane).

9.2.4 Kernel method drawbacks

To interpret what kernel regression does, consider a one-dimensional example. Assume we have a function to estimate
the label:

Z a, K(X,, X), (9.18)
where coefficients &, are learned by optimizing the loss (9.7) and K (X,, X) measures the similarity between the new

point and the training sample v.
We can depict functions f,(z) = &, K(X,,x) separately on a graph (see Figure 18).

X}

Figure 18: Single terms f,(z) around five different training samples X,.
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Now, let’s place a new sample X oy as shown in Figure ?? and compute the f(X) corresponding to it. We notice
that contributions from X; or X5 have little weight at X,ew, but we sum the contributions from X3, X4, and X5
because their close distance to X adds more weight to them.

This is similar to the k-nearest neighbors method — the kernel method computes a weighted average of the training
points, so that similar points in terms of K(X,,X,) get more weight, while further points almost don’t contribute
to the result. Unfortunately, this means the method may suffer from the curse of dimensionality in the same way as
the k-nearest neighbors method did.

Another possible drawback is computational. Optimizing the loss of kernel regression requires to store the matrix
K(X,,X,) € R and do computations that require quadratic number of steps in terms of n. With the modern
dataset sizes, this is infeasible. Ideally, we would like our methods to take linear number of steps in terms of n, as
for example, in gradient descent, and we will discuss how to achieve this in the next chapter.

10 Introduction to Neural Networks

10.1 Random Features Regression

In the previous chapter we discussed the feature mappings that allowed us to express a very wide class of functions,
which, unfortunately, is computationally infeasible for large dataset size n. Now we introduce a way to mitigate this
issue.

Consider the following feature mapping:

o,(X)=0(F, X), fora=1,...,p, (10.1)

a
where F,, € R? are chosen at random, e.g. F,; ~ P(F) = .4#7(0,1), and o is a non-linear function, e.g. o(z) = tanh(x)
or o(x) = sign(z).
It was shown in [4] that for many popular K (X, X, ), we can choose a non-linear transformation ¢ and distribution
P(F), so that

K(X,, X,) =Y o(FX,)o(FX,). (10.2)
a=1
Now, to resolve the computational drawback of the kernel method, which is equivalent to having infinite-
dimensional features, we can truncate the sum (10.3), using only D features:

D
K(X,, X)) =Y o(Ff X,)o(FLX,). (10.3)
a=1
The parameter D should be sufficiently large, so that the approximation of the kernel is good, but as long as D < n
we are saving compute by performing linear regression on this random features mapping instead of kernel regression
on original samples. The model becomes

D D
§=> wa®u(X) =) wio(FX). (10.4)
a=1 a=1
and we minimize the loss w.r.t.w.

10.2 Neural Networks

To transition from random features regression to a neural network, we only need to do one step: make F, learnable
instead of sampling and fixing them. The prediction will take the form

P d
Unew = 0 (Z WaqO (Z Faanew,z')) ) (10.5)
a=1 i=1

where & can be identity (e.g. for regression task), or some different function (e.g. sigmoid for binary classification
task). And the optimization problem we would like to solve is

) 1n P d
0, F = i Lw, F)y == "1y, . FuiX i . 10.6
o e Cond )| R

To find the optimal parameters we can still use gradient descent, as long as we can compute the gradient of the loss
function.
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Terminology

First, let’s consider a visual representation of a neural network defined by (10.5), as depicted in Figure 19. The nodes
represent the values, while the edges represent the coefficients with which this values are recombined. Non-linear
function o is applied “to each node” of the hidden layer before passing the values further to the output layer.

Input Layer Hidden Layer Output Layer

Figure 19: Example of a two layer neural network with d = 3 and p = 4.

Let us introduce the terminology, which is usually used to discuss neural networks:
Weights. Learnable parameters w and F are called weights of the neural network.

Layers. A layer is a collection of nodes (neurons) that represent the transformation of data coming from the previous
layer (except for input layer, which represents the unmodified data sample).

Depth (L). The number of layers with learnable weights. In this example, we have two layers of learnable weights,
and therefore, depth L = 2 neural network. Alternatively, we can call it a I hidden layer neural network,
because it has only one layer of “hidden” nodes between the input and the ouput layers.

Width (p). The number of neurons in the hidden layer (in our example p = 4).

Activation Function. A non-linear function o that is applied to the output of each hidden neuron. We will discuss
common choices of o later.

Pre-activation. The term, to which the activation function is applied, i.e. hy, = F, X -
Post-activation The term after the activation t,, = o(F} X,,).

This kind of neural networks is called fully-connected or feed-forward neural network, because in the graphical
representation we can see, that all the neurons from the previous layer are connected to all the neurons of the next
layer.

Notice, that one-layer neural network represents exactly the same model as linear regression.

Choice of activation function

Non-linear activation function is what makes a deep neural network different from a (reparametrized) linear regression.
Indeed, if we take o(h) = h, the estimator that we obtain is just a linear combination of the input features.
The most commonly used activation function is called rectified linear unit (ReLU):

o(h) = max(0, h). (10.7)
Other popular choises are:

e hyperbolic tangent: o(h) = tanh(h);
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e sigmoid function: o(h) = 1/(1+e7").

To draw an analogy with biological neural network, one can consider an activation function o(h) = sign(h), which
ensures that the neurons have binary states (they fire or they don’t), and the weights represent the synaptic strength
of the connection between the neurons. However, this approach is not suitable for optimization with gradient descent,
because the function sign(h) has 0 gradient almost everywhere.

10.3 Universal Approximation theorem

First, we will state a more general form of estimator function, including biases b in addition to weights w and F:

p d

= Wq O F;X;+b, | +0b. (108)
e (gpruxcen)
a=1

i=1
Then, we can state the result that establishes the expressive capacity of neural networks:

Theorem 3 (Universal Approximation theorem). Any continuous function f* : R? — R can be approzimated by a
two-layer neural network of the form 10.8, so that

Ve >0 3w, b sup || f(X)— fM(X)] <e,
XeRd

as long as activation function o is not a polynomial and the width of the network p is large enough.

This result guarantees that neural networks are, in principle, powerful enough to represent almost any function
of interest. The proof, however, only establishes the existence of the required weights, not how to find them. The
training process involves minimizing a high-dimensional, non-convex loss function. It was proven that finding the
minimizer in general is an NP-complete problem. This means that in the worst-case scenario, the time required to
find the global minimum of the loss function can be exponential in the problem size.

However, it was empirically discovered that gradient descent, while offering no guarantees of finding the true
minimizer, finds the solution in many practically interesting cases. A central open scientific question remains: how
to characterize the data structure that make the training tractable?

10.4 Deep Neural Networks

In theory, two layer should be enough to approximate any continuous function. In practice, usually more than two
layers are used, because empirically they produce better results (smaller test error). An example of a deep (L = 4)
feed-forward neural network is depicted in Figure 20.

Input Layer Hidden Layer 1 Hidden Layer 2 Hidden Layer 3 Output Layer

Figure 20: Example of a 4 layer neural network.

The function that this network represents is

f ( QS(L (Z L)¢(L71) ( ’.¢(2) <§: Waf()mgb(l (Z a2a1 /m1>>>> ’ (10'9)

ar=1 azx=1 a1=1
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where W = (W(l), .. .,W(L)) is the collection of trainable weights, W) € RP+1P1 py = d, pro1 = 1 and ¢ are
activation functions at each layer.

