
Quantum Field Theory

Homeworks

Exercise 1

Given a Lorentz transformation Λ : x −→ x′ = Λx, the transformation of a scalar field at fixed coordinate x is
ϕ(x) −→ ϕ′(x). Since the field is scalar, it satisfies ϕ′(x′) = ϕ(x), or ϕ′(x) = ϕ(Λ−1x), which is the representation
of the Lorentz transformation on functions. We can now expand for infinitesimal transformation:

δ0ϕ(x) ≡ ϕ′(x)− ϕ(x) = ϕ(Λ−1x)− ϕ(x) ≃ ϕ(x− ωx)− ϕ(x) ≃ −ωµ
νx

ν∂µϕ(x) =
1

2
ωµν(x

µ∂ν − xν∂µ)ϕ(x).

This variation has to be identified with the infinitesimal action of the Lorentz generators on scalar fields, namely

δ0ϕ(x) = exp

[
− i

2
ωµνL

µν

]
ϕ(x)− ϕ(x) ≃ − i

2
ωµνL

µνϕ(x),

which proves that
Lµν = i(xµ∂ν − xν∂µ)

is the representation of Lorentz generators on scalar fields. (Notice that the generators in this representation
have been denoted as Lµν , not as J µν , since J µν are the generators in the defining representation). It’s now
straightforward to obtain the Lorentz algebra:

[Lµν , Lρσ] = i2 [(xµ∂ν − xν∂µ), (xρ∂σ − xσ∂ρ)]

= − [(xµηνρ∂σ − xρηµσ∂ν) + (xνηµσ∂ρ − xσηνρ∂µ)− (xνηµρ∂σ − xρηνσ∂µ)− (xµηνσ∂ρ − xσηµρ∂ν)]

= − [ηνρ(xµ∂σ − xσ∂µ) + ηµσ(xν∂ρ − xρ∂ν) + ηνσ(xρ∂µ − xµ∂ρ) + ηµρ(xσ∂ν − xν∂σ)]

= i [ηνρLµσ + ηµσLνρ + ηνσLρµ + ηµρLσν ] .

Consider now translations x −→ x′ = x + a. The transformation of a scalar field at fixed coordinate is ϕ(x) −→
ϕ′(x), and since ϕ′(x′) ≡ ϕ′(x+ a) = ϕ(x), then ϕ′(x) = ϕ(x− a). Identifying

ϕ′(x) = exp[iaµPµ]ϕ(x) = ϕ(x− a) = exp[−aµ∂µ]ϕ(x),

one immediately finds that the representation of the generators of translations on fields is given by

Pµ = i∂µ.

Using this explicit representation, the commutators are

[Pµ, P ν ] = i2 [∂µ, ∂ν ] = 0,

[Pµ, Lρσ] = i2 [∂µ, xρ∂σ − xσ∂ρ] = −(ηµρ∂σ − ηµσ∂ρ) = i(ηµρPσ − ηµσP ρ).

These relations are general since the structure constants of course do not depend on the representation used to com-
pute the commutators. The above relations define thus the Poincaré algebra in any representation. Summarizing,
the commutation relations between Poincaré generators are:

[J µν ,J ρσ] = i [ηνρJ µσ + ηµσJ νρ + ηνσJρµ + ηµρJ σν ] ,

[Pµ,J ρσ] = i(ηµρPσ − ηµσP ρ),

[Pµ, P ν ] = 0.

Note. To characterize the Poincaré representation on fields we have considered the variation at fixed coordinate
x, namely δ0ϕ(x), not the variation δϕ(x) ≡ ϕ′(x′)− ϕ(x) = 0: this is because the transformation x −→ x′ simply
corresponds to a change of reference frame, i.e. to expressing the position of a given point P , with coordinate x



according to observer O, in terms of the coordinates x′ of observer O′. In doing so, the point P is kept fixed,
so studying the variation δϕ(x) corresponds to studying how a single degree of freedom (the value of the field at
fixed point P ) changes under change of parametrization. The basis for this representation is thus one dimensional,
and since δϕ(x) = 0 the generators in this representation are zero: this is called scalar representation. Conversely,
considering the variation keeping fixed the coordinate x, not the point P , means that we are comparing the field
at different points, i.e. the point P which is called x by observer O, and the point P ′ which is called x by observer
O′; in this case the base space is the set of functions ϕ(P ), with P varying in space-time, thus this gives the infinite
dimensional representation of the Poincaré group on fields, which is what we were looking for.

A recommended reading on the Lorentz representation on scalar fields is: M. Maggiore, A Modern
Introduction to Quantum Field Theory, chapters 2.6.1 and 2.7.1.
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