
Quantum Field Theory

Set 8: solutions

Notation

The Noether theorem states the following: given a theory described by the Lagrangian density L[ϕa, ∂µϕa], where
ϕa is a generic field, and a symmetry of this Lagrangian acting on coordinates and fields as follows at the infinites-
imal level (with some transformation labelled by a set of parameters {αi})

xµ −→ x′µ ≃ xµ − ϵµi α
i,

ϕa(x) −→ ϕ′
a(x

′) = D[ϕ]a(x) ≃ ϕa(x) + αiεai(x) ≃ ϕa(x) + αiεai(x
′)

≃ ϕa(x
′) + αiϵµi ∂µϕa(x

′) + αiεai(x
′)

≡ ϕa(x
′) + αi∆a i(x

′),

then the four vector defined by

Jµ
i =

∑
a

∂ L
∂(∂µϕa)

∆a i − ϵµi L

satisfies ∂µJ
µ
i = 0 when one uses the equation of motion for the field ϕa. For clearness, note that the easiest way

to compute ∆ is

εa i(x
′)αi = ϕ′

a(x
′)− ϕa(x),

∆a i(x
′)αi = ϕ′

a(x
′)− ϕa(x

′),

∆a i(x)α
i = ϕ′

a(x)− ϕa(x).

Note also that when the symmetry is such that x′ = x, then ∆ai = εai.

Exercise 1

The usual classical mechanics can be regarded as a 0 + 1 dimensional field theory. The coordinates that describe
a classical system are functions of time and therefore can be thought of as fields:

3 + 1 0 + 1
x⃗, t t

ϕa(x⃗, t) q⃗a(t)

where q⃗a(t) are coordinates and can be in general a three-dimensional vector (note that the three dimensions
are those of the physical space where the system evolves). Since the classical mechanics is a trivial example of
field theory, one can directly apply the formulas obtained from the Noether theorem and get several currents
corresponding to different symmetries. For example a Lagrangian of the form

L =
∑
a

ma

2
| ˙⃗qa|2 −

∑
a̸=b

V (|q⃗a − q⃗b|)

has the following symmetries:

• time translation: t′ = t− α, q⃗′a(t
′) = q⃗a(t);

• collective coordinates translation: t′ = t, q⃗′a = q⃗a + α⃗;

• coordinates rotation: t′ = t, q′
i
a = Ri

jq
j
a.



In the case of time translation one gets

t′ = t− α =⇒ ϵ = 1,

q⃗′a(t
′)− q⃗a(t) = 0 =⇒ ε⃗a = 0,

q⃗′a(t)− q⃗a(t) = α ˙⃗qa =⇒ ∆⃗a = ˙⃗qa,

where we have used the vector notation for εa and ∆a since there is one of them for any component of the
coordinate vector. And hence the current is

J0 =
∑
a

∂ L

∂ ˙⃗qa
· ∆⃗a − L =

∑
a

π⃗a · ˙⃗qa − L = H.

The Noether current associated to the invariance under time translation coincides with the Hamiltonian and the
condition of null divergence is ∂0J

0 = ∂H
∂t = 0, so the Hamiltonian is conserved.

Analogously one can consider translations along some direction n̂:

t′ = t =⇒ ϵ = 0,

q⃗′a(t
′)− q⃗a(t) = αn̂ =⇒ ε⃗a = n̂,

q⃗′a(t)− q⃗a(t) = αn̂ =⇒ ∆⃗a = n̂,

J0 =
∑
a

∂ L

∂ ˙⃗qa
· ∆⃗a =

∑
a

π⃗a · n̂ = P⃗ · n̂.

Therefore the invariance under translation along some direction implies the conservation of the conjugate momen-
tum in that direction.

Finally, consider the invariance under rotation around a direction (take the z direction for concreteness):

t′ = t =⇒ ϵ = 0,

q′xa (t′) = qxa(t) + αqya(t) =⇒ q′xa (t)− qxa(t) = αqya(t) =⇒ ∆x
a = qya(t),

q′ya (t′) = −αqxa(t) + qya(t) =⇒ q′ya (t)− qya(t) = −αqxa(t) =⇒ ∆y
a = −qxa(t),

q′za (t′) = qza(t) =⇒ ∆z
a = 0,

J0 =
∑
a

(
∂ L

∂q̇xa
∆x

a +
∂ L

∂q̇ya
∆y

a

)
=

∑
a

(πx
aq

y
a − πy

aq
x
a) =

∑
a

(π⃗a ∧ q⃗a)
z.

