Quantum Field Theory I

Set 14: solutions

Exercise 1: The Pauli-Lubanski (pseudo)vector (repeated from previous problem
set; here for completeness).

o We have
M 1 Hvpo 1 Hvpo 1 nvpo 1 Hvpo 1 Hvpo
W = 56 JVpPU' = 56 [JUP,PJ] +§€ PUJVp: 56 [Jl/paPa'] +§€ PI/JpCH (].)

where in the last equality we relabeled o <+ v and used anti-symmetry of /¥ and J,,.
Now all we have to show is that the term involving the commutator is zero. It follows from the algebra (eq.
(3.191) in the lecture notes),

[Jz/pv Pa} = i(nappu - nauPp)a (2>

that ) )
i

§€ltupa[JVp7Pa} — §6uvpo(noppy _ nUVPp) =0. (3)

The first term is zero because 7,, is symmetric and its indices are contracted with €**#? which is anti-

symmetric. The second term is zero for the same reason.

e 1. It follows from the algebra (eq. (3.192) from the lectures notes) and anti-symmetry of the Levi-Civita
tensor that

WHP, = %e’“’p”JpraP# = %e’“’p(’Jyp[Pg, P,]=0. (4)
2. We have 1 1
[P*, W] = 56”0")"[P’*7 JopPs) = 56”0“)"([P”7 Jop| Py + Jop|P*, Ps]). (5)
Now we make use of the algebra, in particular [P*, P,] = 0 and eq. (2) to find
[P*, W] = %e”o‘p(’([P”, Jop| Py = %e”o‘p"((ﬂij — 0 Po) Py =0, (6)
due to antisymmetry of the Levi-Civita tensor.
3. We have 1 .
[J*, WP] = iepaﬁawuua JapPs] = §€paﬂa([ﬂwv Jas|Po + Jap[J", Ps)). (7)
We again make use of the algebra,
[JHY, Jap] = i(5(’;J’[§ —ohJs + 5‘B‘J’; —65J%,), [J#, P,| = i(d5 P* — 68 P"), (8)
to get '
T4 WP = S (P57 TPy + 220 J L, + e JosPy) = (4 v), 9)

We now factor out J,3F, to have
v Pl — i pa pvpo upB pavo po pafv
T W) = 2 Tus P67 4 e 4 et — (1 5 0) (10)

We now make use of the identity!

nuvepaﬁcf — nupevaﬁa + nuaefwﬁa + nuﬁepw/a + nwepaﬁu (12)

IThis identity follows from expanding the determinant relation
det(A)erPT = AP A% AP AT e8! (11)

to linear order in wpp,7 where App, = 5:;, +w’;, +0O(w?). The left-hand-side becomes proportional to the trace trw = n*Ywyy, matching

to the left-hand-side of (12). Correpondingly, the right-hand-sides will match and given that wH” is arbitrary, the identity (12) will
hold.



to have
[J,uu’ Wp] — % aﬁpo(nlwepozﬁa _ n/tpel/ozﬁa) _ (/J o Z/) = (13)
= 7%Jaﬁpo'77up€ua’80 + %JaﬁPJ(UVPGMQﬂU = Z‘(UVPWM - WHPWV)- (]‘4)

Note that replacing W? with the momentum P? in the above yields the correct commutation relation
between J*? and P?.This result is a consequence of the fact that W* transforms as a 4-vector under
Lorentz transformations (just like P?).

4. We have 1 1
WH W] = S PT W, JapPo) = e (WP, Jag Py + Jap[W", Po)). (15)

We now make use of the results found in points 2 and 3. We find
W W] = e (W, — 55 Wa) Py = i *P7W, Py, (16)

e To show that W2 is a Casimir we have to show that it commutes with the Poincare generators P* and J"V.
We have
(W2, PH] = W, [W*, P¥] + [W*, PH]W, =0 (17)

due to the result derived in point 2.

We also have
[VV27 T = WL [We JH] + [W JHW, = i[WH W] + (WY, WH] =0, (18)

where we made use of the result derived in point 3.

Exercise 2 (Optional): The Casimirs of the Poincaré group

We start with
0 FE, E, E,
—-FE, 0 B, -B,

pv
T"=1_g, -B. 0 B, (19)
~E. B, -B, 0
meaning E = (Ey, Ey, E), B = (Bg, By.B.). Now, we can perform a series of rotation and boosts to get

E = (E,0,0) and B = (B, 0,0):
e First, we can make E and B parallel by performing a boost in the E x B direction. (Note that if £ and B
are perpendicular, we can boost to make B vanish).

e Then, we can perform a rotation to bring £ and B to E= (E,0,0), B= (B,0,0).

Now we already have J* in the desired form.

In the case of P*, starting with,

(20)

we can perform a rotation in the y, z plane to make P; = 0. Then, we can boost in the z direction (note that this
won'’t affect £ and B) to make P; = 0.
PO

(21)



Now we exhausted Lorentz transformation to get a minimal set of components. This constructions shows that
there are 4 quantities that are invariant under Lorentz transformations. Writing them in a covariant way:

Cl = J“VJW, CQ = GMVPUJ“VJPU 03 = P”PN 04 = WILWM (22)
In an analogy with electrodynamics,
1 1
Cl — E2 o B27 02 =F- B’ 03 = (PO)2 _ (P2)2, C4 = Jua <2€/J«VPO'JVPPU) (2€aﬁ66J56P§> ) (23)

we see that that C, Co, C3 and Cy4 contain as much information as E, B, P, P? but have the advantage of being
manifestly Lorentz invariant.

