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An “Almost” Freely Jointed Chain
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The last term (( " 7%)?) corresponds to the average end-to-end distance (R?, ;) of a freely jointed
k=i+1
chain of size j — i :

Therefore :

2.
First note that
(Fic1 - 7i) = (Pcos(i—1,4)) = 1*(cos(0;-1,)) -
Imagine the plane perpendicular to the direction of 7;_1. All positions of 7; in the upper half space
(0 < %) are equally distributed so:
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and similarly (cos0)p>z = -1
Finally,

(cosd) = (; + 6) (cosO)o<x + <; — e) (cosB)o>z =c.

We now calculate

(Fi1 - Tig1) = 1*{cos(Bi—1,i41)) -
We don’t know directly the probability distribution for this, but we can imagine that the existing
correlations (7;_1 - 7;) # 0 and (7 - 7i4+1) # 0 will result in a correlation between bonds two steps
aside along the chain and in general between all pairs of bonds.
Let’s consider bonds of unitary length or define 7i; = %, so (cosB;_1,41) = (fi—1 - Tiy1). Now
decompose ;41 on the orthogonal basis formed by 7i; and two suitable vectors 07 ,0s:

ﬁi+1 = 7i; (ﬁi . ﬁi+1) + 01 (51 . ﬁprl) + 03 (62 . ﬁi+1) .
By making use of such a basis, we can compute the desired correlation:

i—1 1) (7 - 1)) + (Fim1 - 01) (01 - Tit1)) + ((7hi—1 - 02) (02 - TWi+1))
i—1 - 113)) (7 - Mis1)) + 0+ 0

(ic1-ir1) = ((
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Two comments:

e the probabilities for distinct bond angles can be factorized because they are independent, so
for example ((7i;—1 - 01) (01 - 7Ti41)) = ((7Hi—1 - 01)){(01 - Fi1));

e in the case in exam the projections as e.g. 07 - 7;41 on directions orthogonal to the previous
bond have zero mean. Let’s see it directly. Let © be the angle between 67 and 7,41, and ¢
the torsion angle of ;11 around 07. The upper half space, i.e. the one with probability p.,
is now described by ® € [0, 7] (instead of # < 7 when considering 7i;; and 7;). So

<61'ﬁi+1> = <COS®>
T T 2 T
= p+/ d@/ sin@d@cos®+p_/ d<I>/ sin ©dO cos ©
0 0 ™ 0

= pym-0+p_m-0
= 0.

The former result can be generalized by iterating the argument we just used. As a result, there is
a net “propagation” of a correlation of magnitude e along the backbone, so that we obtain

(7 75) = e

As an example consider the case j =i+ 3, so that (n; - nj) = (n; - ni3). We write recursively:

Mivs = Mipo(flira - Tli43) + terms whose average is zero
Tiva = Mip1(Tit1 - Titr2) + terms whose average is zero
fiir1 = 1;(7; - Tig1) + terms whose average is zero.
Finally:
(ni - niys) ni - Ny (Tigo - ig3))
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: ni+1(ﬁi+l : ﬁ1+2)(ﬁz+2 : ﬁ’t+3)>
(70 - M1 (Tigr - Tige) (it - Tligs))

Tig1) (Rig1 - Tiga) (Riga - Miys)
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3.
Mean-square end-to-end distance:
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where the last approximation neglects terms of order 1 (not proportional to n).
Note that this is a result similar to the freely rotating chain with cos@ = €, with a restriction:
€< % which corresponds to 6 > 60°.



Mean-square Radius of gyration
NOTE: R; is the vector position of the n 4+ 1 monomers (i = 0...n), while 7; is the bond vector

linking monomer ¢ — 1 with monomer ¢ (i.e. 7 = R; — R;—1).
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Have you noticed that (R; — ﬁ]) is the end-to-end distance of a polymer with |j —4+ 1| monomers?

This suggests an alternative way of computing (RZ,,.):
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Bonus: proof of identity (1)
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The final result can be obtained by noticing that
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