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P-Function1

P-function

We introduce the P-function or the Glauber-Sudarshan phase space representation P(α) as

ρ =
∫

P(α) |α⟩ ⟨α|d2α.

The P-function has the following properties:∫
d2αP(α) = 1 P∗(α) = P(α).

It is often used to compute the expectations of a normally ordered function:〈
â†mân

〉
= Tr(ânρâ†m) =

∫
d2αP(α)α∗mαn

where P(α) is a quasi-probability function which diagonalizes the density operator in the
coherent state basis.

1Glauber, R. J. (1963). Coherent and incoherent states of the radiation field. Physical Review, 131(6), 2766.
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P-Function

Coherent states ρ = |α0⟩ ⟨α0|: P(α) = δ(α − α0)

Variance:
〈

∆n̂2
〉
=

〈
(â†â)2 −

〈
â†â
〉2
〉

=

〈
â†2â2 + â†â −

〈
â†â
〉2
〉

normal order

=
∫

d2α P(α)︸︷︷︸
δ(α−α0)

(|α|4 + |α|2)−

∫ d2β P(β)︸︷︷︸
δ(β−α0)

|β|2


2

= |α0|2

Fock states ρ = |n⟩ ⟨n|: P(α) = e|α|
2

n!
∂2n

∂αn∂α∗n δ(2)(α), where δ(2)(α) = δ(α)δ(α∗) and δ the
complex Dirac function.

Also worth noting the operator correspondences:2 â† |α⟩ ⟨α| = (α∗ + ∂
∂α ) |α⟩ ⟨α| and

|α⟩ ⟨α| â = (α + ∂
∂α∗ ) |α⟩ ⟨α|.

2Scully, M.O., Zubairy, M.S. ”Quantum optics” (1999). Page 79
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Can a P(α, α∗) be found for every density matrix?

The Characteristic Function of the P representation3

χN(z, z∗) ≡ Tr[ρeiz∗a†
eiza] =

∫
P(α, α∗)eiz∗α∗eizαd2α

P function expressed in the Fock state basis

P(α, α∗) =
∫

d2z ∑
n,m,k

ρn+k,m+k

√
(n + k)!(m + k)!(iz∗)m(iz)ne−iz∗α∗eizα/k!m!n!

Normal ordered operator products

⟨(â†)p(â)q⟩ = ∂p+q

∂(iz∗)p∂(iz)q χN(z, z∗)|z=z∗=0

3Carmichael, H. J. (1999). Statistical Methods in Quantum Optics 1. Springer., pages 84 & 95
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Historical link to Wigner function
E. P. Wigner (1932)4: introduced the Wigner function to study quantum corrections to
classical statistical mechanics.

Ville (1948)5: adapted Wigner’s construction to signal analysis, leading to the
Wigner–Ville distribution.

4E. P. Wigner (1932). ”On the quantum correction for thermodynamic equilibrium”. Physical Review. 40 (5): 749–759.

5J. Ville, ”Théorie et Applications de la Notion de Signal Analytique”, Câbles et Transmission, 2, 61–74 (1948)
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Wigner function and the time-frequency distribution6

Time-frequency distribution

From standard Fourier analysis, recall that the instantaneous energy of a signal s(t) is the
absolute value of the signal squared:

|s(t)|2 = intensity per unit time at time t

The intensity per unit frequency, the energy density spectrum, is the absolute value of the
Fourier transform squared,

|S(ω)|2 = intensity per unit frequency at ω

They are related to each other by Fourier transform:

S(ω) =
1√
2π

∫
s(t)e−iωtdt

6Cohen, ”Time-frequency distribution - A review”, Proceedings of the IEEE, vol. 77, no. 7, pp. 941-981, July 1989
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Wigner function and the time-frequency distribution7

Time-frequency distribution

The fundamental goal is to devise a joint function of time and frequency that represents the
intensity per unit time per unit frequency:

P(t, ω) = intensity at time t and frequency ω

satisfying the marginal properties:∫
P(t, ω) dt = |S(ω)|2,

∫
P(t, ω) dω = |s(t)|2,

and the total energy:

E =
∫

P(t, ω) dt dω.

7Cohen, “Time-frequency distributions — A review,” Proceedings of the IEEE, vol. 77, no. 7, pp. 941–981, July 1989.
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Wigner function and the time-frequency distribution8

Ville derived a distribution that Wigner gave in 1932 to study quantum statistical mechanics.

