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Hong-Ou-Mandel effect

Joint detection probability

P(x1, x2) ∝ ⟨Ê−(x1)Ê−(x2)Ê+(x2)Ê+(x1)⟩

Ê+(x1) =
ϵ√
2
(iâeikax1 + b̂eikbx1)

Ê+(x2) =
ϵ√
2
(âeikax2 + ib̂eikbx2)
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Hong-Ou-Mandel effect
Quantum mechanical calculation:

Ê+(x2)Ê+(x1) |1⟩a |1⟩b =
ϵ2

2
(ei(kax2+kbx1) − ei(kax1+kbx2)) |0a, 0b⟩

⟨1|b ⟨1|a Ê−(x1)Ê−(x2) =
ϵ2

2
(e−i(kax2+kbx1) − e−i(kax1+kbx2)) ⟨0a, 0b|

Pa,b =
ϵ4

2
(1 − cos

(
(ka − kb) · (x1 − x2)

)
)

Pmax = ϵ4, Pmin = 0,
Pmax − Pmin

Pmax + Pmin
= 1

But in the classical case:

Pa,b ∝ ⟨(Ia + Ib)
2⟩ − 2⟨IaIb⟩ cos

(
(ka − kb)(x1 − x2)

)
,

Pmax − Pmin

Pmax + Pmin
< 1
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Beam Splitter and Indistinguishable Photons
By injecting indistinguishable single photons to each port of the beam splitter, we will have a
pair of photons in the output ports.The state |1⟩3|1⟩4 does not appear!∣∣ψ〉in = |1⟩1|1⟩2 = â†

1â†
2|0⟩1|0⟩2(

â3
â4

)
=

1√
2

(
1 i
i 1

)(
â1
â2

)
and the fact that the vacuum state is the same before and after BS:∣∣ψ〉out =

1
2

(
â†

3 + iâ†
4

) (
iâ†

3 + â†
4

)
|0⟩3|0⟩4

=
1
2

(
iâ†2

3 +�
���â†
3â†

4 −�
���â†
4â†

3 + iâ†2
4

)
|0⟩3|0⟩4

=
i√
2

(
|2⟩3|0⟩4 + |0⟩3|2⟩4

)
, where [â3, â4] = 0
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Hong-Ou-Mandel effect with differently polarized photons

Output state

Consider the case where two single photon states with orthogonal polarization (H, V) enter a
50:50 lossless beamsplitter from port 1 and port 2 individually. The output joint state in port
3 and port 4 can be written as:

|ψ⟩out = â†
1,Hâ†

2,V|0⟩1|0⟩2 (1)

=
1
2
(â†

3,H + iâ†
4,H)(iâ

†
3,V + â†

4,V)|0⟩1|0⟩2 (2)

=
1
2
(iâ†

3,Hâ†
3,V + â†

3,Hâ†
4,V − â†

4,Hâ†
3,V + iâ†

4,Hâ†
4,V)|0⟩1|0⟩2 (3)

=
1
2
(i|1, H⟩3|1, V⟩3 + |1, H⟩3|1, V⟩4 − |1, V⟩3|1, H⟩4 + i|1, H⟩4|1, V⟩4) (4)
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Indistinguishable Photons From a Single-Photon Device1

1Santori, C., Fattal, D., Vučković, J. et al. Indistinguishable photons from a single-photon device. Nature 419, 594–597 (2002)
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Indistinguishable Photons From a Single-Photon Device
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Wigner Function (E. Wigner, Phys.Rev. 40, 1932)
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Wigner Function2

Wigner function, the phase-space quasi-probability density

Wρ̂(q, p) =
1

2π

∫ ∞

−∞

〈
q +

1
2

q′
∣∣∣∣ ρ̂

∣∣∣∣q − 1
2

q′
〉

e−ipq′dq′

This function uniquely defines the state and directly relates to the quadrature histograms
measured experimentally via

Pr(qθ , θ) =
∫ ∞

−∞
Wdet(qθ cos θ − pθ sin θ, qθ sin θ + pθ cos θ)dpθ .

