
Homework 8

Strong stretching behavior of DNA
Consider a DNA double helix with a length l0 ≈ 10µm and imagine to apply a force ~F along the
z−axis on its ends, e.g. with optical tweezers. Recall that DNA is very stiff: its persistence length
is about 50 nm, which is quite large with respect its diameter (≈ 2 nm). Hence, a convenient way
to model it is to consider a freely jointed chain with N + 1 monomers and to introduce a stiffness
energy term:

Es = −B
b

N−1∑
i=1

t̂i+1 · t̂i ,

where B is a positive coefficient with dimension Energy×Length, b is the length of a single bond,
and t̂i is the unit vector of the direction of the bond between monomer i− 1 and monomer i.
The full Hamiltonian is therefore

H = −B
b

N−1∑
i=1

t̂i+1 · t̂i − Fb
N∑

i=0
tiz .

Taking correctly the continuous limit gives the worm-like chain Hamiltonian:

H = ξ

2β

∫ l0

0

(
dt̂(s)
ds

)2

ds− F
∫ l0

0
tz(s)ds ,

where l0 is the length of the chain, t̂(s) is the unit tangent vector at position s, and ξ = Bβ is the
constant persistence length. In the following, we are going to show that the elongation l along the
z direction under strong stretching, i.e. Fξ � kBT , follows the law

〈l〉
l0
' 1− 1

2
1

(ξβF )
1
2
.

As shown below, this formula fits the experimental results much better than how the freely jointed
model does.

1. Firstly, consider that when the chain is strongly stretched then tz(s) ∼ 1, while tx(s), ty(s)�
1 ∀s ∈ [0, l0]. Derive an approximate Hamiltonian in terms of the two dimensional tangent
vector ~tT (s) = (tx(s), ty(s)).

Hint: Recall that tz(s) =
√

1− (t2x(s) + t2y(s)) and develop till order t2x(s)+t2y(s) ≡
(
~tT (s)

)2.

2. Imposing the boundary conditions ~tT (0) = ~tT (l0) = 0 allows to write ~tT (s) in terms of its
Fourier components, i.e.

~tT (s) =
∞∑

n=1
~an sin(kns) ,

where kn = (nπ)/l0. Find the expression for l in terms of the Fourier components ~an.
Hint: Recall that the elongation is l =

∫ l0
0 tz(s)ds.

3. Rewrite the Hamiltonian in the form:

H = 1
2

∞∑
n=1

Jn~a
2
n − Fl0 .

What is the explicit expression for Jn?
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FIGURE 2. DNA IS A POLYMER of nucleotides, each of which
consists of a nitrogenous base (A, T, G or C) attached to a
phosphate-sugar backbone. The structure of double-stranded
DNA resembles a ladder, in which two backbones form the
side rails and the bases are hydrogen-bonded into pairs to form
the rungs. The sequence of base pairs along the backbone is
the genetic code. In its most common configuration, the
DNA ladder is twisted into a right-handed helix, with each
turn of the helix measuring 3.4 nm in length.

by exerting a force that resists the separation. This force
is entropic in origin, ultimately a consequence of the
Brownian impulses acting on the polymer that tend to
keep it coiled. The force arises because the number of
molecular configurations consistent with a given end-to-
end vector h decreases as the magnitude of h increases.
The full force—extension curve can be calculated numeri-
cally from the WLC model, but the general behavior is
more easily understood by making approximations (see
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FIGURE 3. THE FORCE-EXTENSION CURVE of a single DNA
molecule under traction applied at its ends. The data points
from reference 3 are compared with the theoretical curves for
the entropic elasticity of three polymer models: the Gaussian
chain, the freely jointed chain and the worm-like chain, which
fits the experimental data remarkably well.

the box on page 36).
A weak force perturbs the DNA molecule only slightly

from its equilibrium shape. Consequently, the response
of the polymer can be deduced from a knowledge of the
equilibrium probability distribution of the end-to-end vec-
tor. Since the distribution is approximately Gaussian, this
model is known as the Gaussian chain. A weak tensile
force F applied at the ends of the molecule causes it to
extend by a fraction of its contour length:

h_
L

FP
kBT

, h « L (4)

This expression, which is valid for small extensions, is
notable in a number of ways. First, the extension is linear
in the force, so the DNA behaves as a Hookean spring
with zero natural length. (That is, when h is zero, there
is no deviation from a perfectly spherical Gaussian coil.)
Second, longer DNA molecules deform more easily than
shorter ones, just like macroscopic elastic springs. Unlike
in everyday springs, however, the effective spring constant
depends explicitly on the temperature—a signature of its
entropic origin. Finally, the expression indicates that the
force required to stretch out DNA to a significant fraction
of its full contour length is as follows:

kBT
(5)

In physiological conditions, Fs = 0.1 piconewton. This
value is surprisingly small, weaker than the typical force
generated by individual motor proteins, such as myosin
or kinesin, and similar in magnitude to the typical drag
forces acting on micrometer-sized objects as they are
transported in the cell. Clearly, DNA is highly deformable
in its natural environment.

When the applied force is stronger than Fs, the elas-
ticity becomes nonlinear. It becomes harder and harder
to stretch the DNA as it straightens out, and the end-to-
end separation approaches the contour length, L. A ge-

34 FEBRUARY 1997 PHYSICS TODAY

Figure 1: The force-extension curve
of a single DNA molecule under
traction applied at its ends. The
data points from Smith et al., Sci-
ence 1992) vol. 258 pp. 1122 are com-
pared with the theoretical curves for
the entropic elasticity of three poly-
mer models: the Gaussian chain, the
freely jointed chain and the worm-
like chain, which fits the experimen-
tal data remarkably well. Taken from
Austin et al., Physics Today (1997)
vol. 50 (2) pp. 32.

4. Exploiting the theorem of equipartition of energy, which gives

1
2Jn〈~a2

n〉 = 2× 1
2β = kBT ,

compute 〈l〉.
Hint: Evaluate the sum of the expression for l found at point 2 as an integral with(

ξπ2

l0

) 1
2

∆n = ∆x ' dx ,

where ∆n = 1. This follows from l0 � ξ.

2


