General Relativity UNIVERSITE DE GENEVE Exercise Sheet 6 (solutions)

Stress-Energy Tensor

UNIGE assistants: Anton CHUDAYKIN, Ajith SAMPATH, Ahmad NOURI
(Anton.Chudaykin@unige.ch, Ajith.Sampath@unige.ch ahmadreza.nourizonoz@unige.ch, )

EPFL assistants: Antoine VUIGNIER, Mattia VARRONE
(antoine.vuignier@epfl.ch, mattia.varrone@epfl.ch)

The first version of this exercise sheet has been proposed by Dr Pierre Fleury in the 2018/2019 tutorial
for the GR class. We warmly thank Pierre for his work!

You have seen in the course that the energy and momentum of a matter field is described by its
stress-energy tensor T'. This tensor typically encodes information about the energy density, the energy
flux, and the momentum flux of matter. An important property of T is that it can be extracted directly
from the action of matter. More precisely, consider a matter species—which we will represent here by
a field ®p——characterised by the action

Slipg) = [ dov=g L. Vib.g), (1)

where ¢ is the determinant of the metric, defined by

g = [MVPU]Qouglugzp%a (2)

with the permutation symbol [uvpo] such that [0123] = 1, while £ denotes the covariant Lagrangian
density of the matter field ¥». The stress-energy tensor of 1) is the obtained by taking the variational
derivative of the action S with respect to the metric:
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In this exercise sheet, we propose to use this property to determine the stress-energy tensor of point
particles, perfect fluids, and scalar fields.

1
™ that is 08 = 3 /d4a;\/—g TH 6. (3)

1 From particles to fluids

In this exercise, we propose to determine the stress-energy tensor of a massive point particle, then a
system of point particles, and see how we can recover the expression of the stress-energy tensor of a
perfect fluid that you have seen in the course.

1.1 Point particle

Consider a point particle with mass m and neither spin not charge. The corresponding action is a
function of the trajectory y(A) of the particle through spacetime, as

Sly.g) = —m [ dr = -m [ dx\/~gui3. (4)

where 7 is the particle’s proper time, while X is an arbitrary parameter, and g* = dy*/dA. If we want
to extract the energy-stress tensor of such matter distribution, we have to face a first issue: the above
integral concerns a single world-line, while eq. is an integral over the whole spacetime, or at least
over a 4-dimensional region of spacetime.
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Q1. Show that one can actually write

Q2.

5= [d'z Fla.y.9.9) o)

where F is a distribution to be determined.

I Solution Q1 ]
An integral over spacetime can be introduced thanks to the Dirac distribution as

S——m / /=g
——m [ dx [ d'a énle — gy =g ly )] 4 N)5)
/ dte / m)dX o[z — y(N)]y/ g ()i (V)i (A)

where we can identify the distribution F.
L I

Take the variation of S with respect to a variation of the metric, and show that the resulting
stress-energy tensor reads

T“V(:I:'LL) — p;gu dp [:Ei/__—:gZ(t)]7 (6)

where t = 20, 6p is the Dirac distribution, and p is the particle’s four-momentum.

I Solution Q2 1
The metric is only involved in the square root, so that the variation of the action reads

o5 = [ata[(Cmpixaole — yV)8 (=0ui) 8 (y/ami) =
1/ A ?J“y"/
= [ d*zy/—¢g { /d)\ oplz —y(\)] ——= }59;w

T (@)

where we artificially introduced the metric determinant \/—g in order to identify the stress-
energy tensor as in the definition . We can further simplify its expression by performing
the integral over A. For that purpose, we perform a change of variable A — y°, and use that

V9w Py’ = d7/dA to write

= o [ avdplz - yoo) 2L N (fpata )
V=9 \ — Iy V9P = dr/dX

dy® dy* dy” u .
T [ a6 )il 6 g =)
/dy (e — ) bl — (") L

Mp”p

_ p'p” dpla’ — y'(t)]

pO \/jg ’

where introduced p* = mdy*/d7, and substituted ¢ = 2°. This gives the desired result.

One could be a bit lost in the multitude of parameters A, 7,4, ¢ in the above. The important is
to keep track of the meaning of the whole calculation. In the initial delta function op(x — y), x
is a free position, representing the argument of the field T'(x). In other words, we are trying to
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Q3.