The experimentally measured probability density
Pr(qθ , θ) is the integral projection of the Wigner
function Wρ̂(q, p) onto a vertical plane defined by the
phase of the local oscillator.

2Lvovsky, Alexander I., and Michael G. Raymer. ”Continuous-variable optical quantum-state tomography.” Reviews of Modern Physics 81.1 (2009): 299.
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Examples for calculation of Wigner function

Vacuum state

The wavefunction of harmonic oscillator ground state is (assume h̄ = 1)

ψ0(x) = (
1
π
)1/4e−x2/2

The corresponding Wigner function is calculated as

W(x, p) =
1

2π

∫ ∞

−∞

〈
x + y/2

∣∣ψ0
〉 〈

ψ0
∣∣x − y/2

〉
e−ipydy (5)

=
1

2π

∫ ∞

−∞
ψ∗

0(x + y/2)ψ0(x − y/2)e−ipydy (6)

=
1

2π3/2

∫ ∞

−∞
e−

(x+y/2)2
2 − (x−y/2)2

2 −ipydy (7)

=
1
π

e−x2−p2
(8)
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Wigner Function

Vacuum state

Transform back to phase-space representation using x = α+α∗√
2

and p = α−α∗

i
√

2

W(α, α∗) =
2
π

e−2|α|2
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Examples for calculation of Wigner function

Fock state (n=1)

The wavefunction of harmonic oscillator first excited state is (assume h̄ = 1)

ψ1(x) =
√

2x
π1/4 e−x2/2

The corresponding Wigner function is calculated as

W(x, p) =
1

2π

∫ ∞

−∞

〈
x + y/2

∣∣ψ1
〉 〈

ψ1
∣∣x − y/2

〉
e−ipydy (9)

=
1

2π

∫ ∞

−∞
ψ∗

1(x + y/2)ψ1(x − y/2)e−ipydy (10)

=
1

π3/2

∫ ∞

−∞
(x + y/2)(x − y/2)e−

(x+y/2)2
2 − (x−y/2)2

2 −ipydy (11)

=
1
π
(2x2 + 2p2 − 1)e−x2−p2

(12)
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Examples for calculation of Wigner function

Fock state (n=1)

Transform back to phase-space representation using x = α+α∗√
2

and p = α−α∗

i
√

2

W(α, α∗) =
2
π
(4|α|2 − 1)e−2|α|2
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Other examples of Wigner Function
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Other examples of Wigner Function
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Influence of a beamsplitter splitting ratio on Wigner function measurement
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Wigner function
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Quantum State Tomography

W(p, q) is a joint probability function for the p̂ and q̂ operators:

Marginals

Pr(qϕ) =
〈

qϕ

∣∣∣ ρ̂
∣∣∣qϕ

〉
=
∫ ∞
−∞ W(p, q)dpϕ, where

q̂ϕ = q̂ cos
(
ϕ
)
+ p̂ sin

(
ϕ
)
, p̂ϕ = −q̂ sin

(
ϕ
)
+ p̂ cos

(
ϕ
)
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Quantum State Tomography

Motivation

To reconstruct a quantum state of light, we cannot directly measure ρnn with a photo-detector
but we can measure Pr(Xθ) and reconstruct the full Wigner function. For rotationally
symmetric states e.g. Fock states the reconstruction becomes Abel transform3:

Xθ = ⟨Xθ | ρ |Xθ⟩ = ⟨X|U†
θ ρUθ |X⟩

Pr(Xθ) =
∫ ∞

−∞
W(pθ , qθ)dpθ

W(r) = − 1
π

∫ ∞

r

dPr(qϕ)

dqϕ
(q2

ϕ − r2)−1/2dqϕ.

