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Quantum Electrodynamics and Quantum Optics
ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE (EPFL)

Solutions to Exercise No.1
1.1 Solution: Classical electromagnetic field modes density in free space and field

quantization

Solution: Classical electromagnetic field modes density in free space and field quantization (1)
Wave equation for the vector potential In vacuum (SI units) Maxwell’s equations read

0E
V'EZO, VXB—yoeoﬁzo, (1)
V-B=0, V><E+%]::o. )

Introduce the potentials B = V X Aand E = —V¢ — %—?. In the Coulomb gauge V-A = 0 and
with zero charge density we have V2¢ = 0. With suitable boundary conditions we set ¢ = 0,
hence E = —A. Taking the curl of Faraday’s law V x E = —B gives

I(V x A)

Vx(VxA)=— 5

: ©)
Using the vector identity V x (V x A) = V(V - A) — V2A and the Coulomb gauge, we obtain

oB 9’A
—_ 2 = —_—— = — _—
V<A ot Ho€o 92 (4)

Therefore the (three-component) vector potential satisfies the wave equation

1 0%A (1, 1) 1
2 _— 77’ pum— =
VZA(r, t) 2 3 , c e 5)

Because any solution can be decomposed into two transverse polarizations, each Cartesian com-
ponent along a fixed polarization obeys the scalar wave equation

B lazA(r,t)

2
V A(r, t) CZT

= 0. (6)

(2) Solutions in a cube of edge L Solve Eq. 6 in a cube using separation of variables and impose
periodic boundary conditions (PBC) (equivalently take a metallic box and the result is identical in
the large-L limit). With PBC the normal modes are plane waves

Alr, ) = Akt L ee,  w=c|K|, 7)
and periodicity requires
27tn 27tny, 27n
kx: Lx/ ky:T/ kZ: LZ/ TZiEZ. (8)

Each admissible k # 0 supports two independent transverse polarizations (since k - A = 0).
(3) Counting modes in free space Let the box become very large (L — oo, fixed V = L3) and
count the number of distinct k with magnitude in [k, k + dk]. In k-space the allowed points form a

cubic lattice with volume per point (%”)3 = (25)3 . Hence the number of lattice points in a spherical
shell of volume 47tk? dk is v
2
2np 4rtk” dk. )
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Including two polarizations gives

dN =2 x

( 2‘7/[)3 47tk? dk = % k2 dk. (10)

(4) Mode density p(v) Relate k to the ordinary frequency v via w = ck = 27tv so that

k=2 =T, (11)
C C

Divide Eq. 10 by V dv to obtain the 3D mode density per unit frequency per unit volume:

p(v)EVdv_?@_? c c ) | 3 | (12)

AN K dk 1 <2m/>2<27t> 812

Therefore the characteristic dependence is p(v) o v2.

(5) Rayleigh-Jeans law from equipartition Each normal mode of the EM field is a harmonic
oscillator. In classical thermal equilibrium, the equipartition theorem assigns average energy kgT
per mode (kgT /2 in the “kinetic” electric part plus kgT /2 in the “potential” magnetic part). Thus
the spectral energy density (energy per volume per frequency) is

87 v?

u(v)dv =p(v)kgT dv = 5

kgT dv |. (13)

This is the Rayleigh—Jeans law. In wavelength form (v = c/A) it reads

87'L'kBT

u(A)dr = Y

dA. (14)

Classically this diverges at high frequency (ultraviolet catastrophe); in quantum theory each mode’s
energy is quantized, H = Y iy (ﬁ+fl + %), leading to Planck’s law upon taking a thermal aver-
age.

e) The Hamiltonian of a 1D harmonics oscillator can be expressed as

2

_ P 1 2
H—2m+2mwx

According to equipartition theorem, every quadratic term of p or x contributes 1/2kpT to the
energy, so the total energy should be € = kpT. Hence, we can give Rayleigh-Jeans law

dE — ep(v) = 82k T
Var  PW T T3
iwt+ik-r

f) By replacing u(r) = a(r,t) = ae”
as a superposition of a and a;;