Wigner-Ville distribution

W(t, ω) =
1

2π

∫
s∗(t − 1

2
τ)e−iτωs(t +

1
2

τ)dτ

Properties ∫
W(t, ω)dt = |S(ω)|2,

∫
W(t, ω)dω = |s(t)|2

E =
∫

W(t, ω)dtdω

8Cohen, ”Time-frequency distribution - A review”, Proceedings of the IEEE, vol. 77, no. 7, pp. 941-981, July 1989
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Wigner-Ville distribution for a sine wave with changed frequency9

Figure: (a) Wigner, (b) Rihaczek, and (c) Page distributions for the signal illustrated at left. The signal
is turned on at time zero with constant frequency ω1, and turned off at time t1, turned on again at
time t2,with frequency ω2,and turned off at time t3.All three distributions display energy density where
one does not expect any. The positive parts of the distributions are plotted. For the Rihaczek
distribution we have plotted the real part, which is also a distribution.

9Cohen, ”Time-frequency distribution - A review”, Proceedings of the IEEE, vol. 77, no. 7, pp. 941-981, July 1989
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Wigner-Ville distribution for a sine wave with changed frequency10

Figure: (a)Wigner and (b), (c) Choi-Williams distributions for the sum of two sine waves,
s(t) = eiω1t + eiω2t.The Wigner distribution is peaked to infinity at the frequencies ω1, ω2 and at the
spurious value of ω = 1/2(ω1 + ω2).The middle term oscillatesand is due to the cross terms. The
Choi-Williams distributions are shown for (b) σ = 106 and (c) σ = 105. Note that all three
distributions satisfy the marginals.The values for ω are ω1 = 1 and ω2 = 9. The delta functions at
ω1, ω2 are symbolically represented and are cut off at the value of 700.

10Cohen, ”Time-frequency distribution - A review”, Proceedings of the IEEE, vol. 77, no. 7, pp. 941-981, July 1989
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Wigner-Ville distribution for a chirped pulse11

11PyTFTB, https://tftb.readthedocs.io
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Relationship Between Quantum Mechanics and Signal Analysis12

12Cohen, ”Time-frequency distribution - A review”, Proceedings of the IEEE, vol. 77, no. 7, pp. 941-981, July 1989
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Wigner function

Definition

W(p, q) =
1

2π

∫ ∞

−∞
exp

(
ipx
) 〈

q − x
2

∣∣∣∣ ρ̂

∣∣∣∣q + x
2

〉
dx

Marginal distributions〈
p
∣∣ ρ
∣∣p〉 = |ψ(p)|2 =

∫ ∞

−∞
W(p, q)dq

〈
q
∣∣ ρ
∣∣q〉 = |ψ(q)|2 =

∫ ∞

−∞
W(p, q)dp

Basic Properties

Real W∗(q, p) = W(q, p)
Tr[ρ̂1ρ̂2] = 2π

∫∫
W1(q, p)W2(q, p)dqdp or | ⟨Ψ1|Ψ2⟩ |2 = 2π

∫∫
W1(q, p)W2(q, p)dqdp

Tr[ρ̂2] =
∫

2πW(q, p)2dqdp ≤ 1
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From classical statistics to quantum phase space

In classical statistical mechanics, the state of a particle is described by a joint probability
density f (q, p) in phase space. In quantum mechanics, the Heisenberg uncertainty principle
forbids simultaneous precise knowledge of position and momentum. Nevertheless, Wigner
(1932) introduced a quasi-probability distribution W(q, p) that extends the classical concept of
a phase-space density while preserving correct marginal properties.

Postulate defining the Wigner function

The probability distribution of the rotated quadrature qθ is obtained as the marginal of the
Wigner function:

Pr(qθ , θ) =
∫ ∞

−∞
W(qθ cos θ − pθ sin θ, qθ sin θ + pθ cos θ)dpθ .

This relation uniquely defines the Wigner function W(q, p) with experimentally measurable
quadrature histograms in optical homodyne tomography.
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Wigner Function13

Wigner function, the phase-space quasi-probability density

Wρ̂(q, p) =
1

2π

∫ ∞

−∞

〈
q +

1
2

q′
∣∣∣∣ ρ̂

∣∣∣∣q − 1
2

q′
〉

e−ipq′dq′

Pr(qθ , θ) =
∫ ∞

−∞
W(qθ cos θ − pθ sin θ, qθ sin θ + pθ cos θ)dpθ .

The experimentally measured probability density
Pr(qθ , θ) is the integral projection of the Wigner
function Wρ̂(q, p) onto a vertical plane defined by the
phase of the local oscillator.

13Lvovsky, Alexander I., and Michael G. Raymer. ”Continuous-variable optical quantum-state tomography.” Reviews of Modern Physics 81.1 (2009): 299.
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Wigner function

Coherent state

α = 1
2 (X1 + iX2), Xi = ⟨x̂i⟩

⟨(∆x̂1)
2⟩ = ⟨(∆x̂2)

2⟩ = 1

W(x′1, x′2) =
2
π e−

1
2 (x

′2
1 +x′22 ), x′i = xi − Xi
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Wigner function

Squeezed state

W(x′1, x′2) =
2
π

e−
1
2 (x

′2
1 e−2r+x′22 e+2r)
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Wigner function

Fock state

For the state |1⟩ : W(α, α∗) =
2
π

e−2|α|2(4|α|2 − 1)

Negative at the origin.