Therefore the invariance under rotation around some direction implies the conservation of the angular momentum
in that direction.

Exercise 2

Consider the example of a free complex scalar field ϕ = ϕ1 + iϕ2. The Lagrangian density reads

L = ∂µϕ
†∂µϕ−m2 ϕ†ϕ.

It’s straightforward to show that the transformation given in the text is a symmetry of the theory: the transformed
Lagrangian is in fact

L′ = ∂µϕ
†e−iα∂µϕeiα −m2ϕ†e−iαϕeiα,

which is equal to L because α is a global parameter (it’s not a function of coordinates).
To find the Noether current it is useful to write the transformation at the infinitesimal level:

x′ = x =⇒ ϵµ = 0,

ϕ′(x′) = eiαϕ(x) ∼ (1 + iα)ϕ(x) =⇒ εϕ = iϕ,

ϕ′†(x′) = e−iαϕ†(x) ∼ (1− iα)ϕ†(x) =⇒ εϕ† = −iϕ†.
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Here the indeces a, i appearing in the general definition and labeling respectively the fields and the parameters of
the transformation assume the values

a = ϕ, ϕ†,

i = 1, since only the phase α is present.

The Noether current reads

Jµ =
∂ L

∂(∂µϕ)
∆ϕ +∆ϕ†

∂ L
∂(∂µϕ†)

= ∂µϕ†(iϕ) + (−iϕ†)∂µϕ,

and the divergence gives
−i∂µJ

µ = □ϕ† ϕ− ϕ†□ϕ = m2ϕ†ϕ− ϕ†(m2)ϕ = 0,

where in the last equality we have used the equations of motion for ϕ and ϕ†, namely □ϕ = m2ϕ and □ϕ† = m2ϕ†.
This is an important feature of the Noether current: its divergence vanishes only if one makes explicit use of
the equations of motion for the fields. The above behavior is somehow expected because in the derivation of the
current one neglects terms that are proportional to the Euler-Lagrange equation:∫

d4x′ L[ϕ′](x′)−
∫

d4x L[ϕ](x) ∼
∫

d4x αi∂µJ
µ
i +

∫
d4x

(
∂µ

∂ L
∂(∂µϕa)

− ∂ L
∂ϕa

)
∆aiα

i.

If the transformations define a symmetry the l.h.s. has to be identically zero and therefore one deduces the
vanishing of the divergence of the current once the Euler-Lagrange equation are satisfied.

If we add to the Lagrangian an interaction term of the form V (ϕ†ϕ), the symmetry is preserved. One can check
that current retains the same form, only the equation of motion changes:

□ϕ−
(
m2 + V ′(ϕ†ϕ)

)
ϕ = □ϕ† −

(
m2 + V ′(ϕ†ϕ)

)
ϕ† = 0 (1)

Exercise 3

Given a symmetry acting on coordinates and fields as follows

xµ −→ x′µ = fµ(x) ≃ xµ − ϵµi α
i,

ϕa(x) −→ ϕ′
a(x

′) = D[ϕ]a(f
−1(x′)) ≃ ϕa(x) + αiε[ϕ]ai(x) = ϕa(x

′) + αi∆[ϕ]ai(x
′),

Noether’s current is defined as

Jµ
i =

∂ L
∂(∂µϕa)

∆ai − ϵµi L,

satisfying ∂µJ
µ
i = 0. As a consequence, one defines the conserved Noether’s charge associated to the symmetry

Qi =

∫
d3x J0

i =

∫
d3x

(
πa ∆ai − ϵ0iL

)
, Q̇i = 0,

where πa is the momentum conjugate to the field ϕa. One can use this charge to define a generator of the symmetry
transformations in the following sense:

δ0ϕ(x) = ϕ′(x)− ϕ(x) = ∆ai(x)α
i = {Qi, ϕa(x)}αi.

