Quantum Field Theory

Set 8: solutions

Notation

The Noether theorem states the following: given a theory described by the Lagrangian density L]¢,, 0, @], where
¢, is a generic field, and a symmetry of this Lagrangian acting on coordinates and fields as follows at the infinites-
imal level (with some transformation labelled by a set of parameters {a'})

h — ' ~ e,

$a(®) — ¢, (2) = D[Bla(r) = ¢ (@) + @'c0i(x) =~ ¢a(x) + a'eqi(z’)
~ ¢q(2') + ai’efa“(ba(x’) + a'eqi(2))
= ¢o (7)) + " A7),

then the four vector defined by
Jt = — 'L
Zau% :

satisfies 9, J!" = 0 when one uses the equation of motion for the field ¢,. For clearness, note that the easiest way
to compute A is

E,“( ot = ¢, (a") = ga(x),
(93’)0/ ¢u(z') — da(2'),
ai(z)a’ = ¢, (2) = Pa(2).

Note also that when the symmetry is such that 2’ = x, then Ag; = e4;.

Exercise 1

The usual classical mechanics can be regarded as a 0 + 1 dimensional field theory. The coordinates that describe
a classical system are functions of time and therefore can be thought of as fields:

3+1 | 0+1
It t

Ga(T;t) | Ga(t)

where ¢, (t) are coordinates and can be in general a three-dimensional vector (note that the three dimensions
are those of the physical space where the system evolves). Since the classical mechanics is a trivial example of
field theory, one can directly apply the formulas obtained from the Noether theorem and get several currents
corresponding to different symmetries. For example a Lagrangian of the form

L= Zal? = Y vl

a#b

has the following symmetries:

e time translation: ¢’ =t —«, ¢,(t') = q.(t);
e collective coordinates translation: t' =+¢, ¢, = ¢, + &;

e coordinates rotation: ¢’ = ¢, q’fl = ’R;q&



In the case of time translation one gets

t=t—a = e=1,
L) = q(t) =0 = & =0,
_;(t)iq'a(t):aqa - &a:qa;

where we have used the vector notation for ¢, and A, since there is one of them for any component of the
coordinate vector. And hence the current is

JO = Z—;L.EG—L:Z@@Q—L:H.
qa =

The Noether current associated to the invariance under time translation coincides with the Hamiltonian and the
condition of null divergence is 9y J° = a . = 0, so the Hamiltonian is conserved.

Analogously one can consider translations along some direction 7:

=t = =0,
q:’z(t/)_q_’a(t):aﬁ = ga:ﬁa
i

qa(t)—(j'a(t):aﬁ — A, =
0 _ _’ . =
- Zﬁqa Zﬂ-a

Therefore the invariance under translation along some direction implies the conservation of the conjugate momen-
tum in that direction.

<

Finally, consider the invariance under rotation around a direction (take the z direction for concreteness):

=t = €=0,
G () =qn(t) +agi(t) = q(t) —qi(t) = aqi(t) = AL =ql(1t),

q;y( ): agy (t) +q4(t) = ¢ (t) —ql(t) = —aqg(t) = AU =—q; (1),
@FH)=q¢t) = AZ =0,
( Ag Ay) = (gl —mlql) =) (Fa N da)*.

Therefore the invariance under rotation around some direction implies the conservation of the angular momentum
in that direction.

Exercise 2

Consider the example of a free complex scalar field ¢ = ¢1 + i¢po. The Lagrangian density reads
L=0,6'0"¢p —m?pl¢.

It’s straightforward to show that the transformation given in the text is a symmetry of the theory: the transformed
Lagrangian is in fact
— au(b'refiaaud)eia _ m2¢’[87ia¢6ia’
which is equal to £ because « is a global parameter (it’s not a function of coordinates).
To find the Noether current it is useful to write the transformation at the infinitesimal level:

r=r — =0,
¢(I)—e“‘¢( )~ (I +ia)g(z) = ey = ig,
¢'T(a") = 71 (2) ~ (1 — i)l (2) = &40 = —ig".



Here the indeces a, ¢ appearing in the general definition and labeling respectively the fields and the parameters of
the transformation assume the values

a=¢, e
i=1, since only the phase « is present.
The Noether current reads
oL oL
JH= —Z Ay + Ayt ——— = "¢l (i) + (—igp")0H o,
0@,0) "~ 0(9,97) o)+ (o)

and the divergence gives

i, J" = 06" ¢ — ¢'0p = m¢le — ¢ (m?)¢ = 0,
where in the last equality we have used the equations of motion for ¢ and ¢!, namely (¢ = m2¢ and O¢T = m2¢T.
This is an important feature of the Noether current: its divergence vanishes only if one makes explicit use of
the equations of motion for the fields. The above behavior is somehow expected because in the derivation of the
current one neglects terms that are proportional to the Euler-Lagrange equation:

/d4x’ L¢')(z") — /d4ac Llg)(x) ~ /d4ac a'0,JI + /d4x <6“8(gf¢>a) — (;i) Agiat.