1.2

evaluate T' at . The coordinates y have a different status: they represent a fixed world-line
for the particle. The delta function thus encodes the fact that the stress-energy of the particle
takes non-zero values only at the events intersecting its world-line, which definitely makes sense.
The last step, which consisted in integrating over A, must be seen as if we where following the
particle’s world-line until the associated event y(\) reaches y° = x°. This is the only point where
there is a non-zero contribution to this integral. For computational simplicity, it is then natural
to use ¥ to parametrise the world-line, which is the reason why we performed the change of

variable \ — 7°.
L I

Interpret physically each term of the expression of 7%,

I Solution Q3 1
Using the result (6)), we find that

P’ dplz’ — y'(1)]
V=g
which represents the energy density of the particle. We are not surprised to see the quantity p® =
vym, that is the energy of the particle, m being its rest energy, while v contains the effect of its
motion with respect to the coordinate system in which it is evaluated. The ép function tells us
that the energy density is zero where the particle is not, and infinite where the particle is, which
is due to its punctual character. Finally, the presence of the \/—g transforms the coordinate

volume implicitly present in the Dirac distribution, since [dp] = 1/[d3z], into a physical volume.
! l

T%(t, 2") = (7)

Fluid

Consider an ensemble of non-interacting point particles. Because they do not interact, the action of the
system is just the sum of the actions of the individual particles, and hence so is its stress-energy tensor.
Let D be a domain of M centred around an event E, and whose dimensions are small compared to the
typical spacetime curvature radius. Within D, all vectors can be considered to approximately belong to
the same tangent space TgM, in particular the four-momenta of the particles contained in D, which
can, thus, be summed.

Q4.

Define the four-velocity w of the barycentric frame of the particles in D, as a function of their
four-momenta.

I Solution Q4 1
If there are Np non-interactive particles, labelled by a in D, the total four-momentum is given
by:

Np Np
P = Z P, = Z mug
a=1 a=1
We can then decompose each particle four-momentum relative to the four-velocity of the barycen-
tric frame u, such that the spatial part of each four-momentum be orthogonal to w:

Np Np Np
> p.=) Fat+} pi
a=1 a=1 a=1
where E, = p, - u denotes the energy of particle a, and paL represents its spatial momentum

components orthogonal to i in the barycentric frame. Given the barycentric condition, 3" pt = 0,
this simplifies to:

Np P

P=|(Y E/|u = u= Vo
a=1 > B,

a=1
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Q5.

The proportionality factor here depends on energies, which implicitly depends on . In order
to have an expression for «# which only depends on the four-momenta, we can just use that the
norm of # must be -1, so that

2
- P P g(P,P) al
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Suppose that you work in a coordinate system adapted to this frame (e.g. the Fermi normal
coordinate system associated with the associated world-line). Show that if T" is smoothed over D,
then

7% = 1 () )
T% =0 (9)
T = n{ymv'v?), (10)

where n = Np/Vp is the number density of particles, and v* the velocity of the particles, and -
the associated Lorentz factor.

I Solution Q5 1
In the barycentric frame, if we work in a coordinate system such that the metric can be considered
flat over D, then \/—¢g = 1, and the stress-energy tensor of the system reads

zpapa bole’ — yi(1))

The four-momentum p¥ is nothing but y,m,(1,v%), where v is the velocity of particle a as
measured in the barycentric frame, and v, the corresponding Lorentz factor. The 00 component

of T then reads
Np

= Z YaMa 0D [952 - y;(t)]v
a=1
which, once smoothed over D (averaging the discrete quantities over the spatial domain D) simply
becomes

) zvama Lovtet —ginav . ([ ool —sionav = {3 10P)

otherwise
N-
1 D

T 2 Yaha =1 {ym).
a=1

Np

where in the last step we used the fact that (ym) = ND Z YoMy is the average of v,m, over all
=

particles in the domain D.

Similarly, we get 7% = n (ymov') = 0 in the barycentric frame, and T% = n (ymv'v’).
| |
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Q6. In which limit does one recover the stress-energy tensor of a perfect fluid?

I Solution Q6 ]
In the limit of a large number of particles with random velocities,

<7mvivj> = é <7mv2> 6%

since for i # j, (ymv'v?) = (ymov®) (v7) = 0. We thus recover the expression of the stress-energy
tensor of a perfect fluid with energy density p and kinetic pressure p, where

n

p=niym)  p=3 <vmv2>
For non-relativistic particles (v < 1), p < p, while for ultra-relativistic particles (v — 1), p = p/3,
like in a gas of photons. The fact that « is involved in the expression of p tells us about a very
important difference between Einstein’s gravity and Newton’s gravity: in relativity, a hot gas is

heavier than a cold gas!
| |

2 Variation of the metric determinant

The variation of a generic action
S:/d4x —gL (11)
for a variation dg of the metric reads

5§ = / d'z 6 (V=gL) = / d'z (L6y=g +V—gdL), (12)

it is thus generally useful to determine the variation §/—g of the metric determinant, which we propose
to do in this exercise. For that purpose, let us consider g just like any invertible matrix.

