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Nordstrom’s Theory of Gravity
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The first version of this exercise sheet has been proposed by Dr Pierre Fleury in the 2018/2019 tutorial
for the GR class. We warmly thank Pierre for his work!

Proposed in 1912, that is, only three years before Einstein’s general
relativity (GR), Nordstrom’s theory of gravity is probably the first con-
sistent relativistic theory of gravitation ever proposed. Its geometric
reformulation by Einstein and Fokker in 1914 definitely paved the way
towards GR, which shows that the birth of the latter has been the fruit
of a collective research effort. Although it turned out to be an incorrect
description of nature, Nordstrom’s theory still has an interesting peda-
gogical interest, in particular for the understanding of some extensions
of GR, known as scalar-tensor theories.

Gunnar Nordstrom

1 Original formulation

In its original form, Nordstrém’s theory is technically very close to any relativistic field theory, like
electrodynamics. The idea consists in considering Newton’s gravitational field ® as a scalar field in
Minkowski spacetime, conformally coupled to matter. If we assume that matter is made of IV massive
point-particles, then the action of the system reads

1

N
=——— [ d*z 90,90, aYqr @ 1
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where {z#} is an inertial coordinate system, 7, is the Minkowski metric, and S, is the action of a
point particle, with a slight modification:

Sulyar ®) = ~mq [ dr [1+ D(y,)] @

In the above, y, denote the trajectory of particle a, 7, its proper time, m, its mass, and (1+ ®), called
conformal factor, will be responsible for the coupling between matter and gravitationﬂ

Q1. Using a similar trick as last week, show that the action of a single particle can be rewritten

Sa == [l (14 @) yma(1 - 2)dnla’ — 4 1), (3)

where v is the velocity of the particle, and + the corresponding Lorentz factor. Conclude that
the total matter action reads

N
> Sulya @) = — [ dla (14 0)(p - 3P), (4)
a=1

!This should remind you of electrodynamics, where charged particles have a coupling of this form, ® being replaced by
qutA,, q being the charge of the particle and w its four-velocity.
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Q2.

where you will give the expression and physical interpretation of p and P.

I Solution Q1 1
Starting from a single particle, and dropping indices a for simplicity, we transform its action into
a four-dimensional integral as

] — —m/dr/d‘lx 5D — y(r)[1 + ()
:—m/d4 (1+ ®(x /d75(4 x —y(71)] (5)
:—m/d4 (14 0z /dT(St— (1)) - 6@ [zt — y(7)]

The delta function 6(t — y°(7))is nonzero only when t = y%(7). Let 7; be the proper time at
which this condition is satisfied. Around 7y, we can approximate y°(7) as

y°(r) = y°(7) +(dy° /A7) 7, (T — 72)
——

t

The delta function then becomes:

/dT 5(t—y0(r) = /dT&((dyO/dT)Tt (r—7)) = /dTKdyO/ldT)T'a(T )= i

where v = (dy"/d7),, is the Lorentz factor of the particle. Substituting this into we get

Sl.9) =~ [d'x 1+ 0) T o)l -y ()]

We can slightly rewrite 1/~ as

1 2
—=71-v
5 ( )
which returns the desired result. Summing all the actions then yields
N
5 Sulyar] = — [ 4 (14 8) S 20ma (1 )i’ — 3i(0)
a=1 a=1

—/d4x (1+®)(p—3P)

where we introduced

N
P = Z mG(SD[‘r - ya( )]

Xf’ymv ,
Z et dpla’ — e (1)),

which represent, respectively, the energy density and kinetic pressure fields of the system of N

particles.
I I

Taking the derivative of the total action S with respect to ®, show that the associated field
equation reads
0% = 47G(p — 3P) , (6)

with O = n#9,,0,. In which limit is it equivalent to the Poisson equation of Newtonian gravity?
Which new phenomena can it describe?
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I Solution Q2 )
For a small variation 6@ of the scalar field, the total action varies as

1

68 = —
s &G

N
/ Az ™ (0,00 0, + 0,8 0,00) + 3 6S,[y,, ®),

a=1
Using the symmetrical properties of n*¥ and the expression for matter action described in the
equation (4)) we can express the variation of the action as

68 = —ﬁ /d% N 0,0% 0, P — /d% 5@ (p—3P) (7)
The first integral can be calculated using integration by parts. For our case, we choose
u=0,® , dv=n"0,00 d*z,
We then compute du and v
du = 0,0,®dz" , v=n"6P