If the transformations define a symmetry the L.h.s. has to be identically zero and therefore one deduces the
vanishing of the divergence of the current once the Euler-Lagrange equation are satisfied.

If we add to the Lagrangian an interaction term of the form V(¢f¢), the symmetry is preserved. One can check
that current retains the same form, only the equation of motion changes:

O¢ — (m® +V'(¢79)) ¢ = 0" — (m?> +V'(¢1¢)) ¢' =0 (1)

Exercise 3

Given a symmetry acting on coordinates and fields as follows

ot — 2 = fr(z) ~at — €l
Pa() — ¢, (2') = D[gla(f7H(2")) = a(@) + a’e[¢lai(2) = ¢a(2) + o’ Alplai(z),

Noether’s current is defined as or
J=——— Ay — €L,
" 9(0u¢a)

satisfying 9, J!' = 0. As a consequence, one defines the conserved Noether’s charge associated to the symmetry

Qi = /dg.lf J,LO = /dgx (Tra Aai - 6?‘6) ; Qz = 07

where 7, is the momentum conjugate to the field ¢,. One can use this charge to define a generator of the symmetry
transformations in the following sense:

Sod(z) = ¢/ (z) — ¢(w) = Aai(z)a’ = {Qi, da(x)} .

Indeed substituting the expression for Noether’s charge and recalling the definition of the Poisson brackets ( see
the solutions of Set 2) one gets

{Qi, ¢a(2)} = /d3y ({mo(y), da(2)} Api(y) + m(y) {Ai(y), dal(2)} — € {L(Y), da(z)})

OB o OL
Fola) = e ) )

= [y (6ab63<x ) An(y) + ()o@ — y)

; K
= Aqi(z) + m(2) O(en wl;r % 0uto) () — € a(?)oﬁm 8(3;%) (@)
09 (Do) 9(Oon)

oY
S (@) — efmy(a) 5

3

= Agi(x) + mp(x)e; (z) = Agi(z),



where we have used the fact that in the Hamiltonian formalism the independent variables are ¢, and m,, while
the spatial derivatives of the field, 9;¢,, are considered non independent.

The Noether’s charges, as functions of the fields and their conjugate momentum, can be thought of as generators in
the Poisson brackets formalism, in complete analogy with analytical mechanics. The label generators has however
a deeper meaning. Since the transformations reflect the action of an element of the Lie symmetry group, one can
regard this charges as a realization of the Lie algebra on the space of fields. The operation under which these
generators must be closed are the Poisson brackets.

Consider the explicit example of translations:
' — 2 =t — ot = 2P — §Ha”,
‘z’a(x) - (ZS;(I'/) - ¢a(z) - ¢a($/) + auazlzﬁba(xl)'

The associated Noether’s current is called Energy-Momentum Tensor and can be computed as usual:

oL
ey Ny
TN
oL
= 96— L
90,60) +°

The Noether’s charge in the present case is a four vector:

— 3 _ 50 _ fd3x (7Ta 60¢(L — L) =H forv= 0’
P, = /d x (7Ta Oy Pa 51,[1) = { [ & (maiba) for U — i,

The zero component of the Noether’s charge corresponds to the energy of the system, therefore the complete four
vector is the conserved four momentum of the system. Finally the infinitesimal transformation can be obtained
using the Poisson brackets formalism:

{H, ¢a(x)} = ¢u(z),
{P;, ¢a(z)} = /d3y {mo ()i b (y), da(x)} = /d3y 5 (2 — y)0apdidy(y) = 0ia(),

which confirms the interpretation of P; as spatial momentum. Omne can repeat the procedure for the Lorentz
transformations, assuming the theory to be Poincaré invariant, (and for simplicity assume again scalar fields):

v v

=g — w*P (ng, 0" — Naw )2,
Pa(®) — 04 (2") = ¢a(@) = da(@’) + W (N0 — 10w 0})z" I da(2).