Indeed substituting the expression for Noether’s charge and recalling the definition of the Poisson brackets ( see
the solutions of Set 2) one gets

{Qi, ϕa(x)} =

∫
d3y

(
{πb(y), ϕa(x)}∆bi(y) + πb(y) {∆bi(y), ϕa(x)} − ϵ0i {L(y), ϕa(x)}

)
=

∫
d3y

(
δabδ

3(x− y)∆bi(y) + πb(y)δ
3(x− y)

∂∆bi

∂ πa
(x)− ϵ0i δ

3(x− y)
∂ L
∂ πa

(x)

)
= ∆ai(x) + πb(x)

∂ (εbi[ϕ] + ϵµi ∂µϕb)

∂ πa
(x)− ϵ0i

∂ L
∂ ∂0ϕb

∂(∂0ϕb)

∂πa
(x)

= ∆ai(x) + πb(x)ϵ
0
i

∂ (∂0ϕb)

∂ πa
(x)− ϵ0iπb(x)

∂(∂0ϕb)

∂πa
(x) = ∆ai(x),
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where we have used the fact that in the Hamiltonian formalism the independent variables are ϕa and πa, while
the spatial derivatives of the field, ∂iϕa, are considered non independent.
The Noether’s charges, as functions of the fields and their conjugate momentum, can be thought of as generators in
the Poisson brackets formalism, in complete analogy with analytical mechanics. The label generators has however
a deeper meaning. Since the transformations reflect the action of an element of the Lie symmetry group, one can
regard this charges as a realization of the Lie algebra on the space of fields. The operation under which these
generators must be closed are the Poisson brackets.

Consider the explicit example of translations:

xµ −→ x′µ = xµ − aµ = xµ − δµν a
ν ,

ϕa(x) −→ ϕ′
a(x

′) = ϕa(x) = ϕa(x
′) + aν∂′

νϕa(x
′).

The associated Noether’s current is called Energy-Momentum Tensor and can be computed as usual:

Tµ
ν =

∂L
∂(∂µϕa)

∆aν − ϵµνL

=
∂L

∂(∂µϕa)
∂νϕa − δµνL.

The Noether’s charge in the present case is a four vector:

Pν =

∫
d3x

(
πa ∂νϕa − δ0νL

)
=

{ ∫
d3x (πa ∂0ϕa − L) = H for ν = 0,∫
d3x (πa∂iϕa) for ν = i.

The zero component of the Noether’s charge corresponds to the energy of the system, therefore the complete four
vector is the conserved four momentum of the system. Finally the infinitesimal transformation can be obtained
using the Poisson brackets formalism:

{H,ϕa(x)} = ϕ̇a(x),

{Pi, ϕa(x)} =

∫
d3y {πb(y)∂iϕb(y), ϕa(x)} =

∫
d3y δ3(x− y)δab∂iϕb(y) = ∂iϕa(x),

which confirms the interpretation of Pi as spatial momentum. One can repeat the procedure for the Lorentz
transformations, assuming the theory to be Poincaré invariant, (and for simplicity assume again scalar fields):

xµ −→ x′µ = Λµ
νx

ν ≃ xµ − wµ
νx

ν = xµ − wαβ(ηβνδ
µ
α − ηανδ

µ
β )x

ν ,

ϕa(x) −→ ϕ′
a(x

′) = ϕa(x) = ϕa(x
′) + wαβ(ηβνδ

µ
α − ηανδ

µ
β )x

′ν∂′
µϕa(x

′).

The associated Noether’s current is:

Mµ
αβ =

∂L
∂(∂µϕa)

∆aαβ − ϵµαβL

=
∂L

∂(∂µϕa)
(xα∂βϕa − xβ∂αϕa)− (xαδ

µ
β − xβδ

µ
α)L

= xαT
µ
β − xβT

µ
α,

where Tµ
β is the energy momentum tensor associated to spacetime translation invariance. The conservation of the

current reads:
∂µ M

µ
αβ = Tαβ − Tβα = 0,

so the invariance under Lorentz transformations, together with the one under translations, implies the symmetry
of the energy momentum tensor in the two indices (for a scalar theory). Notice in fact that we have assumed that
the theory is Poincaré invariant, so the energy momentum tensor is by itself conserved. The Noether’s charge in
the present case is a Lorentz tensor:

Qαβ =

∫
d3x

(
xαT

0
β − xβT

0
α

)
=

∫
d3x

(
xα(πa∂βϕa − δ0βL)− xβ(πa∂αϕa − δ0αL)

)
.