Lastly since [J"J,., P,] # 0 and €,,p6[J* JP7, P*] # 0, C1 and Cy cannot be Casimirs. And, as we showed
in previous exercise sheets, C3 and Cy commute with all the Poincaré generators. With this, we conclude that
C3 = P*P, and Cy = WHW,, are the two Casimirs of the Poincaré group.

Exercise 3: Spin of Dirac Fermion states

We want to compute the action of the angular momentum operator computed in exercise 14.2:

Jp = /d% Vit Z) <[m (=iV2)|kbup + (2’“2)“5> Ya(t, T) .

Here the spinor indices have been made explicit but are dropped in the following in favor of matrix notation.
Looking at this operator, one might be tempted to identify the two terms as giving angular momentum and spin:

= by
L= / dayl(t,D)EA (VD) §2 / d%wt,m%w(t,m : (24)
But, as we will see below, this is not true. Indeed the physical states with a definite spin or angular momentum are
not eigenstates of these operators. Instead, the contributions of these two terms will mix. One should remember

that physically, the orbital angular momentum and the spin are not separately conserved, only their sum is
conserved.

To exemplify this, we consider a generic single-particle (one electron) state defined as

) = / A f ()0 (2)]0)

Using the mode decomposition of the field, we can express the state in the basis of momentum-polarization states

V= [ @ [0, om0 @)
-3 [ a2 Feplpr).

where we defined _
F(r,p) = ul(r,p)fa(p),

- /d?’xfa(x)eip'”.

Our goal is to derive the action of J on the wavefunction F (p,7), and split it into two contributions, one of which
acts on the momentum only while the other affets the polarization index r only. The fact that the naive splitting
(24) does not work is a consequence of (25) below.

with



The computation goes as follows. First let’s compute
Tooh@) = [ @yfulen(7n i)+ /2)u(e 9.6l )
= [y vl (7n 09, + £/2) {w0. 009}
- [W(t,f)(f/\ (V) +53/2)L,
where the left-arrow notation means
W, @) (TN (V) =& AV, Tt D).

In the second line we have used [AB,C] = A{B,C} — {A,C}B and {¢L(t,g),¢;(t,f)} = 0. In the third line we
used {94 (t,7), w; (t,7)} = 0030%(F — §) and performed the integral over 7.

Now we can apply J on the state. A sequence of elementary manipulations yields.
1) = [ datale)l 6l @)0)
_ /d%fa(x) [0(2) (77 (9.) + 5/2)] o)
= / P fa(z)d) / dQ, :eip'qu(r, p) (m (iVs) + i/2)L\p, r)
- /d3xfa(x) zT: / ds, :uT(hp)( —EA+ i/Q)eW} por)
_ / &z fa(x)zrj / 4, [u' (r,p) (= 71 5p+i/2)e”p'ﬂalp, r)
-3 [ s, [u;(r,p) (=i#Ad,+5/2)] fa®lpr).

It can be checked that

D =
§U(T,p)=Z(pA8 u ",p). (25)
uT('rp)gz( i A Dp)ut (7, p) +§ Dot D).

Py

so that we can rewrite the result as

710) = 3 [ a0, ((=i508)600+ @) /2) (w079l )

rr!

— Z/de((ﬂ'ﬁA Fy)Orps + (E)W/2)F(T’,p) lp,7) -
To summarize, we have found that angular momentum acts as
’]"p —)Z( ZP/\a rr’+(E)TT//2)F(T/’p)'

In this equation describing the transformation of the wavefunction, we can now identify the first term as orbital
angular momentum, since it acts only on the momentum dependence. The second term is spin, since it acts only
on polarization indices.

For example, to get states of zero angular momentum, we consider states such that (—ip A 5p)F (r,p) =0. An
s-wave state, which has F(r,p) = F(r,|p]) has this property. In this case, the action of J3 is simply

5f9) = $2l) = [ a0, (3FUPIDY - 5FEDIR)

4



Moreover
F(2,p)=0= S3¥) = |V),
F(l,p)=0= S3|¥) =—3|P).

1

In the first case, we have a state of spin —&—% and in the second case, spin —3.

Exercise 4: Transformation of the boost generators under translations

As it has been shown in the lecture,

g(A1,a1)g(A2, a2) = g(A1A2, Ayaz + ay), (26)

with g(A,a) € ISO(3,1) implies,
9(A,a) = g(1,a)g(A,0),

_ _ _ (27)
g Y (A a) =g(A™Y, —A"ta).
With this,
9(17 _a)g(A7 0)9(17 a) = g(A7 _a)g(la a) = g(A7 Aa — CL). (28)
Now, if we expand A = 1 4+ w with w = —%wWJ’“’, we have,
9(1,~a)g(A, 0)g(L,a) = e=*F (1 - ;WW) R (29)
also,
g(A,Aa—a) =g(l+w,wa) =1— %wu,,J‘”’ + iwya” Pt =1 — %wWJ”” + %ww (a”P* — " P"¥) (30)
where in the last step we have used w,, = —w,,. This antisymmetrization is important because J*" is antisym-

metric. Comparing both expressions above we get the desired result:

eIl Juveiel = Juv 4 pvat — Prav. (31)



