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This exercise is dedicated to a particularly interesting coordinate system, namely Fermi normal
coordinates, which form the mathematical basis of the equivalence principle. Its physical meaning
is the following. Suppose that you are freely falling and non-rotating, and that you carry a clock,
along with a set of three long rigid rulers which you hold perpendicular to each other. The four
coordinates (X*) = (7, X,Y, Z), where 7 is the time measured with the clock, and X,Y, Z the lengths
measured with the rulers, form your Fermi normal coordinates.

Reference. This exercise is adapted from the book A Relativist’s Toolkit, by Eric Poisson.

1 The observer’s tetrad

Consider an arbitrary spacetime (M, g) provided with an arbitrary coordinate system {z*}. Let £ be
the worldline of a freely falling observer.

Q1. What can you say about £7

I Solution Q1 1

Being the worldline of a freely falling observer, .Z is a timelike geodesic.
L I

At a given point A € £, we consider a tetrad, i.e. a set of four four-vectors (e,) such that

g(ea,65)|A = Nag- (1)

Q2. How does one usually call such a set of vectors in geometry?

I Solution Q2 )

The definition of tetrad corresponds to the usual notion of orthonormal basis.
L I

Let us further assume that eq = wu, the observer’s four-velocity at A, and let us extend e, on the
whole .Z by parallel transporting them from A to any other point B € .Z.

Q3. Justify that eq. holds at every point of .Z.

I Solution Q3 1
To justify that eq. then holds at every point of .Z, we can take the directional derivative of
g(eq, ep) along u, ie.,

ulg(eq, ep)] = g(Vuea,e3) + g(eq, Vueg) =0,

hence, if g(eq, eg) = 143 somewhere on .Z, it is true everywhere on this curve.
L I

The tetrad field {e,}, now defined all along £, will constitute the axes of the Fermi normal
coordinate system centred on the observer.
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2 Construction of the coordinates

Let @ be any point in M. Assume that there is a unique space-like geodesic ¢ which connects this
point to .Z orthogonally, in the sense that the (unit) tangent vector v of ¢ is orthogonal to u = eq at
P=2N%, that is g(v,ep)|p = 0.

Q4. Show that, at P, there exist three numbers (v%)g=1 23 such that v = v%e,.

I Solution Q4 1
At P, the vector v can be decomposed over the basis {e,} as v = v®e,. Taking the scalar
product with eg, we find

0= g(v, e9) = v¥g(ea, €9) = —v",

whence the result.
1 ]

We now define the geodesic distance s from P to @ as

Q Q dat dzv
S—L dS—L guyﬁﬁ dX (2)

along the geodesic ¥, where A can be any parameter along it. The Fermi normal coordinates of @) are
then defined as (7, X?), with 7 the proper time of P, with respect to an arbitrary origin O € . where
7 = 0; and with

X% =s0". (3)

Q5. Summarise this construction with a drawing depicting .%,Q, ¥, P, (es), v, s,0, T.

I Solution Q5 1

€2

Figure 1 Fermi normal coordinates depicted. As one cannot draw in 4 dimensions, we only represented two
‘spatial’ dimensions and dropped es.

3 Metric around ¥

Suppose that we want to perform the transformation from the arbitrary coordinate system {z*} to the
Fermi coordinates {X“}. This consists of four functions z# (7, X = sv?).
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Q6.

Q7.

Justify that dz#/07|xa—o = ey and dz+/Ds|s—g = V*|s=0.

I Solution Q6 |
The curves . and ¢ are respectively described by 7 — z#(7, X% = 0) and s — x*(7, sv®), where
in the latter 7 and v® are kept constant. The (normalised) tangent vectors to those curves are
therefore obtained by taking the derivative of the aforementioned functions with respect to the
parameters T, s, respectively.

Deduce that, on .2, we have dz*/0X“ = ef. What do you conclude about gg(m, X* = 0)?
I Solution Q7 1
For a = 0 the relation has already been obtained above,

oat _ oar
0X0 or
For a = a # 0, we just introduce the tetrad decomposition of v = v%e,, so that
ozt Ozt 0X“ o Ot
ds _ 0X° 0s | 09X’
which yields e/ = 9z#/0X®. As a consequence, on ., we have

oz# Ox” uv
Jap = guumw = gwjeaeﬁ = g(ea, 65) = TapB-

=ef.

no__a
vt =%l =

The equation implies that the spacetime in the immediate vicinity of any point on the observer’s

worldline £ appears flat, despite the overall curvature of spacetime due to gravity.
L I

We now wish to determine the first derivatives of the metric on .Z.

Qs.

Qo.

Using that the curves defined by s — (7, v%s), for fixed values of 7 and v, are geodesics, show
th&t Fabc — O.

