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Quantum Electrodynamics and Quantum Optics
ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE (EPFL)

Exercise No.5

5.1 Balanced homodyne detection
5.1.1 Fluctuation of photon number differences

The difference of the photon number is given by

i = aftal — el 0
where ,
alt = — (a’Jr + iazo>
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Thus
noy = aytaly —ata) =i (a’*aLo - a{oa’> (3)
Assume that the local oscillator is a strong coherent state, i.e. a;0 = |a10|e?, we define the

quadratures X(¢) = 1 (a’fe’ + a’e~'?). Thus we obtain

ny =1ilaro] (a”ei‘l’ — a’e”"”) =2|aro| X(¢ + 7/2)
(1) = &lasol* (X*(¢ + 7/2)) 4)
(n21)* = 4|arol’ (X(9p + 1/2))?

Therefore the fluctuation of 7,7 is

Andy = (n3) — (1) = 4 |aro) ((X2(p+7/2)) — (X(¢ + 7/2))?)

= 4|apo|* AX (¢ + 11/2)? ©
5.1.2 Classical amplitude noise
From (2) we know that
n =a"a" = % (a'Jra’ +aloaro —i (a”aLo — azoa')) ©
ny, =a"ta" = % ( "o +al papo +i (a’*aw — a{oa/))

where n' = a'*a’ and ny o = al a0 are number of photons of signal and local oscillators. For

a one-port normal homodyne detection, the output fluctuation consists of two parts: the inter-
ference term (i (a"taro —al,a’)) and the non-interference terms (1’ + nrp). Thus if we add a
Gaussian noise in the local oscillator N, the output signal will contain a similar term. Note that,
however, the non-interference terms n’ + 1y cancel each other in 1,7 = 1, — 11, which means a
noise in the local oscillator completely vanishes in the output detection.

5.1.3 Squeeze coherent state
Write 4’ in terms of a and b, ladder operators of signal and the vacuum state

at = VTa" +iv1—Tb'

7
d =VTa—iv1—Tb @
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Thus
X(¢p+7m/2) = VTX(¢p+ 7/2) +ivV1—TXy(¢p + 7/2) (8)

Therefore we can derive
X(¢p+ /2)? = TAX, (¢ + 71/2)* + (1 — T)AXy (¢ + 71/2)? )

Since the signal is a squeezed state and the vacuum state is a coherent state, we have (along the
squeezing angle)

AXq(¢p+71/2)% = %e—zf
(10)
AXy(¢p +71/2)% = %e%

Substitute this into (10), we obtain

T 1-T 1 1-2T
AX(p+7m/2)* = e e + Tez’ = 5 cosh(2r) + sinh(2r) (11)

and
And, =2 |apo|* (cosh(2r) + (1 — 2T) sinh(2r)) (12)

5.2 Solution: Squeezing in homodyne detection

After the 50:50 beamsplitter, the annihilation operator associated to the signal becomes ¢ = % (a+

b)!. For simplicity (the proportionality factor will not matter in the SNR anyway), the photocur-
rent is defined as

P ote— L (ata L ith o ath 4 bta
i=cte 2( a+bth+ath+b ) (13)

Since the state entering the beamsplitter is the separable state |¢), |8), and that the operators @
and b commute (since they act on distinct modes), the total expectation values can be decomposed
as a sum of products of expectation values over a2 and over b. Indeed the mean of the photocurrent
is

x>

A 1
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Similarly, for the variance we first compute ([2) and (f)” since A2 = ((f — (1))2) = (12) — ()

Ta) + (57B) + (aD) + (6a) )
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INote that the scattering matrix of a 50:50 beamsplitter is not uniquely defined. Here we use one of the possible
forms
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Then
AAP2 = (1) —(])®
= A% + (a%4) + 2p* (<a*a2> —(a*a) (a) + <a>) +28 (((a*)2a> — (a"y (a*a) + <a+>> 16)
2P (1)~ (@ @)+ 1) + (672 (@) - @) + 8 (7)) - @)

(a) Consider the input signal is a coherent state |a) : A2 = |«|?, then

N

1 * * 1
(I) = 5 (Ja> + |B]* + pa* + B*a) = §|"‘+,3|2
ANP? =2 (|af” + Bra + Ba* + |BI?) = 2|a + B
This yields an SNR of

(17)

SNR = < h \ac+[3\ (18)

A

3
g

and when |f| > ||, this reduces to SNR = -1 |,B|

(b) For a squeezed vacuum state |0, &) = S(&) |0) with & = re®, we have
(@) = (@) = @) = {(a")") = (@@ = (") 2) =
() = sinh?(r) (19)
An? = 2 cosh?(r) sinh?(r)

Therefore, we compute

A

(1) = 5 (sink(r) + [BP)
4A* = 2 cosh?(r) sinh?(r) + sinh?(r) 4 2| B|* (sinh2(r) + 1) (20)
= 2cosh?(r) (sinhz(r) + ],B|2> + sinh?(r)

Which gives the following SNR :

IS

M sink’(r) + |

SNR = — -/
VAR 2 cosh?(r) (sinhz(r) + |ﬁ|2> + sinh?(r)

(21)

5.3 Wigner function marginal distributions

1. The integral of Wigner function in momentum space is given by

Jarwte) =g [ [ ey (v 3) w (3+5)
“5n | (/ Lae )y (e (eg)
_/ dud (u ) ¥ (x T 2)

=[y(x)[*

where from the second line to the third line we use the definition of Dirac delta function.
Same procedure can be applied to calculate the marginal distribution on position space by
rewriting the wave function in the momentum representation.

3
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2. The Wigner fucntion of a plane wave §(x) = (27th) ! exp(—ipx/h) is given by

du x+u fz xX—u fzu —i(p—p)u 1

(27‘[?1)2 27Th
(23)
The Wigner fucntion of a stationary wave y(x) = (7t/1) ~/2 cos(px /1) is given by
_ du p(x+u/2> p(X—M/Z) —ipu/h
W(x,p) = / 3(h)? cos( 7 > cos(h e
= / ZdL;z (cos(pu/h) + cos(2px/h)) e~ P4/
(24)

fzpu/h ipu/h —ipu/h
/ 272 +e +cos(2px/h)) e

2nh (6(p —p) +3(p +p) + cos(2px/n)é(p))