To see the meaning of this charge one can compute the Poisson bracket of its ij−component with the field ϕa(x):

{Qij , ϕa(x)} =

∫
d3y (yi {πb(y), ϕa(x)} ∂jϕb(y)− yj {πb(y), ϕa(x)} ∂iϕb(y)) = (xi∂j − xj∂i)ϕa(x).

This charge is thus the angular momentum tensor of the system.
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Exercise 4

In addition to the usual transformation properties under the Poincaré group (that define scalars, vectors, spinors,
...), any given field can have non trivial transformation properties under the action of additional symmetries. In the
present case we consider a pair of Lorentz scalars ϕ1 and ϕ2, which are assumed to transform in the representation
j = 1/2 of an SU(2) group. This isospin symmetry acts on fields as

Φ(x) −→ Φ′(x′) = UΦ(x), Φ†(x) −→ Φ′†(x′) = Φ†(x)U†,

ϕa(x) −→ ϕ′
a(x

′) = U b
a ϕb(x), ϕ∗a(x) −→ ϕ′∗a(x′) = ϕ∗b(x)(U†) a

b ,

where U is a SU(2) element and we have defined the complex conjugate fields with the index up to recall that they
transform with the hermitian conjugate matrix (they are a row instead that a column). The Lagrangian density

L = ∂µΦ
†∂µΦ− V

(
Φ†Φ

)
is invariant because the two doublets Φ and Φ† are contracted in such a way to form an invariant under SU(2)
transformations (that is to say an object transforming in the j = 0 representation):

Φ†Φ −→ Φ′†Φ′ = Φ† U†U︸︷︷︸
1

Φ,

∂µΦ
†∂µΦ −→ ∂µΦ

′†∂µΦ′ = ∂µ(Φ
†U†)∂µ(UΦ) = ∂µΦ

† U†U︸︷︷︸
1

∂µΦ,

where we have used the definition of SU(2) matrices. Since the invariance of the Lagrangian density has been
proved for a generic potential being function only of the SU(2) invariant combination Φ†Φ, one can go on and
compute the Noether’s current associated to this symmetry. Using the exponential representation of the SU(2)
matrices in terms of the generators (which we showed to be the Pauli matrices divided by two in the j = 1/2
representation)

ϕ′
a(x

′) =
(
eiα

i σi

2

) b

a
ϕb(x) ≃ ϕa(x) + iαi

(
σi

2

) b

a

ϕb ≡ ϕa(x) + ∆ i
ϕa(x)α

i,

ϕ′∗c(x′) = ϕ∗b(x)
(
e−iαi σi

2

) c

b
≃ ϕ∗c(x)− iαiϕ∗b(x)

(
σi

2

) c

b

≡ ϕ∗c(x) + ∆ ci
ϕ∗ (x)αi,

where we have defined ∆ϕ and ∆ϕ∗ as the variations of ϕ and ϕ∗, respectively. Note that in this case there is
no variation of the position x, so the total variation of the fields coincides with the variation at fixed coordinate,
hence the use of the name ∆(x) instead of ε(x), see Solution8. The Noether’s current then reads

J i µ =
∂L

∂(∂µϕa)
∆ i

ϕa +
∂L

∂(∂µϕ∗a)
∆ ai

ϕ∗ = i∂µϕ∗a
(
σi

2

) b

a

ϕb − i∂µϕcϕ
∗b
(
σi

2

) c

b

=
i

2
∂µϕ∗a(σi) b

a ϕb −
i

2
ϕ∗b(σi) c

b ∂
µϕc =

i

2
∂µΦ†σiΦ− i

2
Φ†σi∂µΦ.

One has to notice the similarity of this expression with the Noether’s current associated to the U(1) symmetry:
the previous current is its obvious generalization and the only difference is the presence of the generators between
the fields in the appropriate representation. Another point to be stressed is the complete independence of the
result here obtained from the explicit form of the potential V , since this doesn’t contain derivative of the fields.