I Solution Q8 1
In terms of Fermi coordinates, a curve s +— z#(7,v%s) is just a straight line, with 7 = cst, and
X% = p%s, v* = cst. Furthermore, since it is by definition a geodesic, we know that it has to
satisfy the geodesic equation:

0 d?x« e dxPdx” ., .,
= — —_ = vv
ds? A1 ds  ds be

C

Since this is true for any v?, v¢, we conclude that I'®, = 0. Interestingly enough, this is true
y ) be g

everywhere, and not just on .Z.
| |

Demonstrate that the remaining coefficients, namely I'*__ and I'*_, vanish because of the parallel
transport condition on the observer’s tetrad. Deduce that

0agsy (1, X" =0) = 0. (4)

I Solution Q9 1
First lets determine the Fermi components of the tetrad vectors eg. Just like for any coordinate
transformation we can transform the tetrad components from the coordinate system {z*} to the
Fermi Normal Coordinates on .
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Thus ef = 63, which is the consequence of the orthonormaliy of the tetrad.

Adding to this the parallel transport condition on eg, we get

all along ., which sets to zero the last Christoffel symbols (note that Ufiif =0 as e = 0 =
cst). The “fully down” versions of the Christoffel symbols I'5. also vanish along this worldline,
because the indices are raised and lowered by n®?, a3, Which merely adds a minus sign for oo = 0.
Since the first derivatives of the metric are linear combinations of the I'y4,, they also vanish on

Z.

Q10. Show that, on .2, gog~r = 0 and grrap = —2Rrrp-

I Solution Q10 1
The first derivative g, are zero all along £ so gog+ = 0. Regarding g;7 a, we start from the
definition of the Riemann tensor and simplify it using the previous results: still on ., we have

1 )
RT@Tb = Grvy (F'yab,’r - 1—"yav—,b + I"Y(STF ab F’Yébr m’)

= FTab,T — F‘raT,b (since Faﬂ,y = 0)
1 1
= 5 [gTaJrr + 9rbar — gab,T’T] - 5 [gTa,Tb + 9r7,ab — ga’T,Tb}
1
= _igTT,ab

as this term is the only one which does not contain a derivative with respect to 7.

Proof of : FTtlb,T = % [gTa,b’T + Groar — gab,TT]

FTab = g‘rprzb

1
=Jdrp (29'00 (aagba + 8bgaa - 8Ugab)>
1

= 5 (aagTb + 8bgTa - 87'gab)

Therefore

1
FTab,T = 5 (gTb,aT + 9ra,br — gab,TT)

It is possible to show that the other second derivatives of the metric on £ can be expressed in
terms of the Riemann tensor. However, the calculations are slightly more involved, so that you can
accept the following relations without proving them:

2

9ra,bc = _g(R‘rbac + RTcab)a (5)
1

Gab,cd = _g(Racbd + Radbc)~ (6)
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Q11. Conclude by giving the expression of the metric, in terms of Fermi coordinates around .Z, up to
second order in X®.

I Solution Q11 |
Expanding the metric at second order around .2, it is straightforward to obtain

4
d82 == —(1 + RTaTbXaXb)d7'2 - gRTbachXC deXa

1
+ [5ab — 3RacbchXd] dX*dX® 4+ O(s?).

Proof:

We perform a Taylor expansion of the metric at point P:

(X) = (P)+(ag’”) chr1 M XXP +0(X?)
uw Juw ax< ) p 2\ 0X°0X7 ) |

Next, we proceed to examine three distinct scenarios based on varying combinations of
indices (remember that the first derivative of the metric always vanishes, and any second
derivative of the metric, when taken with respect to proper time, similarly results in zero)

CASEIL. u=v=r:

. agTT a 1 62g‘r‘r avp 3
gTT(X)_gTT(P)—'_(aXa)PX +2<W>PX X7 +0(X%)

1
= nTT(P) + igTT,abXaXb , (O[ =a ,/B = b)

=-1- RTaTbXaXb

CASEIL. p=7, v=a:

_ 897’(1 a 1 829711 a vy B 3
gm(X>gm(P)+(8Xa)PX +2<8X0‘6X5>PX XP +0(X?)

1
= nTa(P) + 7gTa,chch ) (a =b aB = C)

2
1 2
= 5 (_3(R7'bac + R‘rcab)) XbXC
2
= _gRTbacX bX¢ | (using the symmetry properties of Riemann tensor)
The same applies to the case: p=a, v =7 — gor = —%R—,—bac.

CASEIIL. yp=a, v=10:

9an(X) = gap(P) + (ag“b>PX“ +

1 82gab
oX«

1 ax P 3
5 axaaxﬁ)PX XP 4+ 0(x?)

1
= nab(P) + *gab,chCXd ) (Oé =cC 76 = d)

2
1 1 ¢ d
- 5ab + 5 _g(Racbd + Radbc) XX
1
= Ogp — gRacbdX exd | (using the symmetry properties of Riemann tensor)
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Substituting these results into the line element ds?> = gudxtdx”, we derive the desired
outcome.
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