10.5 Training Neural Networks
We have already discussed all the components of the training procedure in this course before:
Model — a parametric function that maps the data samples to the labels (e.g. linear regression);

Loss function — a function that measures the quality of our model, i.e. how far the predictions are from the true
labels. One common loss for regression problems is the quadratic loss, we have already discussed in the context
of linear regression (2.3):

l(ya Z) = (y - 2)27

where the target y and the model output z are scalars. And for multi-class classification, cross-entropy loss is

often used (5.14):
k
- Z Ya ln(pa),
a=1

where the target y is one-hot encoding of the class, i.e. Yy, = 6 true class label and p € R represents the
probability predicted by the model, using softmax transformation of the model outputs z € R*: p, = -

Zb N ezb 7
Optimization procedure — a way to find the parameters of the model that minimize the loss function. Most
commonly it is a variant of stochastic gradient descent, discussed in Chapter 4:
I ! oYy, fv (X))
WO+ 1) =Wy Y LK) (10.10)

O]
HEB: 6Wab W (t)
where 7 is the learning rate and at each iteration we take the batch of samples B;. The pass through all the
samples in the training set is usually called an epoch, and the batches are usually resampled at each epoch;

Validation — a process of evaluating the performance of the model to find the best hyperparameters, which we
discussed in detail in Section 2.6. Notice, that we can measure the prediction quality with a metric not
necessarily equal to the loss, such as accuracy (the fraction of correctly predicted samples) for classification:

1 — R
= Z yusips Where g, = argm(:lax(fW(XM))a.

Notice that compared to previously considered models, deep neural networks introduce additional hyperpa-
rameters: the number of layers L, the width p; and activation function ¢() for each layer I = 1,..., L and the
way to initialize each layer.

While gradient calculation for a deep network is more difficult than in the previously discussed models, we can
compute them efficiently using the back-propagation algorithm.

1. Initialization. The algorithm starts by randomly initializing the weights, usually using normal distribution
JV(O, O'jnit).

2. Forward pass. For each sample in the batch, we compute and save pre-activations and post-activations of

each layer (we start from initial post-activation tLO)

_ (1(1-1)
hl) = ZW ,

= X,,, which is the input sample itself):
(10.11)
tfil = oV (h{),

until we obtain the final tu = fw(X,).
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3. Backward pass. This is the step that allows us to efficiently compute the gradients using the chain rule. We
start by expressing the derivatives of the loss with respect to the input at the last layer (the post-activation of
the previous layer):

oy, fw (X))  0l(y,t D) ot dl(y, L)

§W) — -
a (9th) ot(L) 8h¢(lL) ot(L)

(¢9)' (h) (10.12)

Now, if we want to express the derivative with respect to the input of the previous layer [ — 1 given the
derivatives of the layer [ we can write:

o Olly, fw (X onl) _ _
= W =280~y = 20 Wil (617 (). (10.13)
a b a b

This way we can recursively compute the derivatives for all layers from L to 1 using the derivatives computed
on the previous steps.

The derivatives with respect to the weight W;? are written as

l
Oy, fw (X)) _ Ay, fw(X)) O _ ) a-n), (10.14)
ow® onD  owl v e

4. Weights updates. After the derivative with respect to the weight Wé? is computed for each sample in the
batch By, we can update the weight following the gradient descent iteration procedure (10.10).

10.6 What contributed to the Deep Neural Networks success

Deep Neural Networks were known since the second half of the 20th century with back-propagation algorithm being
applied since the 70s. However, they became popular only recently due to the following reasons:

1. GPUs enabled parallel execution of many simple arithmetic operations, dramatically accelerating matrix mul-
tiplication and element-wise operations compared to CPUs. This parallelization significantly reduced deep
network training times.

2. Clean and large datasets of labelled images were collected only recently:

e MNIST, the handwritten digits database with = 70k digits, developed in 1988.

e CIFAR-10 (CIFAR-100), from the Canadian Institute For Advanced Research developed in 2009: The
dataset contains ~ 60k colored images in 10 (100) different classes (dogs, cats, etc.).

e ImageNet — a dataset of 14 million images for 1000 classes was collected in 2010 using Amazon Mechanical
Turk, a crowd-sourcing platform where people around the world are paid to label images.

In 2012, Deep Convolutional Neural Network (this architecture will be discussed in the next chapter) achieved 85%
accuracy of classification on ImageNet, with the runner up architecture achieving ~ 74 %. This was a jump in quality
never observed before in Machine learning for image classification. It is often seen as the official start of the “Deep
Learning revolution”.

11 Convolutional networks

11.1 Motivation

Suppose we trained a fully-connected neural network to classify cat and dog images. All the weights in one layer are
“symmetric” in the sense, that if we permute the “neurons” together with the connections, the output of the modified
network will be the same. That leads to not taking into consideration local properties of the input. Therefore, to
utilize the same useful features that humans use to recognize object in the pictures (e.g. pointy cat ears), we need
to introduce some notion of locality in the network, so that the network is not permutationally invariant.

Another important aspect of the way humans view images is that the objects in the picture are recognizable even
when the image is shifted (i.e. if the cat is in the top left corner or at the center of the image, we can still recognize
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it as a cat). Therefore, we want to introduce shift invariance to the network, which fully-connected layers don’t
have.

Moreover, training a fully connected network can be very computationally costly. For an image of 100 by 100
pixels, the network input dimension is already 3 x 10%, and for higher resolution images training a feed-forward
network can be infeasible because of the large input dimension size.

Each neural network layer can be considered from an abstract perspective as a mapping from RPI-* to RP:. So
far, we have only seen fully connected layers, which are linear maps. But we can think of other types of layers, that
will help us resolve the issues we stated before.

11.2 Building blocks of Convolutional Networks
11.2.1 Convolutional layer

A convolutional layer is a primary building block of a convolutional neural network (CNN) that applies a convolution
operation to its input. The convolution operation involves sliding a small window (called a kernel or filter) across
the input data and computing the dot product between the values in the kernel and the input at each position. This
process creates a feature map that represents detected features in the input (i.e. lines or angles in the image).

Convolutional layer in 1D (illustrated in Figure 21). First, let’s consider a convolution operation on 1-
dimensional input in RY. First, we fix a filter, which is a vector in R¥. Then we take a sliding window of size F' and
slide it across the input vector, shifting the receptive field by S positions at each step (the number of positions to
shift is called stride). At each step the dot product between the filter and the receptive field is computed and stored
as an element in the output vector.

Additionally, we can add zeroes Psart and Pyhq to each side of the boundaries of the input, which is called
zero-padding. It is done, so that each item of the input vector appears on each position in receptive field and the
filter “sees” the input end-to-end.

The output vector dimension can be computed as

I_F+Pstart+Pend
S

O:

Applying the kernel to all patches of the input helps the network to keep track of the locality in the data. It’s
important to notice that the values of the filter weights do not depend on which receptive filter we take. This
property is known as weight sharing and it induces the shift invariance of the convolutional layer.

Notice, that convolutional layer is a special case of a fully-connected layer with special structure in the weights.
In addition to previously discussed benefits, this structure helps to reduce the number of learned parameters and
therefore makes the learning more efficient.

1) 2) 3)

Figure 21: Convolution on 1D input.