Now applying the integration by parts formula

/udv:uv—/vdu,

/ dia 7 9,00 0,8 = 6D 9,1~ / Atz 776 8,0,

we can write

The first term on the right side is a boundary term. If we assume that the variation d® vanishes
at the boundaries of the integration domain, this boundary term drops out. Inserting this result
into equation and factoring out d® we get

77
5S = /d% 5O [% —(p— 3p)}

Finally, the field equation is obtained by setting 5 = 0, resulting in
0% =47G(p — 3P)

In the limit of non-relativistic matter particles, for which v <« 1 and hence P < p, and if we
assume that the gravitational field is slowly varying (8,® < |d®|), then we recover the Poisson
equation

Ad =4AnGp (8)

of Newtonian gravity. However, in general, Nordstrom’s equation describes phenomena that do
not exist in Newtonian physics:

o There exist propagating solutions, similar to gravitational waves, in vacuum, since d’Alembert’s
equation OP has such solutions.

e Like in electromagnetism, the solutions of Nordstréom’s equations are retarded potentials,
instead of the Newtonian’s instantaneous potential. Gravitational information propagates
at the speed of light in Nordstrém’s theory.

e Not only rest mass p is a source for ®, but also kinetic energy via pressure P. In Nordstrém’s
theory, and contrary to GR, a cold gas is heavier than a hot gas, and a gas of photons (v = 1
so P = p/3) does not gravitate.
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These new elements are qualitatively comparable to GR, but turn out to fail in describing

experiments and observations in the details, contrary to GR.
L I

The above shows how matter generates a gravitational field. Let us now see how this field can, in
turn, affect the motion of matter. For that purpose, let us consider only one of the particle described
by the action . We will drop the subscripts a to alleviate notation. If the trajectory of the particle
is parametrised by an arbitrary A, this action thus reads

dzt dzv
Sifal = —m [ ax /=m0 Gy [1+ @@L, ©)
Q3. Show that equation of motion of the particle dictated by the action @]} is

di [(1+ ®)ul] = —9"P (10)

T

I Solution Q3 1
We consider the variation of the action S for a small shift dz#(\) in the trajectory of the particle,

uwdrv
551 = —m [/d)\ (1+®)3 —W%% +/d7 6@] . (11)

Starting from the first term in the right side of the equation we can write

/ dazr dav da# dzv\ "2 da¥ dozt

/d)‘ (1+®)s —mwaﬁ=—/dk (1+9) <_77/w d)\d)\) nuuaid)\
dz” déxt

= _/dT (1+9) U;LVF?

- [ar % (1 + ®)u,] 52",

where in the second line we changed the integration variable to proper time using the chain rule

” d drd — d
dr = \/—nuari’d\  and N dd —17”,,:10“1"’%

and in the last step we performed an integration by parts by choosing

d

u=(1+®)nuu” dv:%(

oxt)dr

du=-"L((1+ Oypuu)dr , v= o2

dr
and subsequently
da¥ déxt Y d y
—/dT (14 @) S S (14 @ 5a:“|b0undary+/d7-%((l+<I>)an ) 5t
0 Up

where again the boundary term drops out because dz* is zero at the endpoints.

On the other hand, the second term on the right side of the equation reads

/dT 0P :/dT 0, ® St
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Q4.

Q5.

and by setting 657 = 0 we conclude that

d B — e
E[(l—i—@)u | =—-0"d

as required. Note that this could also be written

dr ~ (1+9)

dut 1 do
(d ut + 8“@) = —(ufu” +n")0, In(1 + P),

-

since d/d7 = u”0,. The tensor L= M +uyuu, can be seen as the projector onto the hyperplane
orthogonal to u i.e. space for the particle. In other words, the gravitational force felt by
the particle is purely spatial; this actually ensures that the four-velocity remains normalised

Nuuru” = —1.
I I

In which regime do we recover Newton’s second law?

I Solution Q4 1
In the non-relativistic regime (v < 1) we can write 7 ~ ¢t and for weak values of the field ¢ < 1,
we have, at lowest order,
d2z?
A2
which is Newton’s second law. Typically, with gravitational experiments on Earth it is practically

impossible to distinguish between Newton, Nordstréom, or Einstein.
L I

=-0'9,

Consider the following situation: there exists a frame in which ® is homogeneous in space, but
evolving with time ®(¢). What is the corresponding gravitational force? Does this happen in
Newtonian gravity?

