
Quantum Field Theory

Set 11

Exercise 1: The Pauli–Lubanski (pseudo)vector

The Poincare group has two casimirs, P 2 and W 2, where Pµ and Wµ are respectively the momentum and the
Pauli-Lubanski vector

Wµ =
1

2
ϵµνρσJνρPσ .

• Show that this definition is equivalent to

Wµ =
1

2
ϵµνρσPνJρσ .

• Calculate and express the result of the following commutators in terms of the Pauli-Lubanski vector

1. PµW
µ,

2. [Pµ,W ν ],

3. [Jµν ,W ρ] (Hint: Use the identity ηµνϵραβσ = ηµρϵναβσ + ηµαϵρνβσ + ηµβϵρανσ + ηµσϵραβν),

4. [Wµ,W ν ].

• Show that W 2 is a Casimir of the Poincare group.

Exercise 2: Vector spinor bilinears

Consider a Lorentz transformation:
Λµ

ν = eω
µ
ν , ωµν = −ωνµ

where the boost and rotation parameter ηk, θk are defined as:

ωij = ϵijkθk, ωi0 = ηi

• Write explicitly the infinitesimal transformation for the components v0, vi of a Lorentz vector vµ in terms
of θk, ηk

• The (1/2, 0), (0, 1/2) representations of the Lorentz group are:

ΛL(η⃗, θ⃗) = e−
1
2 (η⃗+iθ⃗)·σ⃗

ΛR(η⃗, θ⃗) = e−
1
2 (−η⃗+iθ⃗)·σ⃗

Consider the following action on a generic 2× 2 hermitian matrix:

v′µσµ = ΛL(η⃗, θ⃗)v
µσµΛ

†
L(η⃗, θ⃗)

Prove at the infinitesimal level that this defines a Lorentz transformation on vµ with parameters ηk, θk,
where σµ ≡ (1,−σ⃗).



• Starting from the previous result show that also:

v′µσ̄µ = ΛR(η⃗, θ⃗)v
µσ̄µΛ

†
R(η⃗, θ⃗)

defines the same Lorentz transformation on vµ, where σ̄µ ≡ (1, σ⃗). You may make use of the following

properties of the ϵ =

(
0 1
−1 0

)
matrix:

ϵT = ϵ−1, ϵ−1σiϵ = −(σi)∗, ΛR = ϵ−1Λ∗
Lϵ

• Repeat for:
v′µγµ = ΛDvµγµΛ

−1
D .

where ΛD are Lorentz representation matrices acting on Dirac spinors:

ΛD =

(
ΛL 0
0 ΛR

)
and the Dirac γ matrices are:

γµ =

(
0 σµ

σ̄µ 0

)

Note : Pay attention to the position of the Lorentz indices throughout the whole exercise.

Exercise 3: Clifford algebra

• Compute the anticommutator of two Dirac matrices: {γµ, γν}

• Define the matrix γ5 ≡ iγ0γ1γ2γ3. Using the previous result convince yourself that {γµ, γ5} = 0

• Prove that PL ≡ 1
2 (1 + γ5), PR ≡ 1

2 (1 − γ5) define two orthogonal projectors: PL + PR = 1, P 2
L = PL,

P 2
R = PR, PLPR = 0.

Exercise 4: Custodial symmetry and vacuum stability

Consider the following Lagrangian:

L = ∂µΦ†∂µΦ−m2Φ†Φ− λ(Φ†Φ)2, (1)

where Φ is a complex scalar field doublet:

Φ =

(
ϕ1 + iϕ2

ϕ3 + iϕ4

)
, ϕi ∈ R.

• What constraint must λ satisfy in order to obtain a reasonable theory?

• Find the global symmetries of (1). (Hint : write Φ†Φ in terms of the ϕi).

• Add to (1) all possible dimension 6 terms invariant under Φ → UΦ, U ∈ U(2) which contain at most two
derivatives. Does the resulting Lagrangian have the same symmetries of (1)?
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