Let us now consider another set of three Lorentz scalar fields A⃗ = (A1, A2, A3) and impose that under the action
of SU(2) they transform in the representation j = 1:

Φ(x) −→ Φ′(x′) = UΦ(x), Φ†(x) −→ Φ′†(x′) = Φ†(x)U†,

A⃗(x) −→ A⃗(x′) = R[U ](j=1)A⃗.

Notice that the representation j = 1 of SU(2) consists of rotations acting on a three dimensional vector space (and

coincides with SO(3) rotations) therefore we have collectively denoted the fields Ai with a vector A⃗. The matrix
R[U ](j=1) is the representative of U in the representation j = 1, that is to say the element of SO(3) associated to
U . We add to the previous Lagrangian density a kinetic term for the fields A and an interaction term:

L̃ = ∂µΦ
†∂µΦ− V

(
Φ†Φ

)
+

1

2
∂µA

T∂µA+ λAiΦ
†σiΦ.
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The last term of the r.h.s. is called an interaction term since it connects the equations of motion for the different
fields:

ϕa : □ϕ∗a = − ∂V

∂ϕa
+ λAiϕ

∗c(σi) a
c ,

ϕ∗c : □ϕc = − ∂V

∂ϕ∗c + λAi(σ
i) a

c ϕa,

Ai : □Ai = λΦ†σiΦ.

One has now to check whether the part of the Lagrangian involving A is invariant under SU(2) transformations:

∂µA
T∂µA −→ ∂µA

′T∂µA′ = ∂µAT (R[U ](j=1))TR[U ](j=1)︸ ︷︷ ︸
1

∂µA = ∂µA
T∂µA,

because R[U ](j=1) is a matrix of SO(3). The interaction term is more subtle (from now on we will omit the
notation (j = 1)):

A′
iΦ

′†σiΦ′ = R[U ] ji AjΦ
†(U†σiU)Φ.

In order to complete the proof of the invariance of L under SU(2), one should recall the definition of adjoint
representation of SU(2), that is to say the representation acting on the algebra itself. In Solution5 we have shown
that, given the space of the hermitian traceless 2× 2 matrices M (which coincides with the Lie algebra of SU(2)),
the action of an element V of SU(2), defined by

M = xiσ
i −→ VMV† = M ′ = x′

iσ
i,

induces on this space a representation which turns out to be the j = 1 representation, since x′
i = R[V] ji xj . In

particular the Pauli matrices themselves transform as a triplet:

σk = δki σ
i −→ V(δki σi)V† = (R[V] ji δ

k
j )σ

i = R[V] ki σi

In the case at hand we have U†σiU = R[U†] il σ
l, and collecting all together we obtain:

A′
iΦ

′†σiΦ′ −→ R[U ] ji R[U†] il︸ ︷︷ ︸
δjl

AjΦ
†σlΦ = AiΦ

†σiΦ,

where we have used the fact that (R[U†](j=1)R[U ](j=1)) m
i = R[U†U ] mi = R[1] mi = δ m

i . This completes the proof
of invariance under the SU(2) symmetry of the Lagrangian density L̃.

Let us now try to write other SU(2) invariant terms with dimension less or equal to four. Since [Φ] = [A] = 1 not
to exceed dimension four we can use either n ≤ 4 fields or 2 derivatives and 2 fields (Lorentz invariance forbids the
appearence of a single derivative). With two derivatives the only terms that can be written are the kinetic terms
for A and Φ, already present in L.
At dimension two, the only SU(2) invariants we can build are ATA and Φ†Φ. Then the only new term we can
add is:

δLd=2 =
1

2
m2

A(A
TA).

At dimension three the only possible invariant is AiΦ
†σiΦ hence we cannot add any new term.

Finally at dimension four we can add the following term:

δLd=4 = a(ATA)2

Notice indeed that by virtue of the identity σiσj = δij1 + 2iεijkσk terms of the kind Φ†σi . . . σkΦ can always be
reduced to Φ†Φ and Φ†σiΦ. Also we have:

(Φ†σiΦ)(Φ†σiΦ) = (Φ†Φ)2

because of the identity σi
αβσ

i
γδ = 2δαδδβγ − δαβδγδ.
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Exercise 5

• By dimensional analysis we have the equation:

4 = [L] = 4[∂] + 2[η] + 3[ϕ] + [λ]

Since [ϕ] = [η] = 1 (due to the canonical kinetic terms) this implies that [λ] = −5

• The most obvious symmetry of the Lagrangian is the invariance under proper Poincaré transformations

xµ → x′µ = Λµ
νx

ν + aµ

ϕ(x) → ϕ′(x′) = ϕ(x) .