Convolutional layer in 2D (illustrated in Figure 22). The input image is usually represented by a matrix in
R*T or a set of C matrices corresponding to C' different color channels (typically for an image that can be displayed
on the screen C' = 3). This motivates a natural generalization of the convolution operation to higher dimension.
We can define a filter, as a tensor in R”*W ¢ and take the sliding window that moves both along horizontal and
vertical dimensions of the input. The values in the receptive field get multiplied by the values of the filter and then
all resulting values are summed up and stored in the output matrix.

Moreover, we can define several filters, that are applied to the same image, to create multiple output channels.
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Output Output

Figure 22: Convolution on 2D input with 3 channels

Mathematically, a convolution operation for a 2D input with C}, channels can be expressed as

Cin i+Fp—1j+F,—1

Z Z Z c,mn ’mn7 (11'1)
where t¢

¢m 1s the element of the input at position (m,n) in channel ¢, h;; is the output at position (¢, j) in channel
k, and a filter W* € RC»*FrxFu ig applied to the input to create the output channel k.

11.2.2 Pooling Layer

Pooling is a down-sampling operation that summarizes the nearby inputs and helps to make the network shift
invariant. The input is divided into equal size patches and the pooling operation is applied to each of the patches,
as illustrated in the Figure 23. If the input has several channels, pooling is performed separately for each channel.

1|@)|5]2
X,U 0 3 @ 1 Non linear 4 6
te [212]3]1 — |46
1 |@)®) 3
=2x2 filter

Figure 23: Example of max pooling with 2x2 filter applied to a matrix input.

The most popular types of pooling are Max pooling and Average pooling that take respectively the maximum
and the average over each patch in the input.
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11.3 Examples of CNN architectures

In a convolutional neural network, the hidden layers include one or more layers that perform convolutions. Typically,
for image classification task, first several hidden layers interchange between convolutions and pooling and applying
non-linear activation function in between them. Then the outputs get flattened and several fully connected layers
are applied. To predict the class of the image, softmax function is applied to the last layer outputs, and the results
are interpreted as probabilities of the image to belong to a particular class. In Figure 24, we show the architectures
of two historically important networks: LeNet and AlexNet.

AlexNet
Image: 224 (height) x 224 (width) x 3 (channels)

‘ Convolution with11x11 kvernel-n-45tride:54x54x96‘

v Relu
_ Pool with 3x3 max. kernel+2 stride: 26x26x96 |

LeNet  Convolution with 5x5 kemnel+2 pad:26x26x256 |
» RelLu

| Image: 28 (height) x 28 (width) x 1 (channel) | ~ Pool with 3x3 max.kernel+2stride: 12x12x256 |

| Convolution with 5x5 kernel+2padding:28x28x6 | _ Convolution with 3x3 kemnel+1 pad:12x12x384 ‘
. sigmoid Relu

| Pool with 2x2 average kernel+2 stride:14x14x6 | ' Convolution with 3x3kemel+1 pad:12x12x384 |
: : Y v Relu

l Convolution with 5x5 kernel (nqgad):10x1 0x16 ‘ ‘ Convolution with 3x3 kernel+1 pad:12x12x256 ‘
|, sigmoi ReLu

| Pool with 2x2 average kernel+2 stride: 5x5x16 | " Poolwith 3x3 o kemels2stride 5x5x256 |
v flatten flatten

| Dense: 120 fully cozin:(t;dd neurons | \ Dense: 4096 fully connected neurons \

| Dense: 84 fully cénnicted neurons l « ReLu, dropout p=0.5
' sigmoid \ Dense: 4096 fully connected neurons \

‘ v Relu, dropout p=0.5

Dense: 10 fully connected neurons
| y \ Dense: 1000 fully connected neurons \

Output: 1 of 10 classes v
Output: 1 of 1000 classes

(a) LeNet CNN architecture. (b) AlexNet CNN architecture

Figure 24: Examples of convolutional networks.

LeNet was one of the earliest convolutional neural networks and it was designed for reading small grayscale
images of handwritten digits and letters. One of the factors in the success of this network for the digits recognition
tasks was the use of a large (especially for that time period) dataset of hadwritten digits MNIST. The MNIST dataset
is composed of handwritten digits represented in images of 28 x 28 pixels; the images are black-and-white and in this
case we only have one channel. The database is made of 60’000 training and 10’000 testing images with labels from
0 to 9.

AlexNet was proposed in 2012 and became a catalyst for the following rapid development of the deep learning
field. It was trained to classify images from the ImageNet dataset, made of higher resolution, and colored images
(224 x 224 pixels and 3 channels) which could represent objects of 1000 different classes.

In the subsequent years deeper models were able to achieve even better performance on the ImageNet classification
task (see Figure 25). However, when the number of layers in the network increases, we may encounter a vanishing
gradient problem during training. When the derivatives with respect to each layers input are small in absolute
value, multiplying them according to the chain rule leads to a gradient extremely close to zero. Then gradient
descent algorithm is unable to update the weights of the network.

An important advance occurred in 2015 with ResNet which had 152 layers. This architecture partially overcame
the vanishing gradient problem by adding residual connections to the network. The idea of the residual connection
will be discussed in more details in section 12.3.2.
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Figure 25: Classification top-5 error in percentage for the ImageNet experiment

12 Transformers

Some of the most famous recent advancements in the field of Machine Learning, namely Large Language Models
(LLMs) such as ChatGPT, DeepSeek, Claude, etc. as well as some of the recent computer vision models are based
on the transformer architecture introduced in the paper “Attention is all you need” (Vaswani, Shazeer, Parmar, et
al. [5]).

So far, we discussed architectures where the input sample was treated as a single object (a vector or a tensor,
that was modified as a whole in each layer). In the fully-connected layer the input data was presented as vectors in
R? and each layer [ transformed it into a vector of different dimension R”!. In the convolutional networks the data
and the output of each convolution layer were grids in the image resolution dimension times the number of channels
RC XHXxW .

However, sometimes it is useful to split the sample into parts. Let’s take as an example the following task: we
are given a sentence, e.g. “I like statistical ...” and we want to predict the next word in this sentence. As a human,
you know, that the sentence as a whole consist of several words, i.e. parts, each of which has its own meaning, plus
some meaning added from the combination of these parts!®. Therefore, when we construct a model to work with
such data, we want to conserve this essential structure of having several parts. The process of converting the input
(e.g. the block of text or a whole image) into a sequence of parts called tokens is called tokenization and will be
discussed in detail later.

12.1 Dot-product self-attention layer

Now we will focus on the neural network layer that allows us to look at tokens individually and combine them
between each other to produce new representations.

We are given an input X* € RT*4 where T is the length of the sequence of tokens (e.g. number of words in the
sentence) that we call context length. We call the vector representation X* € R? of the token on position a in the
sequence an embedding of this token.

Attention layer'® output £ can be written as

D) ZA” () Zt“ Dy (12.1)

where V1 € R¥*4" ig called the value matrix, A € RT*7 ig the attention matrix. Notice that attention layer takes
the embeddings of each token, projects them to some new d’ dimensional space using the value matrix and then
“mixes” this projections according to the weights from the attention matrix.

15sometimes you can even say that parts of words themselves have meaning, for example “statist” and “ical”, where the first part gives

semantic meaning and the second gives grammatical sense to the word.
16This layer is sometimes called a self-attention layer, because the attention scores are computed between the embeddings of the
sequence and itself, while attention can also be computed between embeddings of two different sequences.
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Attention matrix represents the “attention” a model should pay to each of the tokens while constructing the
output embeddings, i.e. if the attention score between tokens a and b is large, then the projection of the embedding
tg’(l) will be added in the next embedding 2" with a large weight.