The associated Noether’s current is:

ot — 2t = AF Y~ ot —wh

oL
Mb, o= 95 ALt
ap D(Bpa) o Cast
= a7'/:(Jt:8¢—ava(b)—(at:(5“—%‘(5“)!5
= a(aﬂd)a) aUpPa BYUaPa a¥p B9

= 21" —apTh,,

where T" 5 is the energy momentum tensor associated to spacetime translation invariance. The conservation of the
current reads:

Oy Mc‘jﬁ =Tos —Tsa =0,
so the invariance under Lorentz transformations, together with the one under translations, implies the symmetry
of the energy momentum tensor in the two indices (for a scalar theory). Notice in fact that we have assumed that
the theory is Poincaré invariant, so the energy momentum tensor is by itself conserved. The Noether’s charge in
the present case is a Lorentz tensor:

Qap = /d3x (maTOB - ngOa) = /d?’x (xa(waaggba - 5g£) — 23(MeO0aa — 535)) .
To see the meaning of this charge one can compute the Poisson bracket of its ij—component with the field ¢, (z):
{Qij, dalx)} = /dgy (Wi {m (), @a(2)} 0500(y) — yj {mo(y), da (@)} Din(y)) = (2:0; — ;0;)pa ().
This charge is thus the angular momentum tensor of the system.
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Exercise 4

In addition to the usual transformation properties under the Poincaré group (that define scalars, vectors, spinors,
...), any given field can have non trivial transformation properties under the action of additional symmetries. In the
present case we consider a pair of Lorentz scalars ¢; and ¢s, which are assumed to transform in the representation
j =1/2 of an SU(2) group. This isospin symmetry acts on fields as

d(z) — O (2)) =UD(z), O (z) — &T(2) = O (2)UT,
Ba(@) — G, (') =USdn(x), ¢ (x) — ¢"*(2)) = ¢™ (2)(UT)y,

where U is a SU(2) element and we have defined the complex conjugate fields with the index up to recall that they
transform with the hermitian conjugate matrix (they are a row instead that a column). The Lagrangian density

L£=0,0'0"d -V (20)

is invariant because the two doublets ® and ®' are contracted in such a way to form an invariant under SU(2)
transformations (that is to say an object transforming in the j = 0 representation):

oTe — o' = ot YU o,
N~~~
1
9,011 ® — 9,979 = 9,(dTUN )" (UP) = 8,9T UTU ",
N~~~
1

where we have used the definition of SU(2) matrices. Since the invariance of the Lagrangian density has been
proved for a generic potential being function only of the SU(2) invariant combination ®¥®, one can go on and
compute the Noether’s current associated to this symmetry. Using the exponential representation of the SU(2)
matrices in terms of the generators (which we showed to be the Pauli matrices divided by two in the j = 1/2
representation)

o) = (%) [onte) = o) 40t (5 ) o= ule) + A,k
(z)/*c(x/) — (ﬁ*b(l‘) (e—ia'i%i): ~ ¢*C(x) _ iai(é*b(x) (0;) = ¢*C($) + A¢fi(x)ai’
b

where we have defined Ay and Ag- as the variations of ¢ and ¢*, respectively. Note that in this case there is
no variation of the position x, so the total variation of the fields coincides with the variation at fixed coordinate,
hence the use of the name A(x) instead of £(z), see Solution8. The Noether’s current then reads

oL oL i ova (0 , AN
30,6) G " =100 <2>a¢b‘za“¢cd’ (2)

= %a#qs*a(ai)qub - %qﬁ*b(ai)lf@“qbc - %a#qﬂaicb - %qﬂaiaﬂ@.

JH =

A¢,}1+8

One has to notice the similarity of this expression with the Noether’s current associated to the U(1) symmetry:
the previous current is its obvious generalization and the only difference is the presence of the generators between
the fields in the appropriate representation. Another point to be stressed is the complete independence of the
result here obtained from the explicit form of the potential V', since this doesn’t contain derivative of the fields.

Let us now consider another set of three Lorentz scalar fields A = (A1, As, A3) and impose that under the action
of SU(2) they transform in the representation j = 1:

d(z) — ' (¢) =UD(x),  ®(z) — &'T(a) = dT(x)UT,
A(z) — A(z') = RUJU=V A,

Notice that the representation j = 1 of SU(2) consists of rotations acting on a three dimensional vector space (and
coincides with SO(3) rotations) therefore we have collectively denoted the fields A; with a vector A. The matrix
R[U)T=1) is the representative of U in the representation j = 1, that is to say the element of SO(3) associated to
U. We add to the previous Lagrangian density a kinetic term for the fields A and an interaction term:

