
Homework 8

Strong stretching behavior of DNA
1. Using the Taylor expansion
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By comparing the third term in eqn (2) with the other two, we notice that their ratio is
O(t2x, t2y), so that it is negligible with respect to the other two terms. Summarizing, the
Hamiltonian can be written as

H = ξ

2β

∫ l0

0

(
d~tT (s)
ds

)2

ds+ F

2

∫ l0

0

(
~tT (s)

)2
ds− Fl0 .

2. Introducing the Fourier series in (1) gives

l = l0 −
1
2

∫ l0

0

(
t̂T (s)

)2
ds

= l0 −
1
2

∫ l0

0

( ∞∑
n=1

~an sin(kns)
)2

ds

= l0 −
1
2

∞∑
n=1

∞∑
m=1

∫ l0

0
~an sin(kns)~am sin(kms)ds

= l0 −
1
2

∞∑
n=1

(~an)2
∫ l0

0
sin2(kns)ds

= l0 −
1
2

∞∑
n=1

(~an)2 1
2 l0 .

1



Recall: If n 6= m∫ l0

0
sin(kns) sin(kms)ds = l0

π

∫ π

0
sin(nx) sin(mx)dx = 0 ,

because∫
sin(mx) sin(nx)dx = sin(mx)

(
−cos(nx)

n

)
−
∫

cos(mx)m
(
−cos(nx)

n

)
dx∫

cos(mx) cos(nx)dx = cos(mx)
(

sin(nx)
n

)
−
∫

(− sin(mx)m) sin(nx)
n

dx ,

so ∫ π

0
sin(mx) sin(nx)dx = 1

1− m
n

[
cos(mx) sin(mx)

n
− sin(mx)cos(nx)

n

]π
0

= 0 .

3. The Fourier expansion of dt̂T (s)
ds is simply

dt̂T (s)
ds

=
∞∑
n=1

~ankn cos(kns) kn = nπ

l0
,

therefore

H = 1
2

[
ξ

β

∞∑
n=1

(~an)2k2
n

1
2 l0 + F

∞∑
n=1

(~an)2 1
2 l0

]
− Fl0 = 1

2

∞∑
n=1

l0
2

[
ξ

β
k2
n + F

]
(~an)2 − Fl0 ,

and
Jn = l0

2

[
ξ

β
k2
n + F

]
.

4. Finally,

〈l〉
l0

=
[

1− 1
2

∞∑
n=1

1
2 〈~a

2
n〉

]
=
[

1− 1
2

∞∑
n=1

1
βJn

]
=

1− 1
2

∞∑
n=1

1
βl0
2

[
ξ
βk

2
n + F

]


=
[

1−
∞∑
n=1

1
ξ π

2n2

l20
l0 + Fl0β

]
=
[

1−
∞∑
n=1

∆n
(
ξπ2

l0

) 1
2
(
l0
ξπ2

) 1
2 1
n2 π2ξ

l0
+ Fl0β

]

=
[

1−
∞∑
n=1

∆x
(
l0
ξπ2

) 1
2 1
x2 + Fl0β

]

'

[
1−

(
l0
ξπ2

) 1
2
∫ ∞

0

1
x2 + Fl0β

dx

]
=
[

1−
(
l0
ξπ2

) 1
2 1

(Fl0β) 1
2

∫ ∞

0

1
y2 + 1dy

]

'
[
1− 1

(ξβF ) 1
2π

[arctan y|∞0
]

=
[
1− 1

(ξβF ) 1
2π

π

2

]
=
[
1− 1

2(ξβF ) 1
2

]
.

2