The most popular variant of attention computation is a softmax dot-product attention defined as follows:

exp{ 22 3oy (0 i Qi) (5 oK) }

Ay = = y y , (12.2)
Dt eXp{W Dokt (5o tag Qi) (32521 tchjk)}
where @ is a query matrix, K is a key matrix in R?*". Let us take a look at this computation step by step:
1. For tokens at each position a = 1,...,T we construct query and key representations: QTtﬁ."(l) and KTtZ’(l)

2. For each token a in the sequence, we take its query projection and compute the dot-product with the key
projections of all tokens to get the scores (QTt’j’(l))T(KTtZ’(l)) forb=1,...,T

3. We normalize the scores using the softmax function. Notice that this operation “focuses” the attention on the
tokens which key projections have larger dot-product with the query projection of the current token.

This computation can be written more concisely as

(tQ)(tK)") (12.3)

A= softmax(—
v
12.1.1 Multi-head attention

Usually, transformer layers use more than one head of attention. First, the output of each head is computed:
e (+1),y ZA# (D)5 Ztu l)V Dy (12.4)

and then we concatenate the outputs of different heads to get the final output tﬁ’(lﬂ) = (tﬁ’(lﬂ)’l, e ,tg’(Hl)’h)T

Usually, the dimension of each head is set to 4 (both r and d’), so that after concatenation the final output has the
same dimension as the input to the layer.
The architecture is depicted in the Figure 26 from a course [6].

12.1.2 Number of trainable parameters and time complexity

Time complexity of the dot-product attention layer is different from the feed-forward or convolutional layer that
are linearly dependent on all dimensions of the input. The attention layer requires to compute a T' x T attention
scores matrix, i.e. this computation time grows quadratically w.r.t. the context length, which might become the
computational bottleneck when the sequence length grows.

At the same time, the number of parameters in each layer is d x d’ x h+2d x r x h = 3d?, which doesn’t depend on
the context length 7. While the fully-connected layer applied to the same sequence would require d x T parameters,
which might require much more memory when the sequence length grows larger than the embedding dimension.

The predecessor of most modern LLM architectures GPT-2 had L = 12 layers with dimensions d = 768,h =
12, r = 64 of each layer and worked with sequences of length 7' = 1024. It is considered small compared to the SOTA
models, but the dimension is still quite large.

12.2 Embeddings

The first step of training the transformer is to pre-process the data: separate it into a sequence of parts called tokens
and convert this tokens into vectors in R¢ called embeddings.

Let us start with discussion of tokenization for images. We are usually given a square image W x W, which we
split into patches of size k x k. Each patch gets processed by a “backbone”. After performing this operation we
have T = (%)2 token embeddings. The backbone can be just taking all the pixels in all the channels as a vector
and applying linear map on them or applying a small convolutional neural network on the patch. The backbone is
usually trained together with the network.
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Figure 26: Multi-head attention layer schema.

Tokenization for language is different, because tokens come from a discrete set. A natural way to separate strings
into parts is to use each word as a token, but this approach leads to a very large vocabulary and it is not clear,
how to treat new words that we never encountered in training. Moreover, in some languages, e.g. German, it is
common to concatenate several words together to create a new word, that in our approach will have to be treated
as an entirely different new token and we will lose the information we could get from knowing the parts of the word
separately. Another way to tokenize is to consider each letter to be a separate token. However, this approach leads
to the increased sequence length that slows down the computations.

The most common approach is to use some algorithm that extracts most commonly encountered sequences of
several characters to be the tokens, so that some popular words are considered as a single token, while words that
do not often appear in the training set are separated into several tokens, e.g. in the sentence “I am learning”,“I”
and “am” would be one token each, and “learning” gets separated into “learn” and “ing”. In modern architectures,
number of tokens used is usually dioxen ~ 5 x 10%.

After tokenization, we can apply one hot encoding to the sequence of tokens to get vectors R, € R%oken ywhere
R,; = 1 if token on the position a is the j-th token in the dictionary and 0 otherwise. And then we apply a trainable

linear map W € R%*@wken to the one-hot encoded token vectors to get the embeddings X,; = Z;;l WijRa; + b;.

12.2.1 Positional encoding

So far, the architecture we discussed is invariant to the permutation of the tokens. However, in natural language and
in computer vision positional information from the input data plays important role (e.g. sentences “The dog chases
the cat” and “The cat chases the dog” have different meaning). Therefore, we introduce positional encodings to the
network in order to keep the positional information.

We add the embeddings of the position to the token embedding;:

th® = Xt + Pus, (12.5)

where P, € R? is encoding the position of the token, it doesn’t depend on the sample itself.
There are different options for positional encodings (PE):

e Trainable PE, where P € RT*? is trained together with the network.
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e Sinusoidal PE (was originally used by Vaswani, Shazeer, Parmar, et al.).

Pk = Sin(woo%?k/d) (12.6)
Pu2kt1 = co8( qggo0emra) -

The form of the encoding was motivated by the fact that if we multiply them the result P! P, will only depend
on the difference between a and b, i.e. on the distance between the token positions in the sequence.

e Rotary PE - a positional encoding that is done by rotating the embedding vectors depending on their position
in the sequence after they are projected by K and ) matrices. This approach captures the relative distance
between tokens even for larger context lengths.

12.3 Vanishing and Exploding gradients

Before turning to the discussion of the tasks that can be solved by transformers, we will discuss some problems that
can be encountered during training. The problems we want to discuss are general for any deep network and they arise
from the fact that we stack several layers one after the other, so we will consider an example of the fully connected
network.

The error in the backward pass of a fully connected network is defined recursively:

ear_, = (@D (b1 ZWéle e, (12.7)

ar—1

Therefore, if the values of e,, for all layers are larger than 1, the gradient “explodes”, i.e. the error grows
exponentially fast with the number of layers. And if the values of e,, for all layers are smaller than 1, the gradient
“vanishes”, i.e. the error goes to 0 exponentially fast with the number of layers.

12.3.1 Layer Normalization

To fix exploding gradient problem, we use a data-adaptive rescaling of the activation. We define:

M(l Zt ,

a;=1
| » . (12.8)
= L3 -
Yz w=1
Then we can normalize the activation: 0
th) —
) - 2 iy (12.9)

This operation guarantees that input to the layers always has the same mean and variance, which stops outputs
of the layers from blowing out and can additionally help the stability of the network when it receives outlier sample
as input.

12.3.2 Residual connection

Another method to fix the vanishing gradient problem is residual connection. The idea is to take the output of some
hidden layer lsap¢ and add it to the output of the sub-network from layer lstart + 1 to leng, before passing it to the
next layer as illustrated in Figure 27. This method helps to propagate the gradient and stabilizes the training of
deep networks.

12.4 Transformer architecture

Previously in the course we discussed supervised learning, where the data consisted of samples and labels that we
wanted to predict, or unsupervised learning, where we wanted to extract some properties of the data or learn useful
representations without having explicit labels. Now we will discuss how transformers are trained to solve next token
prediction task — a self-supervised task, i.e. when part of the sample itself becomes the label for training, which is
discussed in more details in Chapter 14.
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Figure 27: A residual block in a deep residual network. Here, the residual connection skips two layers.
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Figure 28: GPT2 architecture schema

The ability of LLMs to predict the next token given some input sequence is enabling them to answers questions
and chat with users. Given an input written by a human, the LLM predicts the next token that should follow in the
text and by continuing to do so until a special end-of-sequence token is generated it constructs the final answer.