, we can rewrite the vector potential can be expressed

A= ZC [ékakefiwtﬂk-r + é;:a,teiwtfik-r]
kA

where C is a constant and € is a direction vector and A = +1 indicates the polarization. Due to
relation (2) we obatin

_ ; A —iwt+ik-r _ ax ok iwt—ik-r
E=) iwC [ekocke — &rage }
oA

B = ZiC [(k X €x) ake_i“’t+ik‘f — (k% &) tx,teiwt_ik"'}
kA

Here we use V x (&e’*") =i (k x &) e'*". So
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|E|* =E - E*
_Z A —iwt+ik-r _ ax x iwt—ik-r
=) iwC |épage —€rage
k,A

Z -(—iw)C* [ékazezwtﬂk-r _ é’takeﬂwtﬂk-r}

%

N
>

=Y W?|C|? (axf + ajacy)
o

and
|B|> =B - B*
:iZC {(k X &) etk _ (J i ) uc,tei‘”t’ik"}
kA
. (—Z) EC* [(k % ék) ‘X;;eiwt—ik-r _ (k % élt) ake—iwt+ik~ri|
k
=) |K[?|CI? (axag + agacs)
kA
Then the Hamiltonian writes by using (67) and (23)
H =1 [, (eolE*+|B?) dV = jeo [, (|E|* + 2|B*) AV = ¥ 1 |C|*Veow? (aa* + a*w)

In order to make the Hamiltonian have the unit of energy, we take C = /5 w’?/ = 50, finally we

obtain

H=Y Y hw(aag+ agag)
ko A==+1

g) In order to follow the symmetric postulate we keep the form of aa* +a*w. By replacing «
and a* by operators a and a', the Hamiltonian becomes

H=Y Y hw (aka;i + a;{ak)
k A=t1

For electric field operator and magnetic field operator

_ : A —iwt+ik-r Ax T iwt—ik-r
E = kE iwy | 2wVeo [ekake —€rae }
A

B i h —_— o
H= — [ kxé)a e—lwt—i—zk‘r —(k x & a+ezwt—zk~r}
1o~ L\ zave [k & (k x &) a}

h) Due to (27) and (28) and the facts that

[ak, a;] = {a,t,aﬂ =0
[ﬂk, aﬂ = Okl

the commutation relationship of different components of E and B, i.e [E ki, B lj] should be

[Exi(r),Byj (r')] = ~ Ve k% [e,(f‘) ® <l X eg)‘)> [ak, aﬂ — e,(f) ® (l X egA)) [”LWH
% [ei(kfl)-(rfr’) . efi(kfl)-(rfr/)}

h ‘ N /
- _ i(k=1)-(r—¢") _ —i(k—1I)-(r—r
2V€0kz [6 ¢ ):|

3
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Replace the sum of k by integral we will have

h 0
[Eki(r),Blj (1‘,)] = (Sk,l(Sw = _lzoék,k’ﬁérzflei]‘k

i) For vacuum state

: A —iwt+ik-r Ak T iwt—ik-r
iw [ekake — &page }

0>=0

(E) = (0[E|0) = <o

Since |E|? = Y 2’?,‘?0 (ng+1/2),s0

2wVeg

((E—=(E))*) = (0|(E = (E))*|0) = (nx |E*| ny) = 4?,“;0

For a higher state |ny),

iw —iwt+ik-r _ élta;elwtﬂk-r}

E) = E = g
(E) = (ni|E|ny) <nk 2oVes [Gkake

and

nk> =0
hw

((E—(E))*) = (nk |(E — (E))*| nk) = (nx |E*| ny) = Ve (ng+1/2)

1.2 Solution: Review on commutation relations and operators

The first two commutators are proven by induction and the last three build upon the previously
derived commutation relations.
1. Let us demonstrate that [d, (ﬁ*)n] =n (ﬁ*)n_l by induction,

Forn=0:[4,1]=0

Forn=1:[4,a"] =1

Forn=2: [a, (a*)z} = a'[a,a"] + [a,a']at = 2a"