The symmetry is obvious since all the Lorentz indices in the Lagrangian are contracted, but let’s check
explicitly the Lorentz invariance for the last term, since the presence of the ϵ tensor makes things slightly
less trivial. The derivative transforms as

∂µ → ∂′
µ = Λν

µ∂ν .

Thus we have

(ηi(x)∂µηj(x))(∂νϕI(x)∂ρϕJ(x)∂σϕK(x))ϵijϵIJKϵµνρσ

→(η′i(x
′)∂′

µη
′
j(x

′))(∂′
νϕ

′
I(x

′)∂′
ρϕ

′
J(x

′)∂′
σϕ

′
K(x′))ϵijϵIJKϵµνρσ

=Λµ
αΛν

βΛρ
γΛσ

δ(ηi(x)∂αηj(x))(∂βϕI(x)∂γϕJ(x)∂δϕK(x))ϵijϵIJKϵµνρσ

=(ηi(x)∂αηj(x))(∂βϕI(x)∂γϕJ(x)∂δϕK(x))ϵijϵIJKϵαβγδ

where we have used the identity

Λµ
αΛν

βΛρ
γΛσ

δϵµνρσ = detΛϵαβγδ = ϵαβγδ ,

where the last step is only true for the proper subgroup of the Lorentz group.

• The largest internal symmetry group of this Lagrangian is SO(2)η × SO(3)ϕ:

ηi → Oi
jηj

ϕI → RI
JϕJ

where O and R are two independent 2-dimensional and 3-dimensional rotation matrices respectively. Indeed,
the kinetic terms are trivially invariant as being scalar products of two vectors, while the interaction term is
invariant because the Levi-Civita tensors are invariant tensors of SO(2) and SO(3):

RilRjmϵij = ϵlm

ThOILOJMOKN ϵIJK = ϵLMN

These relations can be proved at the infinitesimal level. Expanding at first order the previous equations in
the angles we would get respectively (in matrix notation):

ϵilϵim + ϵjmϵlj = 0

ϵPILϵIMN + ϵPJM ϵLJN + ϵPKN ϵLMK = 0

The first equation is trivially equivalent to the antisymmetry of the Levi-Civita tensor in 2 dimensions, while
the second one is equivalent to the Jacobi identity for the algebra of SO(3).

• The Noether currents will depend not only on the kinetic terms but also on the interaction coefficient λ, as
the interaction term also contains derivatives. (We do not report the explicit result here, but it would be a
good exercise for you to compute it)

• If the η are complex, with the Lagrangian given in the text, the symmetry group is enlarged to U(2)η×SO(3)ϕ.
The U(1) group (baryon number) arises because η only appears in complex-conjugate pairs. Notice that for
the Lagrangian to be real we multiplied the interaction by a factor of i.

• In the last case the symmetry group is SU(2)η×SO(3)ϕ, because, as mentioned in the text, ϵij is an invariant
tensor of SU(2):

U ilU jmϵij = ϵlm

At the infinitesimal level the previous equation is equivalent to (in matrix notation):

σT
i ϵ+ ϵσi = 0 (2)

which can be checked explicitly for every σi.
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A note on functional derivatives

Consider a functional F [ϕ] defined as

F [ϕ] =

∫
d4x f(ϕ, ∂ϕ, x).

Given a small variation of the field, ϕ(x) −→ ϕ(x) + δϕ(x), then the change in F is

δF =

∫
d4x

δF

δϕ(x)
δϕ(x) +O(δϕ2),

which generalizes the usual definition in the discrete case

δF =
∑
i

∂F

∂qi
δqi +O(δq2i ).

In terms of the integrand, the variation δF is

δF =

∫
d4x

(
∂f(x)

∂ϕ(x)
δϕ(x) +

∂f(x)

∂(∂µϕ(x))
∂µδϕ(x)

)
,

which, up to boundary terms, can be rewritten as

δF =

∫
d4x

(
∂f(x)

∂ϕ(x)
− ∂µ

∂f(x)

∂(∂µϕ(x))

)
δϕ(x).