To train a model, we take the tokenized sequence, remove the last token and give it to the model as input.
Then we take the output embedding of the last token, and use it to solve a classification problem, that is to predict
the “class” of the hidden token. To do that we us an “unembedding” layer (which usually applies a transpose of
embedding matrix), then we get a vector in R%eken and apply soft-max to it to get the “probability” of the hidden
token to be equal to each of the tokens in the dictionary. Therefore, the model can be trained with cross-entropy
loss as a supervised classification problem would be trained.

The GPT2 model for next token prediction architecture is schematically depicted in the figure 28. It consists of

e Learned token embeddings (d=50k - vocabulary size, d = 768);
e Absolute learned positional encoding;
e [ = 12 transformer layers:

— h = 12 head self-attention

— Layer norm + skip connection
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— MLP with 1 hidden layer, applied token-wise. Usually, the activation taken is ReLU or GeLU: gelu(x) =
2C(z), where C is the CDF of normal distribution;

— Layer norm + skip connection;

e Unembedding layer and softmax.

13 Deep learning modus operandi

In this chapter we will discuss a collection of practical techniques and surprising observations that form what we can
call the modus operandi of modern deep learning.

13.1 Techniques for Practical Deep Learning
13.1.1 Data Augmentation

The success of deep learning models is heavily dependent on the availability of massive datasets like ImageNet.
However, in many domains, such as medicine, acquiring millions of samples is impossible. Data augmentation is
a surprisingly effective strategy designed to overcome this limitation by artificially creating more training samples
from the ones you already have. Consider image classification task. The core idea of data augmentation is to apply
a series of transformations to an existing image, creating new variations that are still recognizable to a human as the
original class (see example in Figure 29). This helps the model become more robust and less sensitive to irrelevant
variations.

Figure 29: Example of transformation for data augmentation

Common techniques for image data include:

e Flipping an image horizontally;

e Randomly cropping different sections of the image;

e Changing contrast or colors to create slight variations in lighting and hue.

More advanced methods of deformation can also be used. While it may seem counter-intuitive that creating slightly
modified copies of data would significantly improve performance, in practice, this technique is a cornerstone for
training robust models on limited data.

13.1.2 Transfer Learning

Another technique for working on problems where large datasets aren’t available uses the observation, that deep
networks tend to learn useful features in the first layers, that can be useful for multiple “downstream” tasks.

This innate ability to learn a hierarchy of features can be illustrated by visualizing features that maximize the
activation scores of the consecutive layers in a convolutional network as illustrated in figure 30. We can observe that
early layers learn simple, small-scale features such as edges, corners, and color gradients. Intermediate layers compose
these simple features into more complex and meaningful patterns, such as an eye or a nose. Finally, later layers
assemble these larger components into complete objects, like the face of a person. This hierarchical composition,
from simple to complex patterns, is a key reason why the features learned by these networks can be utilized across
different tasks.
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Figure 30: Features learned by a CNN.

The core principle of transfer learning is to take a network and its learned weights, which have been pre-trained
on a very large and general dataset (like ImageNet for images or the wikipedia dump for text), and use it as a starting
point for a new, more specific task that has a much smaller dataset. This leverages the general features learned from
the large dataset, significantly reducing the need for new data. Two primary approaches are used:

e Feature Extraction. The weights of the early layers from the pre-trained model are ”frozen” and treated as
a fixed feature extractor. Only the final one or two layers are trained from scratch on the new, smaller dataset.

e Fine-Tuning. The entire network is initialized with the pre-trained weights, but all of the weights are updated
during training on the new dataset, typically with a lower learning rate.

e Low-rank Adaptation. In cases, when finetuning all the weights is infeasible, one might add a low-rank
perturbation to a weight matrix and then only update the elements of that perturbation, adjusting the learned
function while updating only a small number of parameters.

13.2 The “Bigger is Better” Paradigm

A defining characteristic of modern deep learning is the trend towards building increasingly large models, a practice
supported by strong empirical evidence. Contrary to the classical learning theory, where over-parametrization leads
to degraded test performance, deep models with vastly more parameters than training samples achieve lower error
rates.

Classical machine learning assumed there is some optimal model complexity corresponding to some optimal
number of model parameters, such that when the number of parameters becomes larger than that, the model overfits:
it memorizes the training data but can’t generalize to the unseen examples as illustrated in the Figure 31a.

However, with deep neural networks we observe a double descent curve (Figure 31b). In the beggining, we observe
the same behavior of the test error, there is some number of parameters, after which the model begins to overfit. But
the behavior changes, after the model reaches the interpolation point, where the training error reaches 0. Starting
from this point, the training set can be perfectly interpolated by the model. The test error at this point is called the
interpolation peak, and after this peak we observe the decrease in the test error when increasing model complexity.

Figure 32 showcase the ‘double-descent behavior’ of a neural network. The last panel, in particular, constitutes
an example of neural network that works in the overparametrized (interpolation) regime.
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Figure 31: Test error as a function of model complexity (number of parameters).
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Figure 32: overparameterization and generalization (from a talk by Andrew Saxe). Sub-figure (A) illustrates a
simple ReLU network with random first layer weights and trained second layer weights. The network receives a
scalar input and bias term and is trained to minimise squared error on ten points (red circles) from a target sinusoid
(red curve). In sub-figures (B) to (E), the blue curves show example functions learned by networks with different
numbers of hidden units N}, € {2,5,10,500}. Networks in panel (B), (C) and (D) show the standard progression
from underfitting the training data to overfitting it in the underparameterized regime of the double-descent curve.
However, the large network panel (E) generalizes the best. This network has 50 times more parameters than training
examples but generalizes well. It illustrates the overparametrized regime of the double-descent curve.
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13.2.1 Implicit regularization

A leading hypothesis for why overparameterized models generalize well lies in the concept of implicit regularization.
When a model is overparameterized, there is no longer a single unique solution that minimizes the training loss. In
fact, for tasks like linear regression, there exists an infinite number of parameter settings that achieve zero training
loss. Then the quality of the predictions on the new samples depends on the particular solution found by the
minimization algorithm that was used.

We already discussed in section 4.2 that in the simple case of linear regression, gradient descent with small weight
initialization converges to the solution with the smallest norm, i.e. the model is implicitly regularized by the training
procedure.

Extrapolating this to deep learning gives us the modern understanding of the problem. The loss landscape is
not a bumpy surface with many isolated local minima. Instead, it is better pictured as a high-dimensional space
containing vast, interconnected “canyons” of global minima. Many of this minima are not generalizing to the test
set and can sometimes be reached as was shown in [7], but most of the time gradient descent algorithm leads the
training to a “good” one. Researchers still don’t have a full theoretical explanation for this behavior.

13.2.2 Adversarial examples

The landscape of infinite solutions is also the direct cause of a troubling consequence: the model’s fragility to
adversarial examples. Because the model has such high capacity to interpolate the training data perfectly, the
decision boundaries it learns is complex and brittle. This property can be exploited to construct an adversarial
example that will lead the model to predict incorrect labels.