3Vogel, W., Welsch, D.G. ”Quantum Optics” (2001). Chapter 7
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Wigner Function and Parity Operator

Alternative expression for the Wigner
function4

W(r, p) =
1
h2

∫
dk
∫

dse−i kr+sp
h
〈
ψ
∣∣ e−i kR̂+sP̂

h
∣∣ψ〉

=
2
h
〈
ψ
∣∣ Π̂rp

∣∣ψ〉
Where Π̂rp = D̂(r, p)Π̂D̂−1(r, p) is a displaced

parity operator Π̂, which acts as follows

Π̂R̂Π̂ = −R̂

Π̂P̂Π̂ = −P̂

4Moyal JE. Quantum mechanics as a statistical theory. Mathematical Proceedings of the Cambridge Philosophical Society. 1949;45(1):99-124.
doi:10.1017/S0305004100000487
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State Reconstruction

Inverse Radon transformation

Wdet(q, p) =
1

2π2

∫ π

0

∫ ∞

−∞
Pr(qθ , θ)× K(q cos θ + p sin θ − qθ)dqθdθ

with the integration kernel K(x) = 1
2

∫ ∞
−∞ |ξ|eiξxdξ. The density matrix can then be

reconstructed using the pattern function method.

Maximum likelihood reconstruction

L = ΠiPrρ̂(qi, θi)

is the likelihood function given the measured data set {(qi, θi)} where ρ̂ is the density matrix
to be optimized.
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State Reconstruction

Quantum optical state estimation from a set of 14152 experimental homodyne
measurements by means of (a) the inverse Radon tranformation and the pattern-function
method and (b) the likelihood maximization algorithm. The Wigner function and the
diagonal elements of the reconstructed density matrix are shown.

The original Radon transformation paper in German.
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State Reconstruction Experiment5

5Lvovsky, Alexander I., et al. ”Quantum state reconstruction of the single-photon Fock state.” Physical Review Letters 87.5 (2001): 050402.
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State Reconstruction Experiment
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Two Mode Squeezed Vacuum State

Ŝtwo-mode = erâ† b̂†−râb̂

|Ψ⟩ = 1
cosh(r)

∞

∑
n=0

(tanh(r))n |n, n⟩

Wave-function associated with the state:

⟨Q1, Q2|Ψ⟩ = 1√
π

exp
(
−1

4
e2r(Q1 − Q2)

2 − 1
4

e−2r(Q1 + Q2)
2
)

⟨P1, P2|Ψ⟩ = 1√
π

exp
(
−1

4
e2r(P1 − P2)

2 − 1
4

e−2r(P1 + P2)
2
)
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Two mode squeezed vacuum state
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Covariance matrix

Since squeezed states are Gaussian states (with Gaussian statistics), 4 numbers characterize
their full state: {Vxx, Vxy, Vyx, Vyy}

Definition of covariance matrix

Vxy =
⟨X̂Ŷ + ŶX̂⟩ − 2⟨X̂⟩⟨Ŷ⟩

2∆X̂2
vac

From covariance matrix one can determine the amount of entanglement (”Logarithmic
negativity” : The logarithmic negativity is an entanglement measure which is easily
computable and an upper bound to the distillable entanglement).
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Unconditional Quantum Teleportation
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Unconditional Quantum Teleportation
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Unconditional Quantum Teleportation
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Unconditional Quantum Teleportation
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Paper for this week
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Paper for this week
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Paper for next week
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Questions for this week’s paper

What’s the expression for Wigner function the authors use?

What measurement data is taken and how is it used to reconstruct the Wigner function?

How does measurement efficiency impact the result?

How does signal-LO mode-matching influence efficiency in homodyne detection?

Why a single laser is used for both the local-oscillator and the signal?

Why do they use a doubler and down-converter as a source of single photons?

How does the spatial-temporal pulse shape of single photon match LO?

How is the density matrix reconstructed? What is the physical meaning of the
off-diagonal values of the density-operator?
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