I Solution Q5 1
We assume that the coordinate system {z#} = {t, 2!} is adapted to the homogeneity of the field,
so that ® = ®(t) and hence 9;® = 0. In general, the particle is moving with respect to this
particular homogeneity frame with velocity v*, and its four-velocity thus reads u* = (1, v%). The
equation of motion then becomes

d(14+®)y do

dr o dt
d(1+ @)y’
—— =0.
dr

which can be combined to yield (with d¢/dr = )

do* ~ 1dIn(1+ @)

- = 7"
dt 2 ar

, : ; i d _dtd _ . d
Proof: Starting from the second equation, we can use the chain rule ;- = 4% = v and

then divide the whole equation by -, and further expand the equation

d(14 ®)yv"  d(1+ @)y _0
dT dt ) (12)
=(1+ <1>)7ﬂ + vii((l +®)y) =0
dt dt
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2

On the other hand we can also use the chain rule for the first equation

d1+®)y d(1+@)y 1do

dr dt 4 dt

Substituting this into the equation , we get

dv’ 1dd
1+ ®)y— +oi-— =0
(I +v oy

or more simply:

dv? 1 dod

dat - 21+ ) dt

7

which can be also formulated as

v

dv'  1dIn(1+9)
dt 42 dt

Thus, the gravitational field exerts a sort of friction on the particle, with a coefficient proportional
to ®. If for some reason the potential decreases, then the friction is actually an anti-friction,
which accelerates the particle.

This does not happen in Newtonian gravity, where the gravitational force is related to the gradient
of the potential only. The main reason for this difference is that, in Newtonian gravity, the mass
is inalterable, in particular it does not depend on the gravitational potential, contrary to what

we find here.
l |

The Einstein-Fokker formulation

In 1914, Einstein and Fokker found that Nordstrom’s gravity could be reformulated in terms of a
curved space-time. This was a dramatic change of paradigm: instead of viewing gravity as a force,
mediated by a field in Minkowski space-time, as in Nordstréom’s original formulation, it started to be
seen as a distortion of the geometry of space and time.

Consider the metric defined by

Juv = (1 + @)277,11,117 (13)

where {x#} is still assumed to be an inertial coordinate system with respect to 7,,,, for Simplicityﬂ

Q6.

Show that the Christoffel symbols of g, are

1%, = (800, + 500, — nun?” 05 ) In(1 + ®). (14)

I Solution Q6 1
This follows immediately from the definition of the Christoffel symbols

1
FPMV = §gpa (81190# + augoz/ - apg,uu)

1
=50+ ) 207 [2(1 + D)0, ® 1y + 2(1 4+ )0, P 1y — 2(1 + D)0, P 1,41

= (800, + 600, — myun7 05 ) In(1 + @).

2A more general formulation would be to write g = (14 ®)?f, where f would denote the flat Minkowski metric, but

we do not need such a generality here.
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. From the above, show that the Ricci scalar reads R = — +@)°0d, with O =1 .
Q7. F he ab how that the Ricci scal ds R = —6(1+ ®)~30®, with " 8,0

I Solution Q7 |
Beginning with the definition of the Riemann tensor, we have

Rp,u,azz = 80Fpuu - allrpa,u + Fpa/\r/\l/,u - Fpl/)\r)\a,u

To obtain the Ricci tensor from here, we proceed to contract the first and third indices of the

Riemann tensor
g
R/uz =g pRpuUu

where
A
Rp,uaz/ = gp)\R nov

This allows us to rewrite the Ricci tensor as
R = 97 g R uov = 65 R0y = Ry
Taking the contraction process a step further, we find the Ricci scalar
R=g"" Ry, = g™ R = " R pu
In the final step, we have simply relabeled the dummy index A as p. Finally we have

R=g" (01" 1 — 0T 1p + TPy = 15,1 ,)
= (1+®) 2" (9,17 — 0,17, + 175,14, — TP, 17 ,,,)
Each term, individually, yields
n“yaprW = —201In(1 + ®)

n*o,I’,,=40n(1 + @)
(02)?

PP T = 8 (15)
M ept v 1+ ®)?
(09)°
wpe o g 9
n ovt pp 1+ )2

which, using OIn(1+ @) = (1 + &)~ '0d® — (1 + ®)~2(0®P)?, gives the desired result.