An attack consists of adding a small, often human-imperceptible amount of specially crafted noise to an input,
with the goal of completely changing the model’s output (while a human would still give the same label to the
sample). For example, a real-world stop sign, when a few specific stickers are applied, can be misinterpreted by a
self-driving system as a ”max speed 100" sign.

Stop Sign Max Speed 100

Figure 33: Adversarial example over a stop sign. In this particular case, even a small noise added to the sign picture
may lead to a wrong classification from the recognition software of the car, leading to undesirable consequences such
as a car crash.

This phenomenon reveals a fundamental lack of robustness in deep models. The very same overparameterization
that allows the model to navigate a complex landscape to find a good solution also makes it vulnerable to tiny
perturbations that push an input across a nearby, but incorrect, decision boundary.

13.3 Fighting overconfidence

When we train a model for classification, the outputs of the model usually can be interpreted as probabilities of
the sample to belong to different classes. It should be noted that these numbers are just scores of the model and
they might not reflect the real confidence of prediction. This leads to models sometimes being overconfident in the
incorrect predictions, e.g. in the case of LLMs it leads to hallucinations, when a model confidently generates factually
Wrong answers.

To counteract this, the model should be calibrated, i.e. the confidence should be corresponding to actual quality
of the predictions. One way to calibrate is by using a temperature parameter 7. A model for classification outputs
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scores z, for each class a = 1,..., K, that are then converted to probabilities using the softmax function
za(X)
et

Now we can introduce temperature 7', to make this distribution more peaked for low temperature or more uniform
for high temperature:

pa(X) =

iZa()()

Zb penX

And choose the value of T that minimizes the validation loss:

Pa(X,T) =

Nyal K

Z > Yualogpa(X,, T).

p=1a=1

({X,u’yu}nval =

nval

This way we can adjust model’s confidence after the training is already done.

14 Unsupervised Learning: Generative models

14.1 Auto-Encoders
14.1.1 Another view of PCA

Self-supervised learning, that we briefly discussed in the section 12.4, is a powerful technique, that allows us to use
algorithms from supervised learning such as gradient descent in the settings where data has no explicit labels. The
idea of self-supervision is to use parts of the input sample itself or some input augmentation as a label. By creating
a supervised task from the unlabeled data, we can train a deep network to learn meaningful representations without
human-provided annotations.

We already encountered this idea when discussing PCA in Chapter 6. Finding principal components can be
formulated as a self-supervised task. By Young-Erkart theorem (Theorem 1), the matrices of p first singular vectors
are the solution to the following optimization problem:

mV[i/n ZZ i ZwQ)Zw(l)X . (14.1)

,ulzl

However, the same task can be considered as training a single hidden layer neural network with linear activation,
hidden layer of width p and the output dimension the same as the input dimension to reconstruct the inputs, i.e.
given the sample X, we want to predict X, using minimization of the square loss.

14.1.2 Deep Auto-Encoders

We can generalize this concept by adding non-linear activation functions and multiple hidden layers to create a full
autoencoder, depicted in Figure 34. This network has a symmetric structure. The first half, the Encoder, takes
the high-dimensional input and maps it through one or more hidden layers to a low-dimensional central layer, often
called the bottleneck. The second half, the Decoder, takes the low-dimensional representation from the bottleneck
and attempts to reconstruct the original high-dimensional input.

The Encoder’s job is to compress the input into a meaningful, low-dimensional representation. The Decoder’s job
is to decompress that representation back into the original data format. The entire network is trained to minimize
the difference between the input and the reconstructed output:

Zz Xy fw (X ZZ — [fw (X)))? (14.2)
p=11i=1

where the input data X, play the role of the labels and fi (X)) is the output of a multi-layer neural network.
This architecture has a dual utility:

e Representation Learner. The activations in the central bottleneck layer provide a learned, compressed
representation of the input data. This representation can be used for downstream tasks.
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Figure 34: Example of an auto-encoder with the input dimension d = 6 and the middle layer dimension p = p®) = 2.
The layers from the input layer up to the middle layer (included) form the Encoder, and the Decoder consists of all

subsequent layers.

e Generative Model After training, we can detach the decoder. By feeding random noise (e.g., from a Gaussian
distribution) into the bottleneck layer, the decoder can be used to generate new, synthetic data samples that
resemble the original training data.

Moreover, auto-encoders can be used to remove the noise in an image or a signal. Using the corrupted images
as inputs and original images as labels, we can train a model that learns to reconstruct the original data, and after
training it can be used to denoise new samples. An example of the denoising auto-encoder outputs can be observed

in Figure 35.

Figure 35: Effect of a denoising auto-encoder on old pictures.

14.2 Boltzmann Machine

General goal of generative modeling is to generate samples from the same distribution as the given training set. For
example, text and image generation are generative task, when a model is given samples of text or images and is
trained to produce similar outputs. In this section we are going to consider a special case of a generative model,

called Boltzmann machine.
The training dataset for this model consists of n binary strings X, € {£1}¢. And our goal is to find such
distribution p(z), that the empirical mean and covariance of the given data is equal to the mean and covariance of

this distribution: .
> X
pn=1

1

(@is)p) = = > Xpui Xy

p=1

S|

(@idp(a) =
(14.3)

n

3
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Then we consider strings sampled from this distribution to be similar to the real data, i.e. if at some position k
in the training dataset we only encountered 41, then in our generated examples we will also only have +1, since we
need to enforce (zx)p(m) = £ Yo5—q Xuk = +1.

Boltzmann machine is defined by a probability distribution:

1 > Jijmi m]+z hix;
pha(r) = e : (14.4)

Z
with € {£1}9. We can recognize Boltzmann distribution for the Ising model with Ji; being the interactions and
h; being the fields at each spin.
When the correct couplings and fields are inferred, we can sample from this distribution by running Markov
Chain Monte Carlo algorithm. Let us now discuss, why do we chose this type of probability distribution, and how
to infer the values of J;; and h;.

14.2.1 Maximum Entropy Principle

To justify the choice of a Boltzmann probability distribution among all the distributions that have required means
(€3)p(z) and covariances (x;2;),(y), we utilize the Maximum Entropy Principle, which states that we should pick the
distribution that maximizes the Shannon entropy.

The Shannon entropy quantifies the average level of uncertainty associated to the possible outcomes of a given
random variable z and given the probability distribution p(x) it is defined as:

Zp ) log p(x (14.5)

where the sum runs over all possible configurations of x (i.e. over all 2¢ possible strings of 41 in our case).
Assume we have a set of observed quantities f,(z), with a = 1,...,m (the index a here runs over the number of
constraints we want to impose). These observables are the quantities that we want to conserve in the system:

— Z fa fa>emp fa>p(z) = Z fa(.’l,')p(l') . (146)

Given this set of constraints, we then would like to find a function p(z) that solves the following constrained
maximization problem:

max—Zp ) log p(x

s.t.
<fa>p(x) = <fa>cmp Va = 1, e,y
> p() =
xr
The last constraint ensures that p(x) is normalized to one, i.e. it is a the probability distribution.
To solve this problem, we use the method of Lagrange multipliers. First, we define the Lagrangian functional

as the sum of the quantity that we aim to maximize (the Shannon Entropy in this specific case) and the set of
constraints we aim to satisfy:

L(p,\7) = Zp ) log p(z +Z/\(facmp Zfa )+’yl—2p (14.8)

Having defined the Lagrangian, we take its derivatives to find the maximum:

(14.7)

5L
M:o —log p(y —I—ZAfa - (14.9)

This will give rise to a Boltzmann-like type of measure:

p(x) = e le = v (14.10)
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Note that, Boltzmann distribution is obtained when we have constraint on the energy of the system: E(X) =

const. We rename % = ¢ 7! as v is the multiplier that ensures the normalization of the probability distribution

and denote g = A.

