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Exercise 1: U(1) symmetry and chiral symmetry

Given the Lagrangian density of a massless Dirac fermion ¢ = ( :/;L ):
R

L =i} Py,

verify that it is invariant under a symmetry U(1);, x U(1)g where each U(1) acts independently on the left or
right component of the Dirac fermion.
Compute the Noether’s currents J;' and Jh associated to these symmetries.
Consider the combinations
Ji = Jh+Jy, Jh=Jp—J;.

Show that these are the Noether’s currents associated to the following symmetry transformation acting on the
Dirac fermion:

U(l)V : '(/) — eiozw’
UM)a: ¢ —s ™,

where v° = i70y14243,

What changes if one adds a mass term for the Dirac fermion: ma) ?

Exercise 2: Angular momentum in the Dirac theory

Starting from the Dirac Lagrangian (written in its hermitian form) compute the Noether’s current M [, associated
to Lorentz invariance.
Introduce the angular momentum operator

Show that it can be written as
I = [l 6,2+ S /D0 D),

where

are respectively the orbital and spin parts.
Defining

5= [ @ venFows)

compute the eigenvalue of the operator 52 on a generic one-particle state in position space, ol (t,2)|0) = |z, a),
and show this way that ! creates states with spin one half.



Exercise 3: Commutator of bilinear operators

Start from the following general identities (which you can easily check explicitly):
[A,BC)={A,B}C - B{A,C}
[A,BC] =BI[A,C]+[A,B]C

Consider a bilinear operator O4 = wj Aijvp; where 9; can be either bosonic variables:
Wi, 1] =655, (i 5] =0

or fermionic variables:

{%%T} =0ij, {¥i,0;}=0.

Compute the commutators [wj ,04] and [1);,04]. Use this result to argue that the equations of motion for a
Dirac field in Hamiltonian formalism do not depend on whether we quantize the field using commutation or
anticommutation relations. Namely, given the Hamiltonian operator

H:/d3xqz’;(—z’§~v+m)w,

show that
on(Z,t)

P& iz m, — [v(Z,1), H]

ot
give the same equations of motion both if you impose [1(Z, ), 7(7,t)] = i0>(Z —7) or {(T,t), 7(7,t)} = i0>(Z— 7)),
where (%, t) = i1 (Z,1).

Consider now two bilinear operators O 4 = 1/13 Aijv;, Op = 1/13 B;;1;. Compute the commutators relations [O 4, Op]
both in case the variables 1) are bosonic and in case they are fermionic.
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