Quantum Field Theory
Set 11

Exercise 1: The Pauli-Lubanski (pseudo)vector

The Poincare group has two casimirs, P2 and W2, where P* and W* are respectively the momentum and the
Pauli-Lubanski vector

1
W = 2?7 ], Py

e Show that this definition is equivalent to
WH L ywpo
= 56 PVJpO' .

e (Calculate and express the result of the following commutators in terms of the Pauli-Lubanski vector
1. P,WH,
2. [P, W],
3. [J#, W] (Hint: Use the identity ntver®Bo = purevalBo 4 puaepvfo 4 pufepave 4 puoepafyy
4. (W WY].

e Show that W? is a Casimir of the Poincare group.

Exercise 2: Vector spinor bilinears

Consider a Lorentz transformation:

o wh —_
At v =€ ", w/u/ - _wup,

where the boost and rotation parameter n*, #* are defined as:
Wil = ¢likgh ;i0 — pi
o Write explicitly the infinitesimal transformation for the components v°, v* of a Lorentz vector v in terms
of 6%, nk

e The (1/2,0), (0,1/2) representations of the Lorentz group are:

Consider the following action on a generic 2 X 2 hermitian matrix:
v o, = AL(1], _‘)v“UuATL(ﬁ, _‘)

Prove at the infinitesimal level that this defines a Lorentz transformation on v with parameters n*, 6%,
where 0, = (1, —7).



e Starting from the previous result show that also:

—

V"G, = Ar(7,0)v" 5, AL (7, 0)
)

defines the same Lorentz transformation on v*, where 6, = (1,5). You may make use of the following

properties of the € = (_01 (1)) matrix:
el =t elole=—(0")", Ar=€¢'A}e

e Repeat for:
vy, = Apvty, ALt

where Ap are Lorentz representation matrices acting on Dirac spinors:
and the Dirac v matrices are:

Note: Pay attention to the position of the Lorentz indices throughout the whole exercise.

Exercise 3: Clifford algebra

e Compute the anticommutator of two Dirac matrices: {y*,~v"}

1.2-3

e Define the matrix 7° = iv%y1y243. Using the previous result convince yourself that {y#,~7°} =0

e Prove that P = %(1 +7°%), Pp = %(1 — 7%) define two orthogonal projectors: P + Pr = 1, P} = Pp,
P} = Pg, PLPr = 0.

Exercise 4: Custodial symmetry and vacuum stability

Consider the following Lagrangian:
L=0"'019,& — m?®Td — \(®TD)?, (1)
where ® is a complex scalar field doublet:

¢1 + i
b= . s i € R.
( ¢3 + i ¢
e What constraint must A satisfy in order to obtain a reasonable theory?
e Find the global symmetries of (1). (Hint: write ®'® in terms of the ¢;).

e Add to (1) all possible dimension 6 terms invariant under ® — U®, U € U(2) which contain at most two
derivatives. Does the resulting Lagrangian have the same symmetries of (1)7