13Lvovsky, Alexander I., et al. ”Quantum state reconstruction of the single-photon Fock state.” Physical Review Letters 87.5 (2001): 050402.
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Influence of a beamsplitter splitting ratio on Wigner function measurement

ĉ =
√

ηâ + i
√

1 − ηb̂

If we measure the Wigner function at port c, with η
larger than 0.5, the negativity of the Wigner function is
observable.

Figure: η = 0.75

Figure: η = 0.5
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Wigner function

Symmetric Characteristic Function

χs ≡ Tr[ρeβa†−β∗a] ≡ Tr[ρD(β)]

W(α, α∗) ≡ 1
π2

∫
χs(β, β∗)e−βα∗eβ∗αd2β〈

a†a + aa†

2

〉
=
∫

W(α) α∗α d2α

Calculation of Wigner Function

If ρ =
∣∣ϕ〉 〈ϕ∣∣, then

Wϕ(α, α∗) =
1

π2

∫
d2z eβ∗α−βα∗

〈
ϕ
∣∣ D(β)

∣∣ϕ〉
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Examples for calculation of Wigner function

Fock State

For a Fock state |n⟩,

⟨n|D(β) |n⟩ = e−
1
2 |β|

2
n

∑
m=0

(−|β|2)m

m!

(
n
m

)
= e−

1
2 |β|

2
Ln(|β|2),

where Ln(x) is the Laguerre polynomial of order n. The corresponding Wigner function is

Wn(α) =
2
π
(−1)ne−2|α|2Ln(4|α|2).

L1(x) = 1 − x, we have

W1(α) =
2
π
(−1) e−2|α|2 L1(4|α|2) =

2
π

e−2|α|2 (4|α|2 − 1).
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Examples for calculation of Wigner function

Squeezed Vacuum State

For a squeezed vacuum |ξ⟩ = Ŝ(ξ) |0⟩, using Ŝ†(ξ)D(β)Ŝ(ξ) = D(βµ + β∗ν) with
µ = cosh |ξ| and ν = eiφν sinh |ξ|, we have

W(α) =
1

π2

∫
d2β e αβ∗−α∗βe−

1
2 |βµ+β∗ν|2 .

For real squeezing parameter ξ ∈ R, the integration gives

W(α) =
2
π

exp

−2

(
(Re α)2

e−2ξ
+

(Im α)2

e2ξ

) .
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Quantum state tomography

Motivation

To reconstruct a quantum state of light, we cannot directly measure ρnn with a photo-detector
but we can measure Pr(Xθ) and reconstruct the full Wigner function.

Xθ = ⟨Xθ | ρ |Xθ⟩ = ⟨X|U†
θ ρUθ |X⟩

Pr(Xθ) =
∫ ∞

−∞
W(pθ , qθ)dpθ

Wθ(r) = − 1
π

∫ ∞

r
Pr(Xθ)(X2

θ − r2)−1/2dXθ

It is only posible to obtain such Wθ(r) when the Wigner function is rotationally symmetric14

14Vogel, W., Welsch, D.G. ”Quantum Optics” (2001). Chapter 7
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State Reconstruction

Inverse Radon transformation

Wdet(q, p) =
1

2π2

∫ π

0

∫ ∞

−∞
Pr(qθ , θ)× K(q cos θ + p sin θ − qθ)dqθdθ

with the integration kernel K(x) = 1
2

∫ ∞
−∞ |ξ|eiξxdξ. The density matrix can then be

reconstructed using the pattern function method.

Maximum likelihood reconstruction

L = ΠiPrρ̂(qi, θi)

is the likelihood function given the measured data set {(qi, θi)} where ρ̂ is the density matrix
to be optimized.
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Quantum Toolbox

Papers Using QuTiP
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Quantum Toolbox

Time evolution of a qubitWigner function of cat states
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Literature review
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Literature review
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Literature review
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Literature review
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Review of the paper presentation this week
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Hong–Ou–Mandel effect
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Hong–Ou–Mandel effect
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Hong–Ou–Mandel effect
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Hong–Ou–Mandel effect

Fall 2025 Quantum Electrodynamics and Quantum Optics: Lecture 4 40 / 44



Paper for next week
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Paper for next week
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Questions for next week

What’s the expression of Wigner function they used

What measurement data is taken and how is it used to reconstruct the Wigner function

How does measurement efficiency impact the result

How does signal-LO mode-matching influence efficiency in homodyne detection

Why a single laser is used for local-oscillator and signal

Why do they use a doubler and down-converter for single photon sources

How does the spatial-temporal pulse shape of single photon match LO

How is the density matrix reconstructed? What are the values of the off-diagonal terms.
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