
Quantum Field Theory

Set 8

Exercise 1: Noether’s currents in classical mechanics

Consider the general Lagrangian of a classical system

L =
∑
a

ma

2
( ˙⃗qa)

2 −
∑
a̸=b

V (|q⃗a − q⃗b|) .

Using the Noether procedure compute the Noether current associated to the following transformations

• time translations:
t′ = t− α, q⃗ ′

a(t
′) = q⃗a(t)

• coordinate translations:
t′ = t, q⃗ ′

a(t) = q⃗a(t) + α⃗

• coordinate rotations:
t′ = t, q′ ia(t) = Ri

jq
j
a(t)

Exercise 2: Noether’s current for U(1) global symmetry

Consider the Lagrangian of a free complex massive scalar field ϕ(x) = ϕ1(x) + iϕ2(x):

L = ∂µϕ
†∂µϕ−m2ϕ †ϕ .

Show that the Lagrangian density is invariant under the following transformation

xµ −→ xµ , ϕ(x) −→ eiαϕ(x),

where α does not depend on x.

• Compute the Noether current associated to this symmetry and show that is conserved only if one uses the
equations of motion.

• How does the result change if we add to the Lagrangian an interaction term of the form V (ϕϕ†) ?

Exercise 3: Noether’s charge as generator of transformations

Given a Lagrangian density L(ϕa, ∂µϕb) consider the symmetry transformation defined by

xµ −→ x′µ = f(x) ≃ xµ − ϵµi α
i,

ϕa(x) −→ ϕ′
a(x

′) = D[ϕ]a(f
−1(x′)) ≃ ϕa(x

′) + αi∆ai(ϕ(x
′)),

• Show that charge Qi built starting from the Noether’s current is the generator of the transformation:

δαϕa(x) ≡ ϕ′
a(x)− ϕa(x) = αi {Qi, ϕa(x)} = αi∆ai(x).

• Compute explicitly the charges associated to spacetime translation and Lorentz transformations in a scalar
field theory.

• Using the formalism of the Poisson brackets check that the charges related to translations and spatial
rotations generate the respective infinitesimal transformations.



Exercise 4: SU(2) Noether’s current

Consider a pair of complex scalar fields Φ =
(
ϕ1

ϕ2

)
transforming according to the representation j = 1/2 of a

global SU(2) symmetry (do not confuse this symmetry with the Lorentz transformations: they are completely
uncorrelated):

xµ −→ x′µ = xµ,

Φ(x) −→ Φ′(x′) = UΦ(x),
ϕa(x) −→ ϕ′

a(x
′) = U b

a ϕb(x), a, b = 1, 2.

where U is a SU(2) matrix. Given the Lagrangian density

L = ∂µΦ† ∂µΦ−m2Φ†Φ− λ

2

(
Φ†Φ

)2
,

• Show that the Lagrangian density is invariant under SU(2) transformations.

• Compute the Noether current for this symmetry.

• Add to the above Lagrangian the interaction with a real triplet A⃗ = (A1, A2, A3) of SU(2)

L̃ = L+
1

2
∂µAT ∂µA+AiΦ

†σiΦ.

Is the new Lagrangian density invariant under SU(2) transformations involving the field Φ and A⃗?

• If yes, what other terms with dimension less or equal than four can be added to the Lagrangian so that it
remains invariant under SU(2) (and the Lorentz group)?
Hint : recall the following properties of Pauli matrices

σiσj = δij1+ 2iεijkσk, σi
αβσ

i
γδ = 2δαδδβγ − δαβδγδ.

Exercise 5: WZW term

Consider 5 real scalar fields, ηi (i = 1, 2) and ϕI (I = 1, 2, 3), with Lagrangian

L =
1

2
∂µηi∂

µηi +
1

2
∂µϕI∂

µϕI −
m2

2
(ηiηi)−

M2

2
(ϕIϕI)

− λ(ηi∂µηj)(∂νϕI∂ρϕJ∂σϕK)ϵijϵIJKϵµνρσ

where ϵij , ϵIJK , ϵµνρσ are the Levi-Civita antisymmetric tensors in respectively 2, 3 and 4 dimensions.

• What is the dimensionality of the coupling λ?

• Find the symmetries of the system

Hint : consider a generic transformation ηi → Mijηj and ϕi → Nijϕj where M and N are 2 × 2 and 3 × 3
matrices respectively. What properties should M and N satisfy to leave the Lagrangian invariant? Also
remember that for a N ×N matrix M we have the following identity

ϵi1,i2,...,iNMi1j1Mi2j2 . . .MiN jN = det(M)ϵj1,j2,...,jN

• On which parameters do the Noether currents depend on?

• Suppose now that the η fields are complex, and the Lagrangian is:

L =
1

2
∂µη

∗
i ∂

µηi +
1

2
∂µϕI∂

µϕI −
m2

2
(η∗i ηi)−

M2

2
(ϕIϕI)

− iλ(η∗i ∂µηi)(∂νϕI∂ρϕJ∂σϕK)ϵIJKϵµνρσ

What are in this case the symmetries of the system?
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• What if we change the interaction term to:

λ(ηi∂µηj)(∂νϕI∂ρϕJ∂σϕK)ϵijϵIJKϵµνρσ + h.c.
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