1
p(X) = Ee*mﬂx) . (14.11)

As we can see, the exponential form of the Boltzmann measure arises from the maximization of the Shannon entropy
while keeping the energy fixed.

In the specific case of the Boltzmann Machine, we have more than one constraint, and instead of f,(x) we can
write:

fol@)=a;;, a=i=1,...,d,
N (14.12)
folx) =ziz;, a=ij=d+1,...,d(d+1)/2,
If we plug it in the solution of the maximization problem (14.10), and denote the Lagrange multipliers A\, = —h,

fora=1,...,dand A\, = —J;j for a =d+1,...,d(d + 1)/2, we retrieve the expression for the Boltzmann machine
distribution (14.4).
14.2.2 How to train the Boltzmann Machine

Now we turn to the question of how to find the values of h; and J;;.
If we relax the requirement X € {£1}"*? and consider X,,; to belong to real numbers, then p(z) takes the form
of a multivariate Gaussian distribution:

1 _
p(x) = ie_%(x_u)TZ l(l_ﬂ) (14.13)

where Z is the normalization factor, namely Z = (277)%(det Z)%, while the mean p and the covariance ¥ of the
multivariate Gaussian distribution have the following relationship with the Boltzmann machine parameters:

h=-Y"ty J=-271. (14.14)

Then, for this distribution to satisfy the constraints (14.6), we should set

1
pi = (Tidp(a) = D X
(14.15)

n n

1 1
Sij = (@it )pe) — (#)p@) @)@y = — D KpiXpg = (=3 Xpi) (— Z
,u:l p=1

p=1

—_

Although this method seems simple and naive, we can still obtain quite a good approximation for both the
couplings J and the fields h. This method is often used in the direct coupling analysis of protein sequences (see e.g.
the work of De Los Rios and Goloubinoff at EPFL [§]).

Another training strategy is utilizing the maximum likelihood principle that we have seen earlier in the course.
In this case, the Boltzmann measure quantifies the probability of having observed a certain configuration, given the
couplings J and the magnetic fields h and we can write the likelihood:

]. n
Z(X0) = H Phs(X) =z e Bo(Xy) (14.16)
where 6 represents the set of parameters (h, J) we aim to infer, and the energy is given by Eg(z) = Y Jijz; J:J—FE hix;.
1<j
We can then maximize the logarithm of the likelihood:
1 n
max (log Z(X|0)) = max (ﬁ z:: —log Z(e)) (14.17)

At the maximum we have:

alog<$<X|a>>0<aEe<X>> 1Z€E9<z)aEe<x><aEe<X>> _ OE)
o 0 00 emp

99, 9, 99, o8, o (1418)
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Given the dependency of the energy function Ey on the couplings J;; and the magnetic field h;, we have

OEe(X) _
OEy(X) _
Ohi

and the maximum conditions can be rewritten as:
] <Xi>emp = <xi>ph,J(w) ’
L4 <Xin>emp = <xixj>ph,J($) ’

which are exactly the constraints we aim to satisfy.
To achieve maximum log-likelihood algorithmically, we can use gradient descent:

3 ﬁ(—log(iﬂ(X\@)))
tol7) ot

where 7 represents the learning rate. If we rewrite the gradient descent update in terms of h and J, we then get the
following update rules:

i h§+1 = h‘i + 'Y[<Xi>emp - <'r7;>pht“]t (I)] ’

oitt =o' (14.19)

o I = Jh (XX )emp — (i) py0 ()]

The values of empirical means can be easily estimated directly from the data. However, to compute the ex-
pectations (), over the model at fixed J and h, we need to run Monte Carlo Markov Chain to estimate the
expectations over the Boltzmann measure. So, we see that the process of training Boltzmann Machine is combining
several methods we learned before to be able to infer the parameters of the Boltzmann distribution, which we can
then use to produce new samples distributed according to the same Boltzmann measure.

14.3 Adding hidden variables to the Boltzmann Machine
Let’s define wvisible and hidden variables respectively, as:
z € {£1}, i=1,...d (14.20)
w € {£1}, i=1,...p. (14.21)
We can now postulate the following probability distribution:
Py(x) = ;{g};—l ePollmitizy (uidiny)| (14.22)

where

Z Jijrix; + Z hix; + Z J”mzuj + Z J”u uj + Z hiu;, (14.23)

i<j i<j

and 0 = {Jij,jij,jij,h,-,ﬁi}. Since equation (14.22) depends on more parameters than the regular Boltzmann
machine, it is more general and can represent more complex probability distributions.

To train the Boltzmann machine with hidden variables, we follow the same steps as before. We begin by writing
the maximum likelihood:

Z Eo (X ] (14.24)
%log.,f(ﬁ) = %Z og <Z eEe(XW“)> —log Z(9).



Taking the gradient with respect to a single parameter 6, e.g., 6 could be J;; or h;, we obtain:

n 9Eg (Eo(X,,u)
laloggw):lzzu 5a-€ ' —glogze
n 00 n i >, eFoXuw) 06

A <3E9<X,L,u>> ) <8Ee<x,u>> (14.25)
no= 29 Py(X=X,,u) a0 Py(z,0)

sample both z and u

fix X,,, sample u

The average where we fix X, is solely with respect to the hidden variables u;, and is often referred to as the clamped

average. The update equation for 6 becomes:
<8E"> - <8E"> (14.26)
o0 clamped o0 Py (x,u)

In practice, however, training these models is quite cumbersome, and therefore they are not very used in practice.

0t+1 _ gt +,Y

14.3.1 Restricted Boltzmann Machine (RBM)

The most widely used version of the Boltzmann Machine with hidden units is the Restricted Boltzmann Machine
(RBM). In this special case, the energy takes into account only interactions between the visible and hidden units:

d P
ij i=1 i=1

In particular, there are no visible-visible nor hidden-hidden interactions.
The clamped average for the RBM can be written explicitly in closed form (there is no need of MCMC). For
instance, if 0 = J;;

(X, ) ctampea = Xy tanh (z xuljli+hi) (14.28)
=1

which corresponds to a model of non-interacting spins. The clamped average is often called positive gradient. The
model average (x;u;), or negative gradient, can be efficiently computed by using MCMC sampling:

1. w is sampled with x fixed.
2. x is sampled with u fixed.
3. Repeat.

All in all,

JiH = J}; + y[Positive Gradient — Negative Gradient]. (14.29)

This model works nicely and is very used in practice.

14.3.2 Deep RBM
We can also add layers of hidden units to the RBM. In the three-layers case, the energy reads

d
Eo(z,u®,u®) =" 7Pzl + 3 7DuMul? 3 hiw + 37 a0uM + 37 a0 (14.30)

where the interactions are between the first and second layer, and the second and third layer. However, these deeper
models see limited use nowadays.
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14.4 Autoregressive models

We call a model autoregressive when we use a sequence of values to predict the next element in this sequence. For
example, if we try to predict the weather based on the data from the previous week or the next word based on the

previous words in a sentence.
To perform autoregressive modeling, we augment the data using causal masking. Having a sample X, ; for

i=1,...,T, we introduce a causal mask:

Xff) =(Xut1,- s Xput-1,0,...,0).