In the previous equations we have simply renamed f(ϕ, ∂ϕ, x) ≡ f(x). Note that the symbol ∂ stands for ordinary
derivative. Identifying this equation and the second, one gets the definition of functional derivative δ as

δF

δϕ(x)
=

∂f(x)

∂ϕ(x)
− ∂µ

∂f(x)

∂(∂µϕ(x))
.

An example in which this definition is used is the Euler-Lagrange equation

δS

δϕ(x)
= 0 ⇐⇒ ∂L(x)

∂ϕ(x)
− ∂µ

∂L(x)
∂(∂µϕ(x))

= 0.

In particular one can consider F [ϕ] = ϕ(y), so that f(x) = ϕ(x)δ4(x− y) and

δϕ(y)

δϕ(x)
=

∂(ϕ(x)δ4(x− y))

∂ϕ(x)
= δ4(x− y),

which is the generalization of the discrete relation ∂qi/∂qj = δij .

In the hamiltonian formalism time is distinguished from the spatial coordinates, so one has integrals over d3x
rather than over d4x. Given a functional F of fields and conjugate momenta

F [ϕ, π](t) =

∫
d3x f(ϕ, ∂iϕ, π, x, t),

its change due to variations δϕ(x, t) and δπ(x, t) is

δF (t) =

∫
d3x

(
δF (t)

δϕ(x, t)
δϕ(x, t) +

δF (t)

δπ(x, t)
δπ(x, t)

)
+O(δϕ2, δπ2)

=

∫
d3x

(
∂f(x, t)

∂ϕ(x, t)
δϕ(x, t)− ∂i

∂f(x, t)

∂(∂iϕ(x, t))
δϕ(x, t) +

∂f(x, t)

δπ(x, t)
δπ(x, t)

)
,

so that

δF (t)

δϕ(x, t)
=

∂f(x, t)

∂ϕ(x, t)
− ∂i

∂f(x, t)

∂(∂iϕ(x, t))
,

δF (t)

δπ(x, t)
=

∂f(x, t)

∂π(x, t)
.
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Note that in the last steps we have neglected boundary terms and used the shorthand notation f(ϕ, ∂iϕ, π, x, t) ≡
f(x, t). Particularly relevant cases are F [ϕ, π](t) = π(y, t), corresponding to f(x, t) = π(x, t)δ3(x−y), which yields

δπ(y, t)

δπ(x, t)
=

∂(π(x, t)δ3(x− y))

∂π(x, t)
= δ3(x− y),

and F [ϕ, π](t) = ϕ(y, t), or f(x, t) = ϕ(x, t)δ3(x− y), which gives

δϕ(y, t)

δϕ(x, t)
=

∂(ϕ(x, t)δ3(x− y))

∂ϕ(x, t)
= δ3(x− y).

Given now two functionals

A[ϕ, π](t) =

∫
d3x a(ϕ, ∂iϕ, π, x, t),

B[ϕ, π](t) =

∫
d3x b(ϕ, ∂iϕ, π, x, t),

their Poisson brackets (at constant time) are defined starting from the definition of functional derivative as

{A[ϕ, π](t), B[ϕ, π](t)} =

∫
d3x

(
δA(t)

δπ(x, t)

δB(t)

δϕ(x, t)
− δB(t)

δπ(x, t)

δA(t)

δϕ(x, t)

)
=

∫
d3x

[
∂a(x, t)

∂π(x, t)

(
∂b(x, t)

∂ϕ(x, t)
− ∂i

∂b(x, t)

∂(∂iϕ(x, t))

)
− ∂b(x, t)

∂π(x, t)

(
∂a(x, t)

∂ϕ(x, t)
− ∂i

∂a(x, t)

∂(∂iϕ(x, t))

)]
.

For the particular case A = π(z, t), B = ϕ(w, t), one finds

{π(z, t), ϕ(w, t)} =

∫
d3x

δπ(z, t)

δπ(x, t)

δϕ(w, t)

δϕ(x, t)
=

∫
d3x δ3(x− z) δ3(w − x) = δ3(z − w).
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