Q1. Justify that, for a variation dg of g, the variation of its determinant g can be written

59 =g [det(l +g '5g) — 1} (13)

I Solution Q1 1
We use that the determinant is a morphism with respect to matrix multiplication to write
0g = det(g + dg) —det g
= det[g(1 + g 'dg)] — detg
= det gdet(1+ g 'dg) —detg
—g [detu +g '5g) — 1]

which yields the desired expression.
L I

Q2. Show that, for any n x n matrix M, det(1+eM) = 1+ etrM + O(£?).

I Solution Q2 )
We start from the definition of the determinant of an n X n matrix A from the sum over
permutations of indices,

det A = [ilig - in] A1i1A2i2 - Amn

5
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Q3.

3

If we apply the above to A =1+ eM, i.e. A;; = 6;5 + €M;j, and expand the product at first
order in &, we find

det(l + €M) = [ilig ... Zn] (511'1 + €Mli1)(52i2 + 6M2i2) ... (6mn + €ann)
= [ilig e in]61i152i2 Ce 57”'”
+ e [ilig R in](Mlil(sgiQ - 5mn + 51i1M2i2 - 5mn + ...+ 5111(52@ .. an)
+ O(£%).
In the O(1) term, the only non-zero permutation is the identity permutation, so that this term

is just 1. The situation is similar for the O(e) terms: each of them has n — 1 delta functions,
implying that the only non-zero permutation is also the identity. We are then left with

det(1+eM) =1+ e(Myy + Mo + ... Mpy,) + O(e?)
=1+etrM + O(£?).

Conclude that

1 1
0V=9=5V=9 9" g = —5V9 Guogh” . (14)

I Solution Q3 1
The inverse of [g,,] being [¢""], and using the previous results, we have

59 = g [det(1 +g7'5g) — 1] = g [1 + tr(g ' 59) 1] = gtr(g~'dg) = 90" Fgu  (15)

whence

1 1 1
0/—g=— 0g = —ggh’'o =—v—9g"s 16
Vv 27=59 2\/_—9( 99" 09uw) = 5 V=99"0guw (16)
The alternative expression, involving the variation of the inverse metric, is obtained by taking

the variation of g"”g,, = 4, that is 6g"" g + " 09, = 0.
| |

Stress-energy tensor of a scalar field

The action of a scalar field ¢ minimally coupled to space-time geometry reads

Slo.9] = [ dav=g | ~5000,6 ~ V(6)] (1)

where V' is the self-interaction potential of the field.

Q1.

Show that its stress-energy tensor reads

Ty = 6006~ 5(0°6050) 0 — V()9 (18)

I Solution Q1 ]
Taking the variation of the action yields:

58 = /d% 5 (V—gL) = /d%: (L8 —g+/—g6L), (19)

off
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Q2.

Q3.

We already know how the metric determinant transforms:

1
5\/ -9 = _5 vV —4g guuéguy- (20)

The Lagrangian contribution, besides, is very simple:

5L = — 80" 0,00, + V(6)] = — 20,006 39" (21)

putting these back into Eq. , we get

1
55 =~ / ' 2/ =g (9600 + L) 69", (22)
from which we directly identify the result. Beware of the sign! Since dg"" = —g"*¢"?0g,s, we
have 5 59
T, (23)

= 9777
T =g g
which takes a minus sign compared to the case of eq. where we took the derivative with

respect to gy .-
I |

Justify that there always exists, locally, a coordinate system in which the stress-energy tensor of
¢ takes the same form as a perfect fluid. Identify the corresponding energy density and pressure.
Hint: remember that any metric is locally flat.

I Solution Q2 |
Consider an iso-¢ hyper-surface given by ¢ = ¢g = cst. At any event E of this hyper-surface, we
can define a normal vector n, o< d,¢. Consider a normal coordinate system (7, X %) corresponding
to the frame with four-velocity u « m. In this coordinate system, in the vicinity of E, ¢ is
homogeneous (0;¢ = 0) and the metric is Minkowski, gog = 743. The stress-energy tensor of ¢
then reads

1
Too = 5(3r¢)2 + Vi(do) = py
To; =0

1
T = 5(3#25)2 —V(¢o)| bij = pgdij,

which has the form of a perfect fluid, with energy density ps and pressure pg.
L I

Note that this pressure can be negative. Would such a thing be possible for a fluid made of
massive particles? Do you know any context in which this property has been used?

I Solution Q3 |
For 2V > (9;¢)?, we have P < 0. A scalar field is then analogous to a very bizarre fluid. Indeed,
for a system of non-interacting massive particles, we have seen that the pressure reads p =
{(ymw?)/3 > 0. Such a fluid with negative pressure is nonetheless quite useful in cosmology, in
order to explain the two phases of accelerated expansion of our Universe: the primordial inflation
on the one hand, and today’s universe on the other hand. In the former context, the scalar field

is called the inflaton; in the latter, it is called dark energy, or quintessence.
| |
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