Here we prove the first and third lines of , as the others follow the same logic.
Proof of : 79,1, = —201n(1 + @)
Using the equation , it follows immediately
Uﬂyaprp/w =n"0, (558'/ + 0700, — nuun’“’aa) In(1 + @)
= (77‘“’8“81, + 10,0, — 477“’8,)80) In(1+ @)

= <77‘“’3#3V + 10,0, — 477’“’8u8,,) In(1+ )
= —2n"0,0,In(1+ ®)
= —201In(1 + ®)

y o 09)?
Proof of : nI'?, 'V, = —8 ﬁ
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First, let’s find I'*,,

1%, = (850, + 8505 — 115,n05 ) In(1 + @)

(
(8 + 405 = 1opn™ 05 ) In(1 + @)
(
4

505 — 0505 ) In(1 + @)
9y In(1 + @)

We also have I'?,,, as:
17, = (670, + 050 — mum™02) In(1 + @)
Next, multiply n**I', ,I'7 . :
T, 0%, = 1 - 40, (1 + @) - (870, + 570, — nun™0x ) In(1 + @)
= 4t (8“ In(1+ ®)0, In(1+ @) + 0, In(1 4+ ®)J, In(1 + P)

— D0 In(1 + ®)dy In(1 + @))

= 80" In(1 + ®)9, In(1 + ®) — 16n°*9, In(1 + $)dy In(1 + @)
= 890" In(1 + ®)9, In(1 + ®) — 160" In(1 + ®)dy In(1 + D)
= —89"In(1 + ®)d, In(1 + )
(02)?
(14 ®)2

In the last steps, we used the fact that O*In(1 + @) = fig and (09)% = —9'®9, P

Therefore we have

_ 0%)*
=(1+®)2( —60ln(l+®) — ()
R=(1+9) ( 601n(1 4+ @) 6<1+®)2
which, using OIn(1 + ®) = (1 + ®)~'ad® — (1 + &)~2(09)?
Proof of : Oln(1+®) = (1+®)~'0® — (1 + ®)~2(09)?
Oln(l 4+ @) =7"0,0,1In(1 + )
1
g 8”(1+®8“ )
= (—18 59, D + —— 8,0 @)
=7 1+ a2V " T
1
L ——— 124 @
T 0,90, + " A0y
1
S — T T )
(1+<I>)2( ) +1+¢D
gives the desired result
0P
R=(1+®)2 (—6(1+<1>)1mq>+611/~1>@)(6a557—6 (+<1>)2 =—6(1+ @) %00

S/i0



General Relativity UNIVERSITE DE GENEVE Exercise Sheet 7 (solutions)

Q8. Demonstrate that the action @[) for a point particle is equivalent to its general-relativistic
counterpart, with the metric g. What can you say about free fall in Nordstréom’s theory?

I Solution Q8 1
The general-relativistic action for a point particle being

dzt dav dzt dzv
Sl = —m [ X =g G = el G G

we indeed recover the Nordstrom case @D, assuming that 1 + ® > 0. Therefore, being freely
falling in Nordstrom’s theory is equivalent to following time-like geodesics in a curved space-time

with metric g, = (1 + ®)2n,,.
I I

Q9. Using the results of a previous exercise sheet, give the expression of the corresponding stress-energy
tensor, and conclude that the quantity p — 3P introduced in eq. @ reads

p—3P=—(14®)T, (16)

where T' = g, TH" is the trace of the total stress-energy tensor of the system of N particles.

I Solution Q9 |
We have seen in the exercise sheet 6 that the stress-energy tensor associated with the action of a
point particle reads

muru
w0 \/jg
where u# = da#/d7,. There is an important subtlety here: the quantity 7, denotes proper time
with respect to the metric g, such that dr7 = —g,,da*de” = —(14 ®)?n,, datda” = (14 ®)*dr2.
Converting everything in terms of the Minkowski metric, we find

" = dplz’ —y' (1)),

m dzt dx”
(1+®)° dr dr

muru”

uO\/jg

where we used that \/—g = \/— det(1 + ®)2n,, = (1 + @)%, and assumed again that 1+ ® > 0.
Its trace (with respect to the metric g) thus reads

" = dple’ —y' (1)),

dplz’ —y'(1)] = 5

m

T =guT" =——-—
A T ey

dplz’ —y'(t)]

Summing over all the particles, and comparing with the previous definition of p and P, we

conclude that
T _P— 3P
(14 9)3

Q10. How can you rewrite Nordstrom’s equation @ in purely geometric terms? Compare with
Einstein’s equation.

I Solution Q10 1
Using the relations between R and O0®, OP and p — 3P, as well as between p — 3P and T, we
can relate R ~ T and find that Nordstrom’s equation reads

R = 24nGT.
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It is, in some sense, a scalar version of Einstein’s equation
1
RIU’ - iRg'uV = STI'GTMV.

It is tempting to believe that Nordstrom’s equation is just the trace of Einstein’s equation.
However, it is not the case, since the latter gives:

R =-87GT,

which thus differs from the former by a factor —3.
|
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