After this data augmentation, we aim to predict Xu,t = fW(X,(f)). Then the loss is defined as

n T
%Zzzmmym

1t=1

where [ is the sample-wise loss function, e.g. square loss 1(X,.¢, X)) = (Xt — X,0t)?
The architecture we choose to solve this task can be arbitrary, here we will consider a simple fully-connected

network with one hidden layer:

p

t—1
Zzuﬁzwsz%W
a=1 =1

pltl

Compare it to a classical autoencoder with one hidden layer:

n T
(IR SCRES ST SIS
=1 t=1 a=1

In the autoregressive model, the meaning of the sum over ¢ from 1 to T' changes: now it represents different samples,
while in the autoencoder architecture it represented different components of one input sample. Additionally, p is not
required to be smaller than 7', because in the case of autoregressive model we can not “cheat” by using identity to

perfectly reconstruct the input.

14.4.1 How to generate sequences?

When we trained our model, we can use it to generate new sequences. To do this, we first postulate the conditional
probability of the next token:
1 ~
Po(Xi|X<y) = Ze—l<X~fW<X“))>. (14.31)

Notice that the probability of the full sequence can be written as the product of this conditional probabilities:

p(X17"‘7XT): P(Xt|X<t)

=

t=1

E.g. for square loss, we retrieve Gaussian distribution P(X;|X ;) = \/%e’l/z(xt’fW(Xﬁ))Q.
Now, to generate a new sequence we do the following:

1. Start with an empty vector;
2. Fort=1,...,T, sample X; ~ P(-|X<t);
3. Append X; to the sequence;

When solving the next token prediction task, e.g. when an LLM is used, the same idea is applied, but elements
of the sequence X; become embedding vectors instead of scalars. And since the tokens come from a discrete set,
training is done for classification, so cross-entropy loss [ is used.
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14.5 Diffusion models

Diffusion models are another type of generative models. They use a similar idea of slightly changing the input data
and trying to predict the original sample. We compare the two paradigms in the Table 2

Model ‘ Data augmentation ‘ Training ‘ Generation
Autoregressive mask predict the masked token | sequentially unmask from empty vector
Diffusion add noise remove the noise sequentially denoise from pure noise

Table 2: Comparison between autoregressive models and diffusion models.

We can apply the diffusion modeling principle to any architecture of the model fy,. Usually, the architecture of
a diffusion model for image generation such as DALL-E or Midjourney involves using a convolutional network, but
it can also be used with a simple fully-connected network. We have a sample X, € R? which we augment with noise
Xu = X, + Ae¢, where € ~ A47(0,1;). Then the network is trained to restore the original sample:

3\'—‘

n d
Z Z — [ (X2 (14.32)

Notice, that we take the expected value over the noise, because we do not want to fit the model to the particular
noise that was used to augment the data, but rather to denoise from any possible realization of noisy sample. To
approximate this loss during training with SGD, we should generate new noise to add to the sample at every step
when we use the sample X, during SGD training.

14.5.1 How to generate new samples?

The generation procedure is inspired by the following process. We have a sample Xy ~ P, from the target distribution
at time 0, and a random gaussian noise Z at time 1. And there is a process that interpolates between them at times
from ¢ € (0, 1):

y(t) = alt) Xo + B()Z, (14.33)

such that «(0) = 8(1) =1 and «(1) = B(0) = 0. For example o =1 — ¢, 5(¢t) =
Now, if we don’t know the target distribution, but we know the expected value E(X(|X;), we can use it to reverse
this process from ¢ = 1 to t = 0 following the procedure listed in the listing 4.

Algorithm 4 Diffusion reverse process
Require: «a(t) : [0,1] = R,3(¢) : [0,1] = R, 6 >0
X1 =Z ~ AN (0,1,)
l+1
t1
repeat
Xo E(X0|Xt) = fW(Xt) .
Xios  Xi(1 - 650) - X0 - 59)
t+1-106
l—1+1
until ¢t > 0
return X;_g

Notice, that we use a neural network fy (X:) to estimate the value of Ex, (Xo|X;). We augment the data using
the forward process:

X =o)X, +B(t)Z

And then minimize the loss:

n d
1 -
W E Ez— E f) 2. 14.34
"E/ﬂ( ) t~Unif[0;1] ZTL — )]l) ( 3 )
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14.5.2 The differential equation

The formula for the update in the algorithm 4 comes from the following observation. The forward process can be
written as

ply,t) = Exy 20(y — (a(t) Xo + B()2)). (14.35)
And it can be shown that p satisfies the followinf PDE
Oep(y,t) + Vy (b(y, )p(y, 1)) =0, (14.36)

where b(y, t) = Ex, z(0y(t)|y(t) = y) is a velocity field.
If we know b(y,t), then the solution of % = b(y,t) with the initial conditions §;=1 ~ 47(0,I;) has the same
distribution as y(t). So, we are interested in retrieving the value of ¢(0) which will be a sample from the target

distribution.
The discretization of this process is given by

gtf(; == :Ijt - (5b(gt, t) (1437)
Notice that the velocity field can be expressed as
_B B
)Ny(t) = Ey(t) + (Ea + &)E(Xoly(t))-
(14.38)

. : . . y(t) — a(t) X
bt) = B, 20X+ AOZI0(0) = Exe 2a(0)Xo + B0y 800
By plugging it in the equation (14.37), we obtain exactly the expression used by the algorithm 4.

The most complicated part to estimate in this equation is the expected value E(Xg|y(t)) and we use a neural
network to estimate it.

14.6 Generative adversarial networks

The idea behind Generative Adversarial Networks (GANSs) is slightly different from previously discussed approaches.
It uses the idea, that we can use a neural network, called the discriminator, to distinguish between the generated
samples and the real data and we can train a neural network, called the generator, to generate artificial data in such
a way that discriminator can not distinguish true data from the generated.

G : Generator neural network This neural network fg with weights W¢ takes a random input Z € R?, and
generates the output X: B
X=fcWg,2). (14.39)

D : Discriminator neural network This neural network fp with weights Wp takes inputs that can be either a
real sample X, or a sample X, generated by the generator networks. Labels are assigned depending on the origin
of the samples, i.e., y, = +1 for the true data and y, = —1 for the generated data. The discriminator returns the
output: _

fo(Wp, (X, X)) (14.40)

with (X, X) the concatenated real and generated data.

Training a GAN In order to train a GAN, we introduce the loss function :

ZLWp,Wa) = % Zl(yu; fo(Wp, (X, X)) = % Zl(yu; fo(Wps (X, fa(Wa,24)))) - (14.41)
p=1 p=1

In order to optimize the performance of the discriminator, we minimize the loss function with respect to its weights
Wp. Moreover, since the generator is trying to make the task harder for the discriminator, we maximize the loss
function with respect to W, obtaining the following mazx-min problem formulation:

max min Z(Wp, Wg). 14.42

ncnin £ (W, We) (14.42)
The details of this optimization procedure can be daunting, and often there are convergence problems. Nevertheless,
there are many successful examples of the use of GANs. For instance, these models can generate impressive artificial

pictures of people faces; with only a visual inspection, we are not able to tell that they were generated by an algorithm.
Figures 36 and 37 represents two non-existing people artificially created by a GAN.
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Figure 36: Picture generated by GANs - Example 1 Figure 37: Picture generated by GANs - Example 2
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