~ 1 )
L=0,20"0 -V (&) + FOuAT O A+ AA; @10 ®.
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The last term of the r.h.s. is called an interaction term since it connects the equations of motion for the different
fields:

*a ov xc( 1\ a
¢a . Dﬁb % + )‘Al¢ (U )c )
*xC o aV . 1\ a
(O3 Upe = D + AAi(0") . Pa,

One has now to check whether the part of the Lagrangian involving A is invariant under SU(2) transformations:

D ATHA — 9,ATor A" = 9" AT (RU)=D)TRU)V=D 9,A = 9,AT " A,

1

because R[U)U=) is a matrix of SO(3). The interaction term is more subtle (from now on we will omit the
notation (j = 1)):

ALo"o'e = RU] A0t Ut o' U)D.

In order to complete the proof of the invariance of £ under SU(2), one should recall the definition of adjoint
representation of SU(2), that is to say the representation acting on the algebra itself. In Solution5 we have shown
that, given the space of the hermitian traceless 2 x 2 matrices M (which coincides with the Lie algebra of SU(2)),
the action of an element V of SU(2), defined by

M = z;0° — VMV' = M' = 20",
induces on this space a representation which turns out to be the j = 1 representation, since z; = R[V] J

Sz In
particular the Pauli matrices themselves transform as a triplet:

ok = ket — V(Fa VT = ('R[V]ijé;?)ai =R[V]; o’
In the case at hand we have UTo'U = R[Uf]lial, and collecting all together we obtain:
Ao d — RURUN Aj0t0 0 = A0t ®,
—_——

5

where we have used the fact that (RUT|U=DRU]G=1) ™ = R/iU),™ = R[1],™ = §,". This completes the proof
of invariance under the SU(2) symmetry of the Lagrangian density L.

Let us now try to write other SU(2) invariant terms with dimension less or equal to four. Since [®] = [A] = 1 not
to exceed dimension four we can use either n < 4 fields or 2 derivatives and 2 fields (Lorentz invariance forbids the
appearence of a single derivative). With two derivatives the only terms that can be written are the kinetic terms
for A and @, already present in L.

At dimension two, the only SU(2) invariants we can build are A” A and ®'®. Then the only new term we can
add is:

1
OLT? = omiy (AT A).

At dimension three the only possible invariant is A;®T¢*® hence we cannot add any new term.
Finally at dimension four we can add the following term:

SLI=" = a(AT A)?

Notice indeed that by virtue of the identity 0’07 = §/1 4 2ie"/*o" terms of the kind ®o’...o*® can always be
reduced to ®T® and ®To’®. Also we have:

(®To'®)(dTo'd) = (2Td)2

because of the identity Ufwofyé = 200508y — 0a80~s-



Exercise 5

e By dimensional analysis we have the equation:
4= [£) = 410] + 2[n) + 3[¢] + [\
Since [¢] = [n] = 1 (due to the canonical kinetic terms) this implies that [A\] = —5
e The most obvious symmetry of the Lagrangian is the invariance under proper Poincaré transformations
ot — ' = A* Y +
o(x) = ¢'(a) = o(2).
The symmetry is obvious since all the Lorentz indices in the Lagrangian are contracted, but let’s check

explicitly the Lorentz invariance for the last term, since the presence of the e tensor makes things slightly
less trivial. The derivative transforms as

Oy — 3; = A0, .
Thus we have
(0:(2)0um; () (D b1 (2) Db () Do Pic () ! T H et
= (113 (") 0, m; (a"))(8,,¢7 (2) 0,0y (2') 0 P (") e ! T ettee
=N NN NG (0i(2)Dan () (b1 (2) Dy b () D5 pxc () € b P
=(1i(2)Dan; () (D b1 ()0 6.1 ()05 ()€ €l 7K 2070
where we have used the identity
Ay AN TN P = det Ae®P10 = P10
where the last step is only true for the proper subgroup of the Lorentz group.
o The largest internal symmetry group of this Lagrangian is SO(2), x SO(3):
i — Ol
61— Ry

where O and R are two independent 2-dimensional and 3-dimensional rotation matrices respectively. Indeed,
the kinetic terms are trivially invariant as being scalar products of two vectors, while the interaction term is
invariant because the Levi-Civita tensors are invariant tensors of SO(2) and SO(3):
Rilemeij — Eln”L
ThOLOIMOKN JIJK _ LMN

These relations can be proved at the infinitesimal level. Expanding at first order the previous equations in
the angles we would get respectively (in matrix notation):

zl zm+6]m l]_o
6PILGIMN +€PJM6LJN +€PKN€LMK =0

The first equation is trivially equivalent to the antisymmetry of the Levi-Civita tensor in 2 dimensions, while
the second one is equivalent to the Jacobi identity for the algebra of SO(3).

e The Noether currents will depend not only on the kinetic terms but also on the interaction coefficient A, as
the interaction term also contains derivatives. (We do not report the explicit result here, but it would be a
good exercise for you to compute it)

o Ifthe n are complex, with the Lagrangian given in the text, the symmetry group is enlarged to U(2),xSO(3).
The U(1) group (baryon number) arises because n only appears in complex-conjugate pairs. Notice that for
the Lagrangian to be real we multiplied the interaction by a factor of 4.

e In the last case the symmetry group is SU(2), x SO(3)4, because, as mentioned in the text, €/ is an invariant
tensor of SU(2):
ullugme” — Elm
At the infinitesimal level the previous equation is equivalent to (in matrix notation):
oleter; =0 (2)

which can be checked explicitly for every o;.



A note on functional derivatives

Consider a functional F[¢] defined as
Flo) = [ d'e £(6,00,2).

Given a small variation of the field, ¢(z) — ¢(z) + d¢(x), then the change in F' is
oF
5F:/d4x75 z) + 0(6¢?),
o) ") + 0(66%)
which generalizes the usual definition in the discrete case
oF 9
SF =Y a—qiaqi +0(8¢3).

In terms of the integrand, the variation §F is
0f(x) 0f(x)
6F:/d4x< 5p(x) + 72— 0,00(2) |,
90(e) ) F 50,02 00
which, up to boundary terms, can be rewritten as

[ (05@) 08w N,
or = [ d (aas(x) 8“8(8@@)))‘5“ -

In the previous equations we have simply renamed f(¢, ¢, x) = f(x). Note that the symbol 9 stands for ordinary
derivative. Identifying this equation and the second, one gets the definition of functional derivative § as

OF _0f@) _, 0fw)
sp(x)  O0p(z) " O(9ud())
An example in which this definition is used is the Euler-Lagrange equation

s oL(x) OL(x)
0@ " T e 80,00

In particular one can consider F[¢] = ¢(y), so that f(z) = ¢(z)6*(x — y) and

B0y) _ A0@b =) _
o)~ ogle) 0 @Y

which is the generalization of the discrete relation dg¢;/0q; = 5;

=0.

In the hamiltonian formalism time is distinguished from the spatial coordinates, so one has integrals over d®x
rather than over d*z. Given a functional F of fields and conjugate momenta

Flé,l(t) = / P f(6,06,7,2,1).

its change due to variations d¢(x,t) and dm(z,t) is

SF(t) = /d% <5(;1;£2)5¢(x,t)+ 6(75T1;E2)57r(x,t)> + O(0¢?, 672)
of (x

3 ,t) o Of(=,t) . of(x,t) (i
[ (G000~ 2505y w0 + a0
so that
SF(t) _ Of (z,t) _5 Af(z,t)
(ng)((ﬂ,t) 8¢)($,t) Za(ai¢(x7t))7
OF(t)  Of(x,t)
or(z,t)  Om(x,t)



Note that in the last steps we have neglected boundary terms and used the shorthand notation f(¢,d;¢, 7, x,t) =
f(x,t). Particularly relevant cases are F|[¢, 7|(t) = 7(y,t), corresponding to f(x,t) = m(z,t)63(z —y), which yields

om(y,t) _ O(m(z,t)6°(x —y)) _

om(z,t) or(z, 1) =0 —y),
and F[o,7](t) = ¢(y,t), or f(z,t) = ¢(x,t)63(x — y), which gives

6¢(yat) _ 8(¢($,t>(53(.’1} B y)) _ 53 T —

Soet)  oewn LY

Given now two functionals
At = [ s a(0,0,0.7.2.0)
Blovrl(t) = [ 2 b(6.0:0,m,,1),

their Poisson brackets (at constant time) are defined starting from the definition of functional derivative as

s mos = (0L L2 24
_ /d% {aa(x,t) <8b(x,t) PCLCR)) >_ ob(x,t) <aa(x,t) _,_0alw,1 )]

or(x,t) 8(;5(33,15)_ “0(0ip(x, 1)) om(x,t) \ 0o (x,t) " 0(0;0(, 1))

For the particular case A = 7(z,t), B = ¢(w, t), one finds

o (z,t) dp(w,t)
om(x,t) dgp(x,t)

{m(z,t), p(w,t)} = /dsx = /d3x 83z —2) P (w—z) = 63(2 —w).