Forn =3: [fl, (ifr)s} =...=3 (ﬁ*)z

We can formulate a hypothesis for the n-th step as : {ﬁ, (ﬁ*)”} =n (ﬁJr)n*l,

applying the induction step for the n 4 1 case yields

o ()] = o ()] = o ()] + [o7] ()

(15)
-1
— itn (ﬁ*)" + (a*)" = (n+1) (a*)n,
verifying the hypothesis.
2. We will follow the same strategy and use a proof by induction to obtain

', @)"] = —ni
Forn=0:[a",1] =0
Forn=1:[a"a] = -1
Forn =2: [a',4%] = ala',a] + [a',4la = —24
Forn=3: [a",a%] = ... = —34?
Similarly, the hypothesis for the n-th step is : [a,4"] = —na"~1,
and applying the induction step for the n + 1 case yields

At oantl] _ At aan| o4 [t an At a] an

[a,a }_{a,aa}—a{a,a}—i—[a,a}a (16)
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3. Now let f(x) =Y, fux" be a well defined function for any value of x. We can develop f, use
the bilinearity of the commutator and obtain

af(a")] = [ﬁ,;fn (ﬁ*)”] =L/ 2, (a")"] = L i (") - afag:) a”
4. Similarly

@ f @) = [Zf] L[] = Dot = 2L

5. We define f(a) = e %A Be*4 and we perform a Taylor expansion of f(a) near & = 0 using
the Taylor expansion of the exponentials. Recall the Taylor expansion of a function g as

1 1
g(a) = g(0) + ¢'(0)a + Eg//(()),xz n gg///(o)(xs L

Expanding the exponentials and collecting the terms gives

=B a4 B]+5; (4 AB] + [BA,A)) + O(«) (19)
~ 8- a[A 8]+ [4,AB - BA] + O()
~ B« [A,B]+% [4,[AB)] +0)
6. Let us define A = —a'4, we have [A, 4] = @ and using the result from 5, we obtain
[A’ewa*ﬁ] = [a, eaA] — gt _ A

=4 <a—a[A,a]+”;[A,[ ,ﬁ]]+...—ﬁ> (20)
(e

1.3 Solution: Quantized field properties: linear momentum

Let’s consider a plane transverse EM wave of frequency w with a wave-vector k and linear polar-
ization € and write down the expressions for the quantized EM field

N hw \ 2 ; ;
— A i(kr—wt) _ At . —i(kr—wt)
E=1 <2€0L3> {aee a'ee } (21)
and
(k] \Y*[ kxe 4, kX € i
H = A l(kr wt) At l(kr wt) 22
: <2€ocL3> [a k] ¢ T 22

Now we substitute these expessions into the expression for the Pointing vector and note the
followin
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e terms containing a spacial exponent of the form e*"

integration over d°r

where n # 0 will average out in the

e for a linearly polarized plane wave [e x [k x €]] =k
e w = cl|k|

and thus we are left with
hk 1
_ 3 — 3 _AA'I’ _ At A — At A -
P—eg/drExB— /dr—zm[ aa aa} hk(aa+2> (23)

Note, that to include the rest of modes into consideration, it is sufficient to summ the individual
contributions over k as any cross terms average out during the spacial integration. The field thus
carries no zero point momentum, as for each pair of k and —k the % term cancel out.

1.4 Solution: Quantization of an electrical LC circuit

(a) A conventional electric LC circuit consists of a capacitor and an inductor, and the total energy
includes the energy in the capacitor (electric energy) and the energy in the inductor (magnetic
energy). Hence, classical Hamiltonian can be written as

QZ (I)Z

- 2C 2L

It is possible to rewrite this Hamiltonian in terms of E and B (electric and magnetic field in
the capacitor and inductor) using standard relations and definitions of capacitance and induc-
tance:

Q=CV =CdE

® =1IL=ANB

H

_ Gl ANP
T2 2L

(b) For quantization, one can introduce the following set of canonically conjugate variables and
their proper commutation relations:

Q = _inpf(ﬁ - (31-)

a

b =0, /(a+a")

Note that this is not a unique choice of variables. ZPF (zero point fluctuation) coefficients
are introduced here for the normalization, which also can be defined in different ways. For
these variables to be canonically conjugate, the following commutation relations should be
requested:
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Now using the definitions of variables one can compute the Hamiltonian, canceling the terms
aa and a'a’, and expand the second commutator. The final Hamiltonian is

1
VLC

| h
szf = TZO

hZo
Car =\

(afa + 1)

H=n
2

And ZPF coefficients are

[L . . .
Here, Zy = C is a value that is called characteristic impedance.

The Hamiltonian expressed via electric and magnetic fields undergoes the same procedure
since it has the same mathematical form, but just different symbols, so there are just different
variables in the final expressions.

(c) By straightforward expansion of the expression, one obtains the zero point fluctuation coeffi-
cients derived above, and immediately gets a proof that Heisenberg uncertainty is satisfied.

(d) Itis equal to Q,,f coefficient.

1.5 The Casimir Effect
1.5.1 Simplified treatment
a) Note that

or == BB = o (En) s (o) + (20

So the total energy

N St

E(L,a) =

N St

!
Zwk+2- Zwk
k k

where Y denotes the summation over k, or ky or k; = 0.
b) When L — oo, we can neglect the lateral term. So

h n22\"*  hme
E(L,a)zZZCZn:wn:th( o > :7211

n n

c) When a — oo, we can regard u = % as a continuum variable. So

a—00 7T

E(L,00) = hc lim Z% :hcg/ udu
m 0

Obviously, the potential writes

2 o0
U:E(L,a)—E(L,oo):hZC[En—frz/ udu]
m 0

d) To eliminate the divergence, we add an exponential term in the summation and the inte-
grand.
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hre a2 [
u=—7— ne-wm/a _ Z_ / ue ™ du
/T o

n

To calculate the result, we let u = 7n/a and define F(n) = ne~*™/4. Then apply Euler-
Maclaurin formula on (64)

hrte a2 [
u=-— ne-wm/a _ Z_ / ue ™ du
“lr |

n

- h:C [;F(n) — /OOOF(x)dx]

_ hre (P(0)+F(°°) +1FI(°°) —F0) 1 F(S)(OO) _F(S)(O) +>

a 2 6 2! 30 4!
_ lhme 1 (E)z hire
T 12 a4 720 a

__lhme 1 whe (1
12 a 720 ad ad

e) From (70) we can derive the force

ou  hme N arthe N 1
90 1242 T 2404% ab

1.5.2 General treatment

a) Similarly we have

E(L,a) =hc )_ \/k§—|—k§ + (7tn,/a)?

Tty 12
1y 2

Likewise, we replace the summation over ky, k, by integrals of continuum ky, k,. So we can

rewrite (67) into a polar integral by defining  /kZ + kj = k

E(L,a) —thzﬂ/w ey e+ (unasa)? | k
22 )y \ 20 4 :

When a — oo, we can regard k; as a continuum variable. So

L*7a
— 2 2
E(L,c0) = he 2271/ / \/ k2 + K2k dk dk.

By introducing u = a?k?/ %, for U(a) we have

2 -3 IS 0o ) 1)
U(a):hC—Lﬂ— [;/ \/ﬂdu%—Z/ \/mudu—/ / \/u+n2dudn]
0 o Jo 0o Jo

27 ad

= U(0)

0+ fm) - [ r@)de
where U(0) = heL?7? /243, f(7) = [ dur/u + 2

c) Make a replacement
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F@ > F@on = [ dnfur g (Vur i) /)

Letw = ¢*> +u and

F(LGn) =GQ) = [ w'f (Vio/Zu) du

Then (70) becomes

Apply Euler-Maclaurin formula to (72) then we have

U(a) = U(0) [SO5E) 4 16000 1 ST R0 ..

Obviously the first term in (73) vanishes since G vanishes at 0 and co. The second term also
vanishes because the derivative of G takes the form of {f ({/{;). The third term with second-
order derivatives survives. So the potential

U(a) = k;i3 o (;)

where k is a negative coeefficient.
d) Obviously, from (74) we find that dU /da takes + sign and is proportional to 1/a* if we
neglect